LOWEST K-TYPES
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ABSTRACT. Consider the irreducible representations of a real reductive group G(R),
and their parametrization by the local Langlands correspondence. We ask: does the
parametrization give easily accessible information on the restriction of representations
to a maximal compact subgroup K (R) of G(R)? We find a natural connection between
the set of lowest K-types of a representation and its Langlands parameters.

For our results, it is crucial to use the refined version of the local Langlands corre-
spondence, involving (coverings of) component groups attached to L-homomorphisms.
The first part of the paper is a simplified description of this refined parametrization.

1. INTRODUCTION

1.1. Let F be alocal field and let G be a connected reductive F-group. According to the
local Langlands conjecture [11, 27|, the irreducible admissible representations of G(F')
come into finite packets which can be parametrized by certain morphisms ¢: Ly — G,
where “G is the L-group of G and L is the local Langlands group for F.

The morphism ¢ encodes information about the representations in the attached L-
packet. Some of this information is easy to read directly from ¢. For instance, if F' is
archimedean, then the common infinitesimal character of representations in the packet
is easy to read off from ¢.

On the other hand, if K is a maximal compact subgroup of G(F') and 7 is an admissible
representation, then information on the restriction 7|k is very useful for representation
theory.

Can we expect the local Langlands correspondence to give accessible information on
the restriction of representations to maximal compact subgroups?

1.2.  We shall soon specialize to F' = R. But let us first outline an idea common to all
cases.

The Langlands group Ly has various incarnations, but always contains the Weil
group W it is equal to W if F'is archimedean, and can be taken to be W x SL(2, C)
otherwise.

Now, the Weil group W always has a unique maximal compact subgroup W;Pt.
When F' is nonarchimedean, W%Pt is the inertia group of F. When F' is archimedean,
the group Wy is generated by C* and an element j of order 1 or 4, and W?t = (U, ),
where U € C* is the unit circle.

In the search for information on the restriction of representations to maximal compact
subgroups, a general idea is that it is useful to look at the restriction of Langlands
parameters to the canonical compact subgroup W%pt.

Therefore define a compact parameter to be a homomorphism : WCFpt — L@ that

occurs as the restriction of an L-homomorphism ¢: Ly — “G. Define equivalence of
1
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compact parameters by VG-conjugation on the range as usual, where VG C G is the
complex dual group of G.

When F' is a p-adic field, it is expected that compact parameters have a connection
with Bushnell-Kutzko types [14], or more precisely to ‘typical’ representations in the
sense of Henniart [13, Appendix]. Given a compact parameter v, one can hope to attach
to the equivalence class of ¢ a finite collection A(1)) of representations of maximal com-
pact open subgroups. (Recall that for p-adic F, there may be more than one conjugacy
class of such maximal compacts.) A further hope is that the representations in A(¢))
should be ‘typical’ for the representations (conjecturally) attached to Langlands param-
eters which restrict to ¢. This is known for GL,, and in a few other cases [13, 20], but
speculative in general; see for instance [19].

1.3. This paper shows what these ideas become for real groups. From now on, we take
F =R, and study the relationship between the Langlands correspondence and Vogan’s
notion of lowest K-types [24, 25].

Suppose K (R) is a maximal compact subgroup of G(R); since we are working over
the reals it is unique up to G(R)-conjugacy. The set LKT(7) of lowest K-types of 7 is
a finite collection of irreducible representations of K (R), and is an important invariant
of representations of G(R). For instance, if 7 is tempered, then LKT(7) determines the
whole restriction 7|g. In fact, for tempered 7, the set LKT(7) and the infinitesimal
character are almost enough to determine 7w completely.

What we shall do is determine the way the local Langlands correspondence encodes
the lowest K-types of irreducible admissible representations. This is a stronger question
than those in §1.2; but the answer and the strategy fits well with the ideas there.

1.4. For real groups, the local Langlands correspondence is best formulated by grouping
together all real forms of GG in a given inner class. Thus, for the rest of this paper, let G
be a connected complex reductive group, endowed with an inner class of real forms.
Let “G be an L-group for G and the given inner class (see §3). When ¢: Wg — G
is an L-homomorphism, let II(¢) denote the attached ‘large’ L-packet, which consists of
representations of the various real forms of GG in the given inner class. It is in fact crucial
to extend the formalism to include the notion of strong real form and representation of
a strong real form of G. See [4, 5] and §2.

The individual representations in the L-packet II(¢) can be parametrized by the char-
acters of a certain abelian group §¢. The group §¢ is defined from ¢ geometrically: be-
ginning with the centralizer Centvg(¢(Wr)), we can consider its component group Sy,
and §¢ is a canonical covering of Sg. See §3. The character group ﬂ(§¢) is crucial to
the theory. ~

Suppose we begin with ¢: Wg — LG as above. Given a character x € M(Sy), the
Langlands correspondence attaches to (¢, x) a representation m = (¢, x) of a (strong)
real form of G. Fixing a maximal compact subgroup of the given real form, we get a
finite set LKT(¢, x) = LKT (7).

A more precise version of the question in §1.3 is: can we easily find LKT(¢, x)
from (¢, x)? In other words, does the local Langlands correspondence encode lowest
K-types in a relatively accessible manner? That is what we answer in this paper.

Of course we can always find LKT(¢, x) the hard way, by (a) working out what pre-
cisely m = m(¢, x) is, going through the details of the whole Langlands correspondence;
and then (b) finding LKT () from 7, extracting the answer from the deep results of [25].
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Steps (a) and (b) can both be made explicit, but each is difficult. What we are looking
for is an easier way.

1.5. Representations which are tempered, irreducible, and have real infinitesimal char-
acter play a central role in the theory of K-types. It seems useful to introduce a name
for these representations, and we shall call them tempiric. See §6.

It is easy to understand the corresponding Langlands parameters ¢: the L-packet of ¢
contains a tempiric representation if and only if ¢|p+ = 1, in which case the L-packet
consists entirely of tempiric representations. Therefore we say a Langlands parameter ¢
is tempiric if ¢’Ri =1.

A key aspect of our formulation is that the Weil group Wpy splits as a direct product
Wgr ~ WICR{pt x RY. Therefore the restriction map ¢ ¢|W§pt, taking a parameter

¢: Wr — LG to the compact parameter qﬁlwcpc, has a canonical section, whose image is
R

precisely the tempiric parameters. Furthermore restriction to W]%pt defines a bijection,

respecting conjugation by VG, between tempiric Langlands parameters and compact
parameters. Consequently it is convenient to replace compact parameters with tempiric
Langlands parameters. We change notation accordingly: if ¢ is a Langlands parameter,
let ¢. be the unique tempiric parameter such that ¢, ¢. have the same restriction to
WPt Explicitly:
¢c(2) = ¢(z/|z]) (2 € C* C Wh). (1.1)
With this convention:
¢ is tempiric <= ¢ = ¢..
The class of tempiric representations has remarkable properties regarding lowest K-

types. If is tempiric, then LKT(7) is a singleton. Furthermore, given a real group G(R),
the resulting map

{ tempiric representations of G(R)} — K : 7 — LKT(r)

is a bijection. This is key to the way representations of K are implemented in the atlas
software. See [28], where this idea is the main ingredient.

1.6. Roughly speaking this suggests the following approach. For now we fix a real form
of G. Suppose ¢ is a Langlands parameter, with corresponding L-packet II(¢). Define

Mixr(g) = |J LKT(m). (1.2)(a)
mell(¢)
This set does not depend on ¢|Ri’ so it is natural to let ¢. be the corresponding tempiric

parameter, and consider

Mikr(se) = |J LKT(x). (1.2)(b)
mell(¢c)
Since ¢, is tempiric, each m € II(¢.) has a unique lowest K-type; so Ilpxr(¢c) is in
canonical bijection with II(¢.).

One aspect underlying our main theorem is that (1.2)(a) and (b) are equal. Therefore
computing lowest K-types for this L-packet amounts to understanding how the K-types
of Il xr(¢c) are distributed among the various m € II(¢). Answering this question
involves understanding the additional data needed to specify the elements of an L-packet.
It also involves working with all real forms in a given inner class at once.
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1.7. Let us now elaborate on the program announced in §1.6. This requires the language
of strong involutions and strong real forms, as in [5]. See §2 for a review of the notions
used in the upcoming discussion. It is useful to keep in mind the special case when G is
adjoint, in which case the notions of real form and strong real form agree.

We work within a fixed inner class for G. Suppose {;}icr is a set of representatives
of the strong real forms in the given inner class. Then 0; = int(§;) (conjugation by &;)
is a Cartan involution for G, defining a real form G;(R) of G. Furthermore G;(R)% is
a maximal compact subgroup of G;(R), with complexification K¢, = G% = Cent¢/(&;).
The discussion in §1.5 determines canonical bijections between the following three classes
of objects:

(1) The VG-conjugacy classes of pairs (¢¢, xc) where ¢, is tempiric and x. is a character
of §¢C;

(2) The union, over i, of the tempiric representations of G;(R);

(3) The union, over i, of the irreducible representations of K¢, .

The map from (1) to (2) is the restriction of the local Langlands correspondence. See §1.4.
The map from (2) to (3) takes a tempiric representation to its unique lowest K-type, as
in §1.5.

Define Ky = [icr k&' We write p for the bijection (1) — (3) above: associated
to a pair (¢, Xc) is a tempiric representation 7 (¢, xc) of one of the real forms G;(R);
we let pu(oe, xc) be its lowest K-type (a representation of K¢,). For fixed ¢., we denote
by A(¢.) the union of the sets of lowest K-types for the representations in II(¢.). This

is a subset of K, all, and we get a bijection
u(des¥): MSg,) =+ A(de)s  Xe > ildes Xe)- (1.3)

1.8.  We come to the statement of our main results on the interplay between the Lang-
lands correspondence and lowest K-types. N

Suppose ¢: Wgr — LG is a Langlands parameter, and x is a character of Sg. This
defines a representation m = (¢, x) of one of our strong real forms. We want to find the
set LKT(¢, x) of lowest K-types of 7(¢,x). According to Section 1.6, this is a subset
of A(¢.). We use the bijection (1.3), and specify a subset of the characters of §¢C.

There is an obvious inclusion ¢.(Wgr) C ¢(Wp), and therefore Centvg(¢(Wg)) C
Centvg(¢c(Wr)). This induces a group homomorphism ¢: Sy — Sy.. The same argu-
ment applied to coverings gives a homomorphism of abelian groups:

tose : Sp = S, (1.4)
We prove:
Proposition 1.5. The morphism (1.4) is injective.
Therefore the dual of (1.4) provides a canonical surjection
Res: M(Sy,) — M(Sy) (1.6)
of character groups. This leads to the main theorem.

Theorem 1.7. Let (¢,x) be a pair consisting of a Langlands parameter ¢p: Wgr — LG
and a character x of Sg. Let w(¢,x) be the corresponding representation of one of the

strong real forms of G. Let Q = Res 1(x) C ﬂ(§¢c) be the fiber of the restriction
map (1.6).
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Then LKT(w(¢p,x)) is the set which corresponds to Q0 under the canonical bijec-
tion (1.3), i.e.

LKT(m(¢, x)) = { (e, xe) | xe € M(Sg,), Res(xe) = x }- (1.8)

1.9. Proposition 1.5 is motivated by work of Knapp—Stein and Shelstad. If G(R) is a real
form of G, consider a parabolic subgroup P(R) = M (R)N(R) with Levi factor M (R),
consider the Langlands decomposition M(R) = My A(R), and fix a square-integrable
representation o of My. Knapp and Stein study the reducibility of the representations

gg%(g ® ), when v is a linear form on the Lie algebra a of A(R). If the
irreducible constituents of 7, , are in an L-packet II(¢), then those of 7,0 are in the
L-packet II(¢.). The reducibility of 75, is governed by the Knapp-Stein group Ry, .
Proposition 1.5 is an L-group analogue of Knapp and Stein’s observation that R,
always embeds naturally in R,o. Now, Langlands and Shelstad showed how to realize
the R-group Ry, as a quotient S,/ Sé), where S<11> is the component group for a discrete
series parameter of a Levi subgroup of G (see [17], [21]). To understand the injectivity
of t: Sy — Sg, proved in Proposition 1.5, it may be helpful to say that the groups S;ﬁ

T = Ind

and S}z)c can be seen to be identical, and that the morphisms just discussed fit into a
commutative diagram

0 S;ﬁ S¢ R,, —— 0

)

I I

0 > Séo S¢ RO’,O — 0.

c

It is actually possible to combine arguments of Knapp—Stein and Shelstad to give a proof
that ¢ is injective. But we shall follow a different path and avoid the use of harmonic
analysis and intertwining operators, in favor of more elementary structure theory on the
dual side. This will also make it possible to incorporate coverings. See Section 7.

Our proof of Theorem 1.7 is based on ideas on structure theory and lowest K-types
implemented in the atlas software, and an algorithm for the determination of lowest K-
types due to David Vogan. See Section 8. This uses Cayley transforms and cross actions
in the KGB space, which is at the heart of the atlas parametrization of representations.

1.10. Theorem 1.7 determines the lowest K-types attached to any pair (¢, x), in terms
of the bijection (1)—(3) in §1.7. However, if the parameter ¢ we began with is itself trivial
on R, then Theorem 1.7 is tautological. Therefore it would be good to know whether
the bijection (1)—(3) is easy to understand in terms of the Langlands correspondence.

One problem is that the group K is in general disconnected, albeit not very badly;
therefore it does not have an L-group, at least not in the sense of [11]. One could turn
instead to recent work of Kaletha [15], which seeks to extend the Langlands parametriza-
tion to mildly disconnected groups such as K. But even in the simpler case where K
is connected, and has an L-group, it does not seem that there is an easy and general
description of the bijection of §1.7 in terms of the L-group of K.

1.11.  Our results are of course entirely dependent on the fine details of the local Lang-
lands parametrization. The parametrization of L-packets by L-homomorphisms is widely
known: the classical description is [11], see also [8].

For the refined version, which includes a parametrization of each L-packet by char-
acters of the component group, the situation is less satisfying. There are (at least) two
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versions: Shelstad’s classical work [21, 22], and that of Adams—Barbasch—Vogan [4]. It is
not obvious how to match these two parametrizations (see however the recent paper [10]
for a comparison). Therefore we need a choice; for reasons which should become obvious
later, we use [4].

We have taken this opportunity to give a slightly simplified exposition of the refined
Langlands correspondence (in the Adams—-Barbasch—Vogan version). The simplifications
come from ideas crucial to the atlas software package [5]: we will use notions of [5] to
express some ideas from [4, 9] in a hopefully easier way. The simplified exposition may be
of independent interest. It is the contents of §4 and §5. We treat the general case here;
if one specializes to the discrete series case, then several ingredients of our exposition
are in [2] and [8].

1.12. The paper divides naturally into two parts. The first part, in §2-5, leads up
to our description of the local Langlands correspondence. Section 2 introduces the
vocabulary (strong real forms, KGB elements) that is needed on the G-side, and Section 3
collects basic structure theory on the “G-side. The exposition of the refined Langlands
parametrization is in §4-5. (Section 4.4 is used later, but not needed for this exposition.)

The second part of the paper turns to lowest K-types. Section 6 fills in the details
concerning the tempiric representations discussed above, and their Langlands parame-
ters. Sections 7 and 8 are concerned with the forgetful map ¢ — ¢.; there we prove our
main results, Proposition 1.5 and Theorem 1.7.

The Appendix discusses the relationship between the refined Langlands correspon-
dence of Section 5 and Whittaker data.

Acknowledgements. We thank Tasho Kaletha, David Renard and David Vogan for
helpful discussions, and Jean-Loup Waldspurger for suggesting a simplified proof of
Lemma 7.1. This research was started within the online research community on Repre-
sentation theory and Noncommutative geometry sponsored by the American Institute of
Mathematics; we are grateful to Pierre Clare, Nigel Higson and Birgit Speh for putting
it together during the early stages of the COVID-19 pandemic.

2. STRUCTURE THEORY FOR (G: STRONG REAL FORMS AND KGB ELEMENTS

This section is a review of material from [5]. Throughout the paper, we fix

e a connected complex reductive group G,
e a pinning P = (H, B,{X,}) of G,
e and an inner class of real forms of G.

The pinning P consists of a Borel subgroup B, a Cartan subgroup H C B, and a
set {X,} of root vectors for the simple roots of H in B. For the notion of inner class of
real forms, see §2.1.

2.1. Ordinary real forms. A real form of G is the fixed points G of an antiholomor-
phic involutive automorphism o of G. It is well known that it is equivalent to work
instead in terms of the Cartan involution, which is a holomorphic involution.

Therefore an involution of G will mean, in this paper, a holomorphic automorphism 6
of G satisfying 2 = 1. We define a real form of G to be an involution of G, and say
two real forms are equivalent if they are G-conjugate. Given a real form 6, there is an
antiholomorphic involution ¢, commuting with 6, such that G? is the complexification
of a maximal compact subgroup of G(R) = G?. This induces a bijection between
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equivalence classes of holomorphic and anti-holomorphic involutions. Given 6 and a
choice of o, we will write G(R, #) for G°.

Let Aut(G) denote the group of holomorphic automorphisms of G, and Int(G) denote
the subgroup of inner automorphisms. We have the usual exact sequence

1 — Int(G) — Aut(G) — Out(G) — 1 (2.1)

where Out(G) is the quotient Aut(G)/Int(G).

Two involutions 6,0 € Aut(G) are said to be inner to each other if they have the
same image in Out(G). Thus an inner class of real forms is determined by an element
v € Out(G) of order 1 or 2. The pinning P of G determines a splitting of the exact
sequence (2.1), taking v to a P-distinguished involution of G. See [5, §2.1]. We still
denote by v the corresponding element of Aut(G).

Attached to the inner class v and the pinning P is an extended group G*, containing G
as a subgroup of index two. Let I' = {1,¢} be the Galois group of R. We define G* to
be G x I', where ¢ € I" acts by the distinguished involution . Write &, for the element
(1,6) of G, thus GT = (G, &,), with §,2Y =1.

2.2. Strong real forms. Let Z(G) denote the center of G.

2.2.1. A strong real form of G (in the inner class attached to 7) is an element ¢ € GT'\ G
satisfying ¢2 € Z(G), of finite order. By analogy with the Cartan involution, we also
refer to £ as a strong involution. We say two strong real forms are equivalent if they are
conjugate by G. We denote the set of strong real forms by Z(G,~), or simply Z. For
£ € Z, we let ¢ denote the involution int(§) of G, and write K¢ for the subgroup GY%
of G.

If £ is a strong real form, we denote by C¢ its equivalence (conjugacy) class.

The map & — 6 is a surjection from strong real forms to real forms (in the given
inner class), and factors to a surjective map {strong real forms}/~ — {real forms}/~.

We define the central cocharacter of a strong real form ¢ to be the element &2 of Z(G);
this is well defined on equivalence classes. Let z, = exp(2im'p) € Z(G), where Yp is one-
half the sum of positive coroots. This element is independent of the choice of Borel
subgroup B, and is fixed by all automorphisms of G. We say a strong real form is pure
if its central cocharacter is z,. This includes the quasisplit strong real forms. (When we
refer to a property of strong real forms, such as being quasisplit, we pull it back from
real forms, provided it is constant on the fibers.)

2.2.2. Representations. When ¢ is a strong real form of G, we can consider Harish-
Chandra’s notion of (g, K¢)-module. We define a representation of a strong real form
of G to be a pair (§, X') where ¢ is a strong real form of G and X is a (g, K¢)-module. We
call two pairs (&, X), (¢/, X') equivalent when there exists ¢ € G such that & = g¢g~! and
X' = X9, where XY is the (g, K¢ )-module defined by transport of structure using int(g).
We write [£, X] for the equivalence class of (£, X). We say [£, X] is irreducible if X is
irreducible; this is independent of the choice of (£, X).

It is important to keep in mind that this definition keeps track of the strong real form,
not just the real form. For a useful example [2, Example 3.3], set G = SL(2,C) and
§ = diag(i, —i). Let 7 be the (g, K¢)-module of a holomorphic discrete series for the real
form of G corresponding to 0¢, and let 7 be the contragredient. Then there is an inner
automorphism of G which takes 7 to 7, and also takes £ to —¢. This is reflected in the
fact that [§, 7] = [, 7], but [{, 7] # [, 7). Thus we can view the two discrete series
representations of SL(2,R) in the usual way as [{, 7] and [, 7] (fixing ¢ and varying
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the representation), or alternatively as [, 7] and [—&, 7] (fixing the representation and
varying the strong real form).

2.2.3. An example of conjugating to do representation theory on a forever-fixred Cartan.
Let us still consider G = SL(2, C), the strong real form £ = diag(i, —i), and the involution
§ = 6¢. For an antiholomorphic automorphism o giving G(R, #) as in §2.1, we may take
g+ J tg71J with J = diag(1, —1), and then G(R,#) = G° is SU(1,1).

Let H be the diagonal subgroup of G. Then H(R,#) is a compact Cartan subgroup
of G(R,#), and its importance to the classical theory is that its regular characters can
be used to parametrize the discrete series of SU(1,1).

Now, suppose we turn to the principal series of SU(1,1). The traditional way of
building it uses characters of another Cartan subgroup Hi(R,#) of SU(1,1). As the
notation indicates, this real torus comes from another Cartan subgroup Hi # H of the
complex group G.

An important idea for what follows is that it is possible to do representation theory
using only real forms of the fixed Cartan subgroup H. The reason is, of course, that we
can conjugate H; back to H using an element of the complex group G. If we do this,
then we have to change the real group under discussion: it is easy to find an element
of SL(2,C) such that int(u) takes the real group SU(1,1) to SL(2,R) and the Cartan
subgroup H;i(R,6) to the diagonal subgroup of SL(2,R). Conjugation by u will also
take ¢ to another strong real form &', with C¢ = C¢/; and the discussion of the principal
series will then switch from (g, K¢)-modules to (g, K¢/)-modules.

Thus we can always fix the Cartan subgroup H and use a real form of H to discuss
representations; but depending on the representation, the appropriate real torus will sit
either in SL(2,R) or in SU(1,1). Passing back and forth requires conjugating some of
the classical data by the complex group G. The conjugation will affect the strong real
forms and representations of strong real forms under discussion, but not their equivalence
classes.

2.3. The KGB space. The space of K-orbits on G/B plays an important role in this
version of the Langlands classification. We parametrize this space, simultaneously for
all strong real forms in the inner class, using the KGB space.

As in §2.2.3 we work in terms of our fixed Cartan subgroup H. Define

X = {5 € Normgr\¢(H) : £ c Z(G)}.

Thus X is a set of strong real forms and every strong real form is conjugate to one of
these. _
The group H acts by conjugation on X', and we set

X =X/H. (2.2)

Suppose x € X and let X, be the fiber over z in X. The groups K¢, £ € fx, are
all isomorphic, by an isomorphism which is canonical up to an inner automorphism
of K¢. Therefore we set K, = lim¢(K¢) (direct limit), and define a (g, K;) module
to be the corresponding direct limit of (g, K¢)-modules. This makes it possible to talk
about (g, K;) modules without having to say “(g, K¢) modules for a choice of ¢ lying
over z”. If X is such a (g, K )-module, it gives rise to a well-defined equivalence class of
representations of strong real forms, which we denote by [z, X|; and it is safe to abuse
notation slightly and use the terminology representation of a strong real form for the
pair (z, X).
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Along these lines, we abuse notation slightly when talking about G-conjugacy of
elements of X and &X'. For instance, if x € X, then it makes sense to define

X[z] = {2’ € X | 2’ is G-conjugate to x}. (2.3)
Similarly, if € is a strong real form, then it makes sense to talk about the set
X[€] = {z € X | z is G-conjugate to the image of {}. (2.4)

As in Section 1.7, fix a set {&;}icr of representatives of the equivalence classes Z/G
of strong real forms. If G is semisimple, or more generally if Z(G) contains no v-fixed
torus, then [ is finite. There is a canonical bijection

X «— [] K \G/B.
el
In this bijection K¢ \ G/B corresponds to the set X[{] of (2.4). For this reason we call
X the KGB space. See [5, Corollary 9.9] for more details.

Suppose z € X. Choose £ € X mapping to x € X. The restriction of 6¢ to H is
independent of the choice of {, and is denoted 6, . Thus each element of X defines a
real form of the Cartan subgroup H. Set

IW:{O:):,H : xEX}.

The notation Zy comes from [5, (9.11)], which views the involutions 6, g as twisted
involutions in the Weyl group. We will come back to this in §4.3 below.

For 7 € Zyy, define the fiber X to be the set of elements x € X such that 0, g = 7.
This gives us a partition

x= 1 *- (2.5)

If T €Zyy and x € X let
X lx] = X N X[x]
={2' € X |0y y =0, g and 2’ is G-conjugate to x},
and define X;[¢] similarly for & € X. Then
Xr = H Xr [51]
el

Some of the sets X;[¢;] may be empty.

If x € X, define an element z(x) of Z(G) by z(z) where £ € X is any element

{z €

= ¢
mapping to z; and for z € Z(G), set X(z) = X | z(x) = z}. In this way we get a
different partition

X = X(z).
z€Z(Q)

This respects the previous partition: set X(z) = X N X(z), then we have

Xo= [ *(2).

2€Z(Q)
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2.4. Cross action and Cayley transforms for KGB. Let W = Normg(H)/H be the
Weyl group of (G, H). Then W has a natural action on X, as follows. For w € W and
x € X, choose representatives n € Normg(H) and £ € X for w and x, respectively. Then
nén~! € 2?, and we define w x x to be the image of nén~! in X'. We refer to this as the
cross action of W on X.

Let A = A(G, H) be the set of roots of H in G. Suppose 7 € Zy is an involution
of H. This preserves A, and we set

Ai;={aeA : 7(a) =a} the r-imaginary roots;

Arr={a€A : 7(a) = —a} the r-real roots. 27)
See [5, (12.1)]. These are root systems, and we let W; -, W, denote the Weyl groups of
A; 7, Ay ; respectively. These act on X, and on each piece X:[z] of the decomposition
(2.6). The action of W; ; on each piece X;[z] is transitive.

We say « is 7-complex if it is neither 7-real nor 7-imaginary. In this case the cross
action of the reflection s, € W defines a bijection

(Sa X )i Xr = Xyors. (2.8)

Suppose a € A; ;. Choose an a-root vector X,. If x € X, we also use the term z-
imaginary for 7-imaginary. We say « is z-compact if 0¢ fixes X, for some (equivalently
any) & € X,, and z-noncompact otherwise.

If x € X, then the stabilizer of x in W is naturally isomorphic to W (K¢, H) =

Normg, (H)/H, where § € X is any representative of z. This group is isomorphic to
W(G(R, ), H(R, b)), and we refer to it as the real Weyl group. See [5, §12].
Given an involution 7 of H, define

Xrla] ={z € X : ais z-noncompact}. (2.9)

Suppose = € X;[a]. Choose a representative g, € Normg(H) of s,, and a strong
involution £ € X representing x. Then ¢g,§ € X. We refer to the image of this element
in X as the Cayley transform c*(x); as the notation indicates it is independent of the
choices. Also ¢*(z) is G-conjugate to x.
The map

c: Xrla] = Xsr (2.10)
is surjective, and at most two-to-one. We write ¢, for the inverse Cayley transform: if
¢® is injective, then ¢, () is a single element x’ satisfying ¢*(z’) = z; on the other hand,
if ¢ is two-to-one then ¢, (z) = {2/,2”} where c¢*(2') = ¢*(2”) = x. In the latter case
Sq x &' = 2. For all this, see [5, §14].

3. BASIC STRUCTURE THEORY FOR LG

This section collects standard material on Langlands parameters. We follow [4, 5, 8].
Recall we have fixed G, a pinning (H, B, {X,}), and an inner class of real forms defined
by an involution v € Out(G).

3.1. The L-group. Let X*(H), X,.(H) be the character and cocharacter lattices of H,
respectively. Consider VH = X*(H) ® C*, the complex torus dual to H. Then we have
X*(H) = X4«(VH) and X,.(H) = X*(YH) (these are canonical identifications). Also the
Lie algebra Vb is canonically identified with h* (the vector space dual of the Lie algebra
of H). We make frequent use of the elements p € X*(H) and “p € X,.(H), where p
(respectively Vp) is one-half the sum of the positive roots (resp. coroots) of B.



LOWEST K-TYPES IN THE LOCAL LANGLANDS CORRESPONDENCE 11

We often consider involutive automorphisms of H and VH that are dual to each other.
If 7 is a holomorphic involutive automorphism of H, with differential dr, consider the
transpose dr | as an endomorphism of Yh. Let Y7 be the holomorphic involution of VH
with differential d(Vr) = —dr". Notice the minus sign: if 7 is the identity on H, then Vr
is inversion on VH.

Let IL, VII be the sets of simple roots and simple coroots of G defined by B. The
based root datum defined by (H, B) is the quadruple 2 = (X*(H),1I, X, (H), VII). The
dual of 9 is the quadruple Y% = (X.(H), VI, X*(H),II). We use it to construct the
connected complex dual group YG D VH (see [5, §2] and [8, §2 and §6]), and we equip it
with a pinning VP = (VH, VB, { X v, }) such that the based root datum defined by (VB, VH)
is V2. The Weyl group of (G, VH) canonically identifies with W = W (G, H).

We turn to the group “G. This is a split extension of VG by Z/2Z, depending on the
inner class v, so describing it amounts to describing an automorphism of VG.

The automorphism v € Out(G) determines an automorphism 7 of the based root
datum Z (for the notions of isomorphism of based root data and transpose isomorphism,
see [5, §2]). On the dual side, define an automorphism of Y2 as 99 = —wy7 ', where
wp is the long element of the Weyl group (again note the minus sign). Let ‘4 be the
unique “P-distinguished automorphism of VG which induces ¥9 on V2. The L-group
of G is I'G = (VG,s), where (¥9)? =1 and 9 acts by Yy on “G.

3.2. Langlands parameters. Let Wg be the Weil group of R. By definition we have
Wrg = (C%, ), with relations j2 = —1 and jzj~! = z for = € C*, where the bar de-
notes complex conjugation. A map ¢: Wr — LG is said to be an L-homomorphism
if it is a continuous group homomorphism, ¢(C*) consists of semisimple elements, and
#(j) € YG \'G. The connected group “G acts on the set of L-homomorphisms by con-
jugation on the range, and we define an L-parameter to be a YG-conjugacy class of
L-homomorphisms.
Suppose ¢: Wgr — G is an L-homomorphism. We set

VLy = Centug (¢(CX)). (3.1)

Since ¢(C*) is connected, abelian, consisting of semisimple elements, this is a connected
reductive group. We say ¢ is aligned with YH if ¢(C*) is contained in VH and ¢(4)
normalizes VH.

Lemma 3.2. Every L-homomorphism is G-conjugate to one which is aligned with VH.
Assume ¢ is an L-homomorphism aligned with VH. Then there exists A € X,(YH)®C
and y € YG \ VG, normalizing VH , satisfying:
A—yX € X.(YH),
; 3.3)(a
o o, (33)(a)
such that ¢ is defined by:
ng(z) _ ZAfAd(y))\,

0(j) = ¢y, e

If a pair (\,y) satisfies (a), then the map ¢ defined by (b) is an L-homomorphism.

(A
Given (A, y) satisfying (3.3)(a), we denote by ¢(A,y) the L-homomorphism defined
by (3.3)(b).
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Proof. We know that ¢(C*) is contained in the identity component of the center of

VL, which is a torus. So, after conjugating by G we may assume ¢(C*) C VH, and
then YH C VLy. Now the involutive automorphism Y7 = int(¢(j)) normalizes VL4, and
therefore normalizes a Cartan subgroup of YLy, which is also a Cartan subgroup of VG.
So, after conjugating by VL, we may assume 7 normalizes VH. The remaining assertions

are straightforward. See [8, Section 6]. O

So assume ¢ is aligned with VH. Set

‘7 = int(¢(5)); (3-4)(a)

this is an involution of VL, which preserves VH. Write
¢(z) =22V (zeC¥) (3.4)(b)

where A\ € Vh. The W (G, H)-orbit of X (considered as an element of Yh ~ h*) depends
only on the VG-conjugacy class of ¢. We call it the infinitesimal character of ¢.

Example 3.5. Let y = ™0, "6 (for the Tits group element o, see Section 4.3). The
pair (p,y) satisfies (3.3)(a). If ¢ = ¢(p,y), then we shall see that the corresponding
L-packet TI(¢) is the L-packet of fundamental series of the quasisplit form of G, with
infinitesimal character p. See Example 3.8 and the Appendix.

3.3. Cross action and Cayley transforms for L-homomorphisms. As discussed
in the Introduction, cross actions and Cayley transforms play a central role. We already
discussed these in the context of the KGB space. Here is the corresponding discussion for
L-homomorphisms.

Defining Cayley transforms and the cross action for L-homomorphisms is already
nearly covered by the corresponding definitions for KGB: the action on ¢(A,y) is via the
action on y. The only minor issue is that for y to be a KGB element it has to satisfy
y? € Z(VG). Since y? = exp(2mi)) this is the case when ¢ has integral infinitesimal
character, but does not hold in general. Nevertheless, the definitions of Section 2.4 carry
over with minor changes.

Suppose ¢ = ¢(),y) is an L-homomorphism aligned with YH (Lemma 3.2). Let
Uing = Pine(A\) be the set of integral roots: {a | (\, Vo) € Z}.

Suppose w € W (¥y) and n € Normvg(VH) represents w. Then just as in Section 2.4,
the element nyn~! satisfies (nyn=1)% = y2, so ¢(A\, nyn~') is well defined, and its VG-
conjugacy class is independent of the choice of n. Define w x ¢(\,y) = ¢(\, nyn~1).

Now assume « is a simple root of W;; which is imaginary and noncompact with
respect to int(y). The latter condition is that Ad(y) does not fix X,. The definition of
¢ in Section 2.4 carries over immediately to this setting; the only change is that ¢®(y)?
is no longer central, but satisfies c*(y)? = y? = exp(27mi\). We define c*(¢p()\,y)) =
d(A, c*(y)), and refer to this as the Cayley transform of ¢.

3.4. E-groups for tori, and characters of two-fold covers. Suppose ¢: Wr — LG
is an L-homomorphism aligned with YH. Then (YH, ¢(j)) is an extension of VH of order
two. In general, it is not isomorphic to the L-group of H, but it is still crucial for
describing the Langlands correspondence.
Suppose we are given a complex torus H and an involution 7. An E-group for H
and T is a group PH = (VH,V¢) where ¢ acts on VH by the dual involution “7, and
\/§2 e VH'T.
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The way E-groups enter the discussion below is through their relation with characters
of certain double covers of real forms of H. Suppose g is an element of %X *(H). Define

Hy,={(h,z) € HxCT* : (20)(h) =2*}.
This is a two-fold cover of H, with projection (h, z) + h.

Given an involution 7 of H, consider the corresponding real form H (R, 7). (Since H
is abelian, this is canonically defined; see §2.1.) Lift it to a subgroup H (R, 7)o of I;TQ.
Again, this is a two-fold cover of H(R,7); we will call it the g-cover of H(R,7). A
character of H (R, 7), is called genuine if it is nonconstant on the fibers of the covering
map H(R,7), = H(R, 7).

We will use E-groups to parametrize the genuine characters of H (R,7),. Viewing o
as an element of b, consider “H = (VH,Y¢), where Y¢ acts on VH by ‘7 and Y¢2? =
exp(2imp). This is uniquely determined by ¢ up to isomorphism.

We say a homomorphism ¢: Wr — PH is admissible if it is continuous and satisfies
¢(j) € PH\ VH. Then the genuine characters of H(R, ), can naturally be parametrized
by VH-conjugacy classes of admissible homomorphisms Wr — FPH. For a complete

discussion of the correspondence, see [8, Lemma 3.3] and [6, Section 5]. To give a quick
description, note that an admissible homomorphism ¢: Wgr — £ H can be written

() =227V (2 eC),
P(j) = exp(2imp) €,

where \, u € “h, and where the fact that ¢ is a group homomorphism forces

(3.6)

1
K= 5(1 — VA= (1+Y1)p

to be an element of ¢+ X*(H) satisfying (1 4+ 7)\ = (1 + 7)k. There is a unique genuine
character Ay of fNI(R,T)g which satisfies: (1) dAy = XA € b* and (2) the restriction
of Ay to the canonical maximal compact subgroup of H (R,7), is given by x. See [6,
Proposition 5.8]. The character Ay depends only on the YH-conjugacy class of ¢, and
¢ ~» Ay induces a bijection between VH-conjugacy classes of admissible homomorphisms

#: Wg — PH and genuine characters of H (R, ) 0

3.5. Complete Langlands Parameters. Given an L-homomorphism ¢: W — LG,
consider the centralizer

Gy = Centvg(p(WR)). (3.7)
Let S, be the component group of YG. It is a finite product of copies of Z/2Z.

We introduce a canonical covering §¢, as in [4, Definition 5.11]. Let “G®® be the
projective limit of all finite coverings of YG. There is an exact sequence

1 m(G)Me — Varls P Vg
where 71 (YG)¥# is the projective limit of all finite quotients of 71(VG). Consider the
inverse image VGzlg = proj ! (VGy), and define S, to be the component group of VGZlg .
This is an abelian group, possibly infinite. There is a canonical surjection §¢ — Sg. See

[4, p. 61]. When a character of §¢ is in the image of the dual injection M(Sy) — I'I(§¢),
we shall sometimes say (improperly) that it is, in fact, a character of Sg.
We define a complete Langlands parameter to be a pair (¢, x) consisting of a Langlands

parameter ¢ and a character x of §¢. The conjugation action of VG on L-homomorphisms
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extends, after passage to coverings, to an action of YG?!& on pairs (¢, x). More precisely,
suppose ¢ is an L-homomorphism. Then for any element “§ in the covering G2,
conjugation by the element Vg = proj(g) of YG takes YGy to Gipy(vg)p- Furthermore,
conjugation by Vg induces a bijection M(Vg) : ﬂ(§¢) — ﬂ(gint(vg)¢) of character groups.
We say two complete Langlands parameters are equivalent if they are conjugate by YGl&.

Example 3.8. The complete Langlands parameter (¢, 1), where 1 is the trivial character
of §¢, plays a special role: this defines a particular generic representation of the quasisplit
form of G.

In particular, consider the L-homomorphism ¢ = ¢(p,y) of Example 3.5. Then (¢, 1)
is a complete Langlands parameter. The corresponding representation is a large funda-
mental series of the quasisplit form of G. This plays an important role in the relationship
with Whittaker models. For details see the Appendix.

4. DICTIONARY BETWEEN CHARACTERS OF COMPONENT GROUPS AND KGB ELEMENTS

Suppose ¢: Wg — G is an L-homomorphism. Let II(¢) be the corresponding ‘large’
L-packet: it comprises representations of the various (strong) real forms of G in the
given inner class. For a description of the subset of II(¢) attached to each real form
of G, see [11, 8] and §5.2.2 below.

The refined version of the Langlands correspondence parametrizes the individual rep-
resentations in II(¢) by characters of the abelian group Sg. In this section and the next,
we give an exposition of the refined parametrization. In the case of discrete series this
is discussed in [2].

The subtle aspect of the refined correspondence is how a character of §¢ determines
first of all a strong real form of GG, and secondly a representation in the L-packet for this
real form. The view that we shall adopt here is that the KGB space X of §2.3 is perfectly
suited for this. We describe a natural bijection between the character group M(Sy4) and
a subset of X'. This is precisely the information we need. For instance, it makes the
first step quite clear: given a character of Sy, the corresponding element of X" defines
the appropriate strong real form of G.

4.1. L-homomorphisms in standard form. Let us begin with an L-homomorphism
¢: Wr — LG. After conjugating by vlee may assume it is aligned with VH, and write
it as in (3.4). Our bijection between N(Sy) and a subset of X’ will have its image entirely
contained in a single fiber X of X.

We are given the involution int(¢(j)) of VH. If the infinitesimal character for ¢ is
regular, then this involution defines the correct real form of the dual Cartan subgroup.
If the infinitesimal character is singular, there is a choice involved and we may want to

use a different involution V.

For example, suppose G = SL(2,R), VG = PGL(2,C) ~ SO(3,C) (see (4.21)), VH =
{diag(z,271,1)} and ¢(C*) = 1. If ¢(j) = diag(i, —i,1)"d, then ¢(j) acts trivially on
VH. However ¢(j) is conjugate to diag(({3),—1)¥8, which acts by inversion on VH;
so after conjugating ¢ we may get a different involution of YVH. We prefer the second
choice, which makes VH (R) split, and therefore makes H(R) compact. This example is
key to the discussion of the L-packet of limits of discrete series for SL(2,R).
We are free to modify ¢ by the Weyl group W (VG, VH). We could therefore assume A is
weakly dominant for the set A™ of positive roots attached to our fixed Borel subgroup B.
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For the needs of Section 5 it is convenient to impose a weaker condition, which appears
in the following definition.

Definition 4.1. Suppose ¢ is an L-homomorphism. We say ¢ is in standard form if it
satisfies the following three conditions. First,

(1) ¢ is aligned with VH (cf. (3.4)).
Define YLy = Centvg(¢(C*)) and let “7 be the involution int(¢(j)) of YLy, as in (3.1)
and (3.4)(a). Then we require:
(2) YH is maximally V7-split in VL;
(3) X is weakly integrally dominant for the positive “7-real roots:
if o is a positive Y7-real root then (\, Vo) & {—1,-2,-3,...}.

By definition (2) means YH is a “7-stable maximal torus of VL, and the (—1) eigenspace
of Y7 on “b is a maximal abelian subalgebra consisting of semisimple elements in the —1
eigenspace (v[¢)_VT. See [4, Lemma 12.10]. For a discussion related to (3) see [7, (3.12)—
(3.15)].

If ¢ is in standard form, we denote by V7 (¢) the involution int(¢(j)) of VH, and denote
by 7(¢) the corresponding involution —V7(¢)" of H.

For further discussion of this notion in the case of SL(2,R), see Section 4.5.

Suppose ¢: W — G is an L-homomorphism in standard form. Define 7 = 7(¢) and
set Y7 = Y7(¢). In the rest of this section, we will explore the link between the component
group §¢ and the fiber X of the KGB space. In §4.2 and §4.4, we will describe a free

action of ﬂ(§¢) on Xr. In §4.3, we will choose a basepoint in X, and obtain a bijection

between MN(Sy) and a subset of X.

4.2. The groups Sv,. Given an involution 7 of H , let V7 be the dual involution of VH.
Set

Vr

Sv; = component group of (VH) (4.2)

Form the covering gvﬂ as in §3.5: if VH*& is the preimage of YH in the covering
VGAE 5 VG, let VH®E™ be the preimage of (VH)'™, and let Sv; be the component group
of VH?2.™ Tt is an abelian group, possibly infinite.

The natural map VH alg,r _y VT Sv;, is surjective, and its kernel contains the
identity component (VH aLlg’vT)o; therefore it induces a surjection Sv; — Sy,

The character group ﬂ(gvT) is crucial to our dictionary between characters of compo-
nent groups and KGB elements, because it turns out to have a natural simply transitive
action on the fiber X;. Let us explain this.

4.2.1. First, we observe that H(gvT) is isomorphic with a group that can be defined
entirely on the G-side. This discussion follows [4, Chapter 9]. Define

H™={heH|7(h)=h"1}.
We will need the larger group
H,"={he H|hr(h)e Z(G)} D H".
Let A, be the identity component of H~". Then A, = {h7(h™!) | h € H} and
A, CH T CH,".
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We denote by UQ the quotient H~7/A., and by U; the quotient H," /A;. The group UE
may be viewed as a subgroup of U;. We will define explicit isomorphisms U, ~ M(Sv,)
and U2 ~ MN(Sv,).
Let us begin with the natural short exact sequence

0— Sy, = H " /(YH™)g — VH/(VH' ™)y — YH/YH'™ = 0 (4.3)
where all maps are induced by the inclusion of VH ‘T into VH. Passing to character
groups, we get an exact sequence

0— NH/VH'TY = N(YH/(YH ™)o) — N(Sv,) — 0.

We may view the characters of VH/VH'™ (resp. YH/(VH 7)) as (algebraic) charac-
ters of YH which vanish on YH ™ (resp. (YH 7)g). Under the canonical isomorphism
X*(VH) ~ X.(H), the group of characters of YH which vanish on VH 7 is identified
with (14 7)X.(H), and the group of characters which vanish on (VH 7)o is identified
with X, (H)™ (see [4, Lemma 9.5]). Therefore the previous exact sequence becomes

0= (147)X.(H)— X.(H) = N(Sv;) =0 (4.4)
as in [4, Proposition 9.6]. Now, viewing X, (H) as a subset of the Lie algebra of H, the
map 1+ exp(u/2) is a surjective homomorphism from X,(H)™ to H~7 /A, = U?, with
kernel (1 + 7)X,(H) (see [4, Proposition 9.10)):

0= (147)X.(H) = X.(H)" = U° = 0.
Combined with the previous exact sequence this yields an isomorphism
n(Sv,) — U2 (4.5)

We modify this slightly in order to incorporate coverings; see [4, Propositions 9.8 and
9.10]. The group X*(VH#) of rational characters of YH®# is naturally a sublattice of
X.(H) ®z Q, see [4, (9.7)]. Consider VH*&"™ in place of VH in (4.3), pass to character
groups and identify characters of VH™S/VH?8:"™ (resp. VHS /(VH?8T))) with (ratio-
nal) characters of VH?# which vanish on VH*$'7 (resp. (YH?2:'7)y). Then the exact
sequence (4.4) is replaced by

0= (1+7)X.(H) = X*(VH¥8) = M(Sv;) — 0.
As in the previous case the map p +— exp(1/2) induces an exact sequence
0— (1+7)X.(H) —» X*(VH® - U, -0 (4.6)

and an isomorphism
n(Sv,) = U,. (4.7)

Furthermore the exact sequence (4.6) is compatible with the inclusions of X, (H)" into

X.(H)gp and of U? into U,. Therefore we can sum up this discussion as follows:

Lemma 4.8. The maps N(Sv,) — UY and N(Sv,) = Us in (4.5) and (4.7) are isomor-
phisms, and fit into a commutative diagram

Ul U, (4.9)

zl |-

M(Sv, ) —= MN(Sv,)
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where the lower horizontal arrow is dual to the surjection gvT — Sv;, and the top arrow
is the inclusion of U? into U .

4.2.2. We can now relate I'I(gvT) to the KGB space: we describe a simply transitive

action of H(gvT) on X.. By Lemma 4.8 this amounts to describing a simply transitive
action of U, on X;. We follow [5, Proposition 11.2].

Recall from §2.3 that X is a quotient of X = {§ € Normgr\(H) : & € Z(G) },

and the projection p: X — X sends an element ¢ € X to its H -conjugacy class. Set
X, = p~}(X,). Then if we fix an element ¢ € X;, we have X, = {h{ : h € H,™}.

Thus the group H," acts on X, by multiplication on the left, and clearly that action is
simply transitive. It descends to an action of H," on the fiber &, which is still transitive
but no longer free. For h € H, we have héh™! = hr(h™1)¢, and so the stabilizer of p(¢)
is A;. Since H," /A, = U, we deduce:

Lemma 4.10. The action of H," on X; induces a simply transitive action of Ur on X;.

4.3. The canonical basepoint in X;. Choosing a basepoint in X, will convert the
action of Lemma 4.10 into a bijection between M(Sv;) and &. Therefore we are looking
for a privileged choice of basepoint x; » € X, in each fiber A. It corresponds to the
trivial character of gvT, and therefore determines a special element of the L-packet II(¢).
See the end of Section 3.5, as well as the Appendix for the relationship with Whittaker
models.

Let us define x3, » for 7 € Zyy. We begin with a special case. Recall we are working
with the extended group G'' = (G, €,), where &, satisfies 5,27 =1 and int(&,) acts on G by
the distinguished automorphism ~ (see §2.1). Since v preserves H, the element &, is a
strong involution of G; we denote by X7 the corresponding fiber, and call it distinguished.
Define the basepoint x -, in that fiber to be the image in X" of

&b,m, = exp(in*p) &,.
This satisfies 55’77 = exp(2im¥p) = 2, so the strong real form corresponding to Tpr, 18
pure; we call it the distinguished strong real form of G (attached to 7).

Let us mention that the element ;. is ‘large’, i.e. the simple imaginary roots for 7,
are all noncompact with respect to x;, . See [5, §12] and Remark 4.19 below. In
particular, the corresponding real form of G is quasisplit. Furthermore, int(&,) acts
on Normg(H), and descends to an automorphism " of W.

To define the basepoints in the other fibers, we need to interpret the involutions 7 of H
in terms of the Weyl group. Thus fix 7 € Zy,. Given a strong involution £ representing
an element of A7, we can consider the element £ L of G; it normalizes H, and we let w,
be its image in the Weyl group. This is independent of the choice of element in X and
representative, and satisfies w, YW (w,) = 1. We say w, is a twisted involution in W.
The map 7 — w; sets up a bijection between Zy and the set of twisted involutions in W:
given a twisted involution w, the corresponding involution of H is woint(,). The Weyl
group acts on Zy by conjugation, and on twisted involutions by twisted conjugation
(w € W acts by y — wyy" (w™1)); the bijection 7 — w, intertwines these two actions.
The involution 7., of H is mapped to the identity.

For our last ingredient, we use the Tits group to choose a canonical set-theoretic
splitting of the map p : Normg(H) — W. This depends on our choice of pinning P of G.
See [5, §15]. Here is a short summary of the construction.
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For a a simple root, with corresponding root vector X, from the pinning, there is a
canonical homomorphism ¢, : SL(2,C) — G satisfying: ¢, (diagonal matrices) C H and
doo (3§) = Xa. Then we set o5, = ¢q (% §) € Normg(H), and also denote it by o4.

When w € W is arbitrary, with reduced expression w = sq; ... Sq,, We set g, =
Oay ---0a,. Then o, is independent of the reduced expression, and the map W —
Norm(H) : w — oy, satisfies p(o,,) = w for all w € W. The Tits group for (G, P) is the
subgroup of Normg(H) generated by the o,.

We can now define the basepoint in each fiber, following [7, Section 3]. For 7 in Zyy,
consider the element w, of W, its representative o, in the Tits group, and set

gbﬂ' = exp(iﬂ-vp) Ow, 57- (411)

This is a strong involution of G, satisfies fiT = z, and is conjugate to & . . See [7,
Proposition 3.2] and the proof of Lemma A.4. Finally, we define the basepoint in X; to
be
xp,» = image of &, - in the fiber X
Thus the various basepoints x, -, T € Zyy, are all G-conjugate: they all define the same
strong real form of GG, namely the distinguished quasisplit strong real form of G attached
to 7.
Using this choice of basepoints we deduce:

Proposition 4.12. Let 7 be an involution of H. Using the free action of ﬂ(gvT) on X,
and the basepoint for X, defined in the previous section, we obtain a bijection

N(Sv,) < X;. (4.13)
This bijection maps the trivial character of gvT to the canonical basepoint xp » in Xr.

4.4. Relationship between §¢ and Sv,. We now observe that ﬂ(§¢) naturally em-
beds in H(gvT) ~ U,. The crucial fact is that the “maximally Y7-split” condition in
Definition 4.1 implies that YH meets every component of Gy = Centvg(¢(Wr)): see
[4, Lemma 12.10]. Since Sy is the component group of YG4 and Sv; is the component
group of VH T VG, we get a surjection Sv; — Sy. The same fact applied to coverings,
as in [4, (12.11)(e)], yields a canonical surjection

Dy - gvT —» §¢. (4.14)
By Pontryagin duality, we get a canonical injection
Bp: M(Sg) = N(Svy). (4.15)

If the infinitesimal character for ¢ is regular, then (4.14) and (4.15) are bijections: see [4,
(12.4)(c)]. In general the image of (4.15) is the set of characters of Sv, that are ¢-final
in the sense of [4, Definition 12.8]. This has the following meaning.
Suppose « is a Vr-real root of VH in VG. It determines a distinguished element
Ving = a¥(—1), of order 1 or 2 in (VH)?'8"7  as follows. Consider the root subgroup
morphism SL(2,C) — VG attached to «; since SL(2,C) is simply connected, it lifts to
a continuous morphism SL(2,C) — “YG®8. Set “in, = aV(—1I2). This is an element of
order 1 or 2 in (VH)™&"™ and we let Vi, be the corresponding element of Sv,. See [4,
pp. 141-142].
The kernel of (4.14) is generated by the elements “m,, for those roots o which are “V7-
real and ¢-singular (i.e. orthogonal to the infinitesimal character representative A). Then
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x € N(Sv,) is called ¢-final if x(YMa) = 1 whenever a is a '7-real and ¢-singular root.

We denote by Mg 6n(Sv,) the ¢-final part of M(Sv;), and sum up:

Lemma 4.16. Restricting the action of Lemma 4.10 to the image ﬂ¢7ﬁn(§v7) of (4.15),
we obtain a free action of M(Sy) on X;.

Combining this with the choice of basepoint in the previous subsection, we obtain:

Proposition 4.17. Let ¢: Wr — LG be an L-homomorphism in standard form, and
let T be the involution T7(¢) of H (Definition 4.1). The injection M(Sy) — M(Sv;)
from (4.15) and the bijection N(Sv,) <> X, from (4.13) yield a natural injection

Es:N(Sy) — Xy (4.18)

The map &, sends the trivial character of §¢ to the canonical basepoint xy - in X;, and
sends characters of Sy to elements of Xr(2).

Remark 4.19. We record for later use the following property of ¢-singular roots with
respect to the image of (4.18), which transcribes [4, Proposition 13.12(c)]. Suppose « is
a T-imaginary simple root. Let

X;la] = {z € X; | @ is x-noncompact}. (4.20)
Suppose x € ﬂ(§¢), x = Ey(x) € X7, and « is ¢-singular. Then x € X;[a].

4.5. Example: SL(2,R). Let G = SL(2,C). Then G = PSL(2,C) ~ SO(3,C). We
choose to write this group as

SO(3,C) = {g € GL(3,C) | gJg" = J}, where J = <g

[=lely
[ =]==]

). (4.21)

We choose a Cartan subgroup to be VH = diag{(z, %, 1)} =~ C*. There is only one inner
class of real forms of G, containing SL(2,R) and SU(2). Then *G = VG x (Z/27Z), and
we can ignore the extension.

Consider the parameter ¢ : Wr — “G given by

¢(z) - diag(]z\”, ’Z’_Vv 1) (V € C)a
o(j) = diag(e,e,1) (e = £1).

Let Y7 = int(4(5)).

First suppose v # 0. Then ¢ is in standard form: we have L, = Centvg(¢(C*)) = VH,
so VH is (obviously) maximally split in VL4 with respect to int(¢(j)). Then Y7 acts triv-
ially on VH, i.e. VH is YT-compact, so by duality H is 7-split, i.e. H(R,7) ~ R*. In this
case Centvg(¢) = YH, and Sy = 1.

The L-packet for SL(2,R) attached to ¢ will consist of a single principal series repre-
sentation with infinitesimal character v, which is spherical if and only if € = 1.

The situation changes significantly when we take v = 0, in which case YLy = VG.

(a) If ¢(j) = I3 then ¢ is in standard form: the involution “7 is trivial, the corresponding
real form of VG is compact, and VH is maximally split in VG with respect to V7. In
this case Centvg(¢) = VG, and Sy = 1 once more.

The L-packet for SL(2,R) attached to ¢ consists of the induced representation
Indg(l): the irreducible spherical tempered principal series.



LOWEST K-TYPES IN THE LOCAL LANGLANDS CORRESPONDENCE 20

(b) On the other hand, suppose ¢(j) = diag(—1,—1 1) so V7 is non-trivial, and the
corresponding real form of VG is split. Hovvever vH is Vr-compact, i.e. not maximally
split in VG.

In this case ¢ is VG-conjugate to the parameter ¢’ defined by:

¢'(2) = 6(2) = I,

01 0
¢(G)=(1 0 0
00 -1

This time VH is split with respect to Y7/ = int(¢'(j)), so H(R, 7’) is compact, and ¢’
is in standard form.

We have Centvg(¢) = Centvg(¢') = S(O(2) x O(1)) ~ O(2), and Sy = Z/2Z.
On the other hand VH 7 is connected, so Sv; is trivial: therefore the map Sv; — Sy
defined just before (4.14) is not Surjectlve and neither is (4.14). This is one reason
we need to use ¢ instead: (VH)'™ = +1, and Sv,s — S¢/ is surjective.

So, in this case we consider the induced representation Ind%(sgn). This is tem-
pered, with infinitesimal character 0, but not spherical, and is reducible: it is the
direct sum of the two limits of discrete series. The L-packet for SL(2,R) attached
to ¢ consist of these two limits of discrete series, and switching from ¢ to ¢ makes
it possible to view them as attached to a compact Cartan subgroup.

4.6. Cayley transforms, cross actions and characters of component groups.
Using the dictionary in Proposition 4.12, any natural operation on the KGB space can
be interpreted in terms of component groups on the dual side. In this section, we spell
out such an interpretation in the case of Cayley transforms, which are a key ingredient
in the computation of lowest K-types. The material in this section is not used in the
description of the Langlands correspondence in Section 5, and the reader interested only
in that description can skip it; but it is important for our proof of Theorem 1.7 in §8.

4.6.1. Cayley transforms and cross actions in the KGB space. Given an involution 7 of H,
recall X;[a] = {z € X; : « is z-noncompact}, see (2.9). In Section 2.4 we defined the
imaginary Cayley transform

c*: Xrla)l = Xsor; (4.22)

it is surjective, and at most two-to-one.

In §2.4 we also discussed the cross action of the Weyl group W = W(G,H) on X.
Given a 7-complex root «, the cross action of the reflection s, € W gives rise to a
bijection

(Sa X )i Xr = Xsprsy - (4.23)

These operations on KGB elements are key to the computation of lowest K-types in

terms of atlas parameters. First we point out that they preserve the basepoints xy ;.

Lemma 4.24. Let 7 be an involution of H. Suppose « is a simple root. If « is T-
imaginary then ¢*(Ty.) = Tps,r. If o is T-complex then sq X Tpr = Tp s, rs, -

Proof. The basepoint x}, » can be characterized as the element of X, with trivial nor-
malized torus part, see [7, Proposition 3.2].

Thus what we need to check is that ¢®(xyp ) has trivial normalized torus part. This
follows from the calculation of normalized torus parts in Table 2 on page 65 of [7]: see
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lines 3-5 of the table; the calculation in the fourth column (out of six) shows that if x
has torus part zero and central cocharacter z,, then ¢*(x) also has torus part 0.

The case of complex cross actions is similar, using once more the calculation of nor-
malized torus parts in Table 2 of [7, p. 65]: see the first line and fourth column there,
again using the fact that x; ; has torus part zero and central cocharacter z. ([

4.6.2. Cayley transforms and characters of component groups. Let a be a T-imaginary
simple root, and let 7/ = s,7. Recall 7/ is an involution and « is 7’-real. Using Propo-
sition 4.12 we want to understand the Cayley transform ¢*: X;[a] — X, in terms of
M(Sv,) and M(Sv,). Recall we have a canonical bijection Dy: X, — M(Sv;), and M(Sv,)
identifies with U, (Section 4.2.1); therefore we have a bijection, still denoted D, between
X: and U;. A key point is that under this bijection, the domain X;[a] corresponds to
the kernel of a certain character of U..

Lemma 4.25. (1) Ifh is an element of H,", then a(h) = £1. If h € A; then a(h) = 1.
Therefore o induces a character @ of U, of order at most 2.

(2) Let Vi C U, be the kernel of @. Then the image of X:[a] under D, is V4.

(3) If @ is trivial then V; o = U, and X;[a] = X;.

(4) If @ is non-trivial then there exists hg € H," with a(hg) = —1, V7o has index 2 in
U;, and X; = X;[a| U hoX:[a] (disjoint union).

Proof. For (1), by definition every element h € H," satisfies h7(h) € Z(G), therefore
a(ht(h)) = 1; but @ o 7 = a since « is T-imaginary, so a(h)? = 1 and a(h) = £1. If
he€ A, ie. if h=s7(s7!) with s € H, then a(h) = a(s)a(s™!) = 1.

Let us prove (2). Let x; be the basepoint of X. The image of X-[a] under D, consists
of those elements u € U, such that u -z, remains in X;[a]. Let h be an element of H Z
and fix a representative & € 2?%. Since « is xp-noncompact, the root vector X, attached
to our pinning P satisfies int(£) X, = —X,. Then h¢ is a representative of x = u-xp. Now
int(h)(X,) = a(h)X, by definition of the roots. Therefore « is z-compact if a(h) = —1,
and z-noncompact if a(h) = 1. This means u -z, remains in X;[o] if and only if u is
in V; o, which proves (2).

Parts (3) and (4) are immediate from the preceding arguments. O

It is useful to realize V;, in a different way: as the fixed points of the reflection s,
acting on U,. Let m, = 02 = oV (—1) € H.

(67

Lemma 4.26. The action of so on H preserves H," and is trivial on A;. Therefore it
induces an action of s on Ur. If u € U;, then

saltt) = U if u € Viq,
“ me U  otherwise.

Proof. The action of s, on H is given by:
sa(h) = ha'(a(h™h)). (4.27)
(To prove the formula, write h as exp(2irX), with X € b, and calculate
5a(h) = exp(2im 54(X)) = exp(2in(X — a(X)a"))
= exp(2inX) exp(—2ira(X)a") = ha" (exp(—2ita(X))) = haV(a(h™1))

which gives the desired result.) If h is an element of H, ", then a(h) = £1, so s4(h) =
haV(+1): therefore so(h) = h if a(h) = 1, and s4(h) = mq h if a(h) = —1. We have
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mq € H," since 7(mqy) = mq and m?2 = 1. Therefore the action of s, preserves H,",
and is trivial on A, since &« = 1 on A,. This proves all assertions in the Lemma. O

Now consider the unique map
Aot Vi = Uy (4.28)

which implements the Cayley transform X;[a] — X/, in the sense that the following
diagram commutes:

Vi — o U, (4.29)

DTT: :TDT/
Xy la] S Xy,

Clearly A\, is surjective. We will show that it can be described by a very simple
formula.

Lemma 4.30. We have A, C A and my, € A

Proof. Recall A, is the identity component of H~7. Therefore if a € A, there is a
continuous path ¢ — a(t) from 1 to a. We just checked s, (a(t)) = a(t) for all ¢, therefore
a(t) is also in H =7 for all ¢, and belongs to the identity component A,,. This proves
the first assertion. For the second, set s = aV(i); this is an element of H; by [5, (14.3)]
we have s7/(s) 7! = 52 = m,. O

Lemma 4.31. Let A\, be the unique map V; o — Uy making Diagram (4.29) commute.
Then for h € H,;" with a(h) =1,

Aa(hA;) = hA,. (4.32)
The map Ay s a surjective group homomorphism.

To elaborate on the formula, suppose v is an element of V,,. By Lemma 4.26 we
have u = hA,, where h is an element of H,” with s,(h) = h. Since the involution 7’ is
equal to s,7, we also have h € HET/: we have 7/(h) = s47(h) = sa(zh™1) = s4(2)h7!
for some z € Z(G), and s4(2) = int(o,)(z) = z, so 7/(h)h € Z(G) as claimed. By
Lemma 4.30 the image of h in Us_,, i.e. the coset v = hA,/, depends only on u =
hA; and not on the choice of representative h. Formula (4.32) means we must have
Aa(u) = o/, therefore it does describe A, completely.

Let us now prove Lemma 4.31. It is enough to check that the map defined by (4.32)
makes Diagram (4.29) commutative. Let A: V., — U, be defined by A(hA;) = hA.
for all h € H;” with a(h) = 1. Fix y € X;[a] and write y = v - 23, where x} is the
basepoint in X and v € V;,, v = hA; with a(h) = 1. Let & be the representative
for x;, defined in §4.3; then h&, is a representative of y, and ¢“(y) is the image in X
of 0oh&y = sa(h)(0a&). Now sq(h) = h by Lemma 4.26, and 0,&, is a representative
of the basepoint zp -+ by Lemma 4.24. This means ¢*(y) = v’ - 3/, where v' = hA,.
Therefore D,/ (c“(y)) = v = A(v) = AN(D-(y)), which proves the commutativity of the
diagram. O

This gives a description of Cayley transforms in terms of the group U, = H," /A,. To
convert this into an understanding in terms of component groups on the dual side, recall
we have an explicit isomorphism U, ~ 1(Sv;) (Section 4.2.1). Let My (Sv,) C M(Sv;) be
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the subgroup corresponding to V., under that isomorphism; by transport of structure
from A, we get a surjective homomorphism

Aot I'Iim,(SvT) — H(S\/T/) (433)
making the following diagram commutative:

~ Ao

Miny (Svr) == N(Svyv) (4.34)
D, T ~ ~ T D,
Xola] —E = X,

Later on we will be interested in the dual of the top horizontal arrow. Since ﬂinv(gvf)
is a subgroup of MN(Sv,;) of index 1 or 2, its dual is a quotient of Sv, by a subgroup of
order 1 or 2. Here is a precise description.

Lemma 4.35.
The Pontryagin dual of Miny(Svy) is Svr/(Yma) = VHalg’vT/«VHalg’vT)o, Yia).  (4.36)

Proof. By Lemma 4.26 the group V;, is the subgroup of s,-invariants of U.. Inspecting
the construction of the isomorphism U, ~ M(Sv;) in Section 4.2.1, we see that the
isomorphism takes the action of s, on U; to the action on I_I(gvT) inherited from the
action of s, on YH?8. Therefore I_Iinv(gv.r) is the group of characters invariant under
the latter action of s,. Arguing as in the proof of Lemma 4.26, we find that for all v in
Sv;, the element Sa(u) is equal to u or Ymau (see also [4, p. 156]). This proves that the

elements of MMy, (Sv,) are the characters of Sv, trivial on Vi, g

Now taking the dual of A, : MMiny (gvT) — H(gvT/) gives an injective homomorphism
A% : Svr = Svp/(ma). (4.37)
Here is a concrete description of A%.

Lemma 4.38. Let u be an element of gvT/.

(1) There exists an element h of VH?&"™ such that Vou(h) = 1 and u = h(VHglg’vT/).
(2) Let v be the image of h in Sv;/{¥my). Then v depends only on u, not on the choice
of h, and A\*(u) = v.

Proof. For (1), we begin without covers and prove that every element of (YH ™) /(VH ™),
has an s,-invariant representative.

Let us use (4.27) on the dual side: if we view a¥ as a map VH — C and « as a map
C* — VH, then s,(“n) = Ypa(a¥(Vn)) for all ¥ in VH. Now we begin with VA in VH ™',
since (VH ™o comprises all elements of the form Vs¥7'(Vs) with Vs € VH, we look for Vs
such that YhVsYT'(Vs) is s,-invariant. Using the formula for the action of s,, this is
equivalent to a(aV(Vh)) a(a(Vs)) ala’(M'(Vs))) = 1, ie. a(aV(Vs)?) = a(a¥(Yh)™!)
since « is “7'-imaginary. We may choose s such that aV(Vs)? = oV (Yh)~! since these
are complex numbers, and we have found an s,-invariant representative for the class
of Yhin (VH'™)/(VH'™),.

Next we go over to coverings. Let Yh be an element of (VH&™) let VA be its
projection in YH ™| and let Va be an element of (VH ™) such that Vh'a is so-invariant.
Fix a continuous path t — “n(t) in (VH ™)o such that ¥(0) = 1 and (1) = Va. Let

\
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t + Vij(t) be the unique lift of Vi) to VH*# such that “7j(0) = 1, and let Y@ = “#j(1). Then
t — VRVij(t) is a continuous path in (YH?2"™) between h and Yh'a. The latter projects
to YhVa which is in VH 7, therefore it belongs to (YH?2:'7); and it is a representative of
the class of Vi in Sv,s. This concludes the proof of (1).

For the independence statement in (2), it is enough to see that (VH% ™)y (VH& )
is contained in (i, (VH&7)o). To check this we may work in the group generated
by VH*#® and the image of the root subgroup morphism SL(2,C) — “G®8 which is
locally isomorphic to SL(2); this reduces matters to a computation for SL(2,C) in the
case T = 1, where the result is straightforward: see [4, p. 202]. The final thing to
check is that X*(u) = v. This can be seen by carefully chasing definitions, beginning
with the description of A\, in Lemma 4.31, inserting the description of the isomorphism
U, ~ ”(gvT) from Section 4.2.1, and using Pontryagin duality for group morphisms. We
omit the details. (]

4.6.3. Cross actions and characters of component groups. Let 7 be an involution of H
and let o be a simple 7-complex root. Suppose 7/ = s5,7s,. This situation is much
simpler than the case of Cayley transforms. First, the cross action (s X ): X — X
is a bijection. Second, the groups YH ‘T and VH'™ are conjugate, and after passage to
coverings this induces an isomorphism of component groups Sv, ~ Sv,. To be more
explicit about the second point, we can lift the root subgroup morphism SL(2,C) — VG
to a morphism SL(2,C) — VG®® using the fact that SL(2,C) is simply connected (as
in Section 4.3), and define 6, to be the image of (91 (1)) Then conjugation by &,
takes VH&:'T to VH alg’vT/, and takes the identity component to the identity component;
therefore it induces an isomorphism int(G,,): Sv; — Sv,v. Inspecting the definition of the
bijections D;, D, in Proposition 4.12, and arguing as in the Cayley case (especially the
proof of Lemma 4.31 using Lemma 4.24), we find that the following diagram commutes:

nE.,) 2 nE.,) (4.39)
DTI 17;7,
X, <)y,

This gives an easier analogue of (4.34) for the case of complex cross actions.

5. DESCRIPTION OF THE LOCAL LANGLANDS CORRESPONDENCE
5.1. Atlas Parameters.

Definition 5.1. An atlas parameter is a pair (z, A) satisfying the following conditions.
First of all z € X is a KGB element. Let 7 = 6, g € Aut(H), so the real torus H(R, 7) is

defined. Then A is a genuine character of the p-cover H(R,T) p of H(R, 7). Furthermore

(dA,Ya) > 0 for all positive, T-imaginary roots (5.2)(a)
and
(dA,Ya) > 0 for all positive, z-compact roots. (5.2)(b)
We say (z,A) is final if
(dA, ¥a) = 0, for a T-real = « fails the parity condition of [9, Theorem 6.1(5)].

(5.2)(c)
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Attached to an atlas parameter (z,A) is a representation defined as follows. First of
all let G(R) be the real form of G defined by 6 = int(§) where £ € X.

First we assume that H(R,7) is a relatively compact Cartan subgroup of G(R). As-
sume

(dA,Ya) >0 forall a € AT, (5.3)

We define (&, A) to be the unique discrete series representation of G(R) whose character
formula on the regular elements of H (R, 7) is:

Or(en)(9) = (1)ID(AT,5) Y sgn(w)(wA)(9) (5-4)

Here D(A™,g) is the Weyl denominator function of [1, Definition 13.5], ¢ € Z is
defined in [1, Eq. (2.8)], and the sum is over the Weyl group W (G(R), H(R, 7)). Finally
g is an inverse image of g in H(R, 7) p; the right hand side factors to H(R, 7).

If (5.3) doesn’t hold then (£, A) defines a limit of discrete series representation, ob-
tained by the Zuckerman translation principle from a discrete series representation. See
[1, Definition 3.1]. This representation is nonzero thanks to (5.2)(b).

We now drop the assumption that H (R, 7) is relatively compact. Let A be the identity
component of H~7. The centralizer of A is defined over R, it can be written M (R)A(R),
and H(R,7) is a relatively compact Cartan subgroup of M(R)A(R). Let ¥, be the
set of positive 7-real roots and let p, = %Zae% . Define ;. p; similarly using the
T-imaginary roots.

Define a genuine character v of the p,-cover of H(R, 7):

v(9) = pr(9)/1pr(9)] (5.5)

Then it makes sense to define A ® 7, a genuine character of the p;-cover of H(R, )
(see [1, (4.4))).

Then (z,A ® ) is an atlas parameter for M(R)A(R), so it defines a nonzero,
limit of discrete series representation o of M (R)A(R) by the preceding discussion. Let
P(R) = M(R)A(R)N(R) be a parabolic subgroup of G(R) and let I(£, A) be the induced
representation Indﬁé%(a). The composition factors of I(£,A) are independent of the

choice of parabolic subgroup. It is convenient to choose P(R) satisfying Re(dA, Vo) > 0
for all real roots a. With this choice we define 7(£, A) to be the cosocle of I(£, A), i.e.
the direct sum of the irreducible quotients of I(£, A).

Proposition 5.6. The lowest K-types of 1(£,A) are all contained in 7w(§,\). Further-
more, if (z,A) is final, then w(&, A) is irreducible.

See [9, Proposition 6.6(2)].

Using the language of representations of strong real forms (Section 2.2.2), we write
I(z,A) and mw(z, A) for [£,I(&,A)] and [, (£, A)] respectively.

Here are two types of equivalence of parameters we will need. Suppose (z,A) is an
atlas parameter and w € W. Let wA be the character of the p-cover of the real
form of H defined by w x x (cf. Section 2.4). If z € X; and w preserves the positive
T-imaginary roots, then (5.2) holds, and (w x z,wA) is a valid atlas parameter.

Lemma 5.7. Suppose (z,A) is an atlas parameter, with x € X.. Let U; be the set of
positive T-1maginary roots.
(1) Suppose w € W satisfies w¥; = V;. Let v(w) be the character PP of
H(R,w x z). Then w(z,A) is isomorphic to m(w x z,wA ® y(w)).
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(2) Suppose « is T-complex, and simple for Wiy (A). Then m(sq X z, Sq\) is isomor-
phic to w(x, A).
(3) Without loss of generality we can assume dA is weakly dominant.

For (1) see [6, Lemma 8.24], and (2) is an immediate consequence of (1). In case (2)
we write sqo(x, A) = (So X T, SoA). Using operations (1) and (2) we conclude 7(z, A) ~
(2, A") where dA’ is weakly dominant.

5.2. Refined Local Langlands correspondence. Now suppose (¢, x) is a complete
Langlands parameter. We define the corresponding representation (¢, x) as follows.

After conjugating by VG we may assume ¢ is in standard form (Definition 4.1).

Set V7 = V7(¢) = int(¢(j)) and let 7 = 7(¢) be the dual automorphism of H. This
defines the real Cartan subgroup H(R, 7).

Let yp, v» be the basepoint in Vv, (Section 4.3). Then PH = (VH, y; v,) is an E-group
for H (Section 3.4) corresponding to the double cover .FNI(R,T),) of H(R,7), and the
image of ¢ is contained in ®H. Now apply Section 3.4 to the parameter ¢p: Wr — Eg
to define a genuine character A, of the double cover H(R, 7),,.

Next, by Proposition 4.17, the character x determines a KGB element x = £4(x) in
X;. Then (z,A4) is an atlas parameter in the sense of Definition 5.1. It is final (see

Remark 4.19 and [4, Proposition 13.12]). Finally, given £ € X, we define the (g, K¢)-
module (&, Ay) using Section 5.1. We define I(¢, x) and m(¢, x) to be the equivalence
classes [£,1(&,Ag)] and [§, m(§, Ay)] respectively. These are independent of the choice of

e X,.

Theorem 5.8 (Refined local Langlands correspondence). Let G be a complex connected
reductive group, equipped with an inner class v of real forms and a pinning P. Use those
to define notions of complete, final Langlands parameters, as in §3.5, and representations
of strong real forms of G (in the inner class v), as in §2.2.2.

(1) Suppose (¢, x) is a complete Langlands parameter. Then 7(¢,x) depends only on
the equivalence class of (¢, x).

(2) The correspondence (¢, x) ~ 7(¢, x) induces a bijection between equivalence classes
of complete, final Langlands parameters and equivalence classes of irreducible repre-
sentations of strong real forms of G.

This follows from [5] and [1]. We discuss a few details which are important for our
application.

5.2.1. Independence of choices. Suppose (¢, x) is a complete Langlands parameter. Our
construction of m(¢, x) began by picking a conjugate of ¢ in standard form. We need to
show that the equivalence class of 7(¢, x) is independent of this choice.

So assume ¢ is in standard form. We need to show that replacing (¢, x) with (we, wy),
where w¢ is also in standard form, does not change the equivalence class of 7(¢, x). Let
7 = 7(¢). The assumption of standard form implies that w takes the positive 7-imaginary
roots to themselves.

Write (z, A) for the atlas parameter attached to (¢, x) in Section 5.2. By the discus-
sion in Section 4.3, w takes the basepoint in the fiber of ¢(j) to the basepoint in the fiber
of we¢(j). Consequently, examining the construction we see that (w¢,wy) then defines
the atlas parameter (w x x, wA ® y(w)). Therefore the result follows from Lemma 5.7.
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5.2.2. Distinction inside L-packets. Given an L-homomorphism ¢, we define the (‘large’)
L-packet attached to ¢ to be

(¢) = {n(6.x) : x€NE) }-
There is no redundancy in that description of the large L-packet:
Lemma 5.9. The map x — 7(¢p, x) is a bijection between I—I(§¢) and TI(¢).

Proof. The only thing to prove is the injectivity. The argument generalizes [2, §5]. We
may assume ¢ is in standard form and set 7 = 7(¢). Suppose we are given x, x’ in ﬂ(§¢).
Let x, 2’ be the KGB elements in X, that correspond to x, Y’ under Proposition 4.12, and
let &, ¢ be representatives of z, 2’ in X. Assume 7(¢, x) = (¢, X); then z and &’ must
be G-conjugate. Since the Weyl group W; ; acts transitively on X;[z] (see §2.4), there
must exist w € W, such that & = wé. Then (¢, x) = 7(¢, x') means [£,7(§,Ay)] =
[, (€, Ay)] = [¢, (&, w™ Ay)]. Now, formula (5.4) is invariant under the real Weyl
group W(G(R, &), H(R,7)). In fact [{,7(x,w ™ Ay)] = [, 7(x,Ay)] if and only if w
belongs to W(G(R,¢), H(R, 7)): see [1, Definitions 5.7, 5.9 and Lemma 13.4]. But this
finite group is also the stabilizer of = for the action of W; » on X;[z], see §2.4. Thus if
(¢, x) = m(¢, x'), then necessarily ' = w x x = x, and x = ¥’ O

5.2.3. Disjointness of L-packets. In order to prove that the map taking (¢, x) to w(¢, x)
induces an injection on conjugacy classes, it is therefore enough to see that the L-packets
I1(¢) and TI(¢') are disjoint if ¢, ¢’ are nonconjugate L-homomorphisms. For this it is
useful to relate these packets with the original L-packets of [11, 8].

The definition of L-packets according to Langlands involves a fixed real form. Thus,
fix a Cartan involution 6 of G in the given inner class, and set K = G?. Replace ¢ by a
conjugate in standard form; given x € M(Sy), let z, be the corresponding KGB element.
Define

(¢, 0) = {Tr(gzb, X):XE ﬂ(§¢,) and z, € X’ has a representative £ € X with e = 9} .

This can be viewed as a set of irreducible (g, K')-modules.
To compare with the classical notion of L-packet for the single real form G(R, #), write

Hclassical(¢7 9)
for the set of irreducible (g, K)-modules which Langlands defined in [18]. See [11] and
8, §6].
Given an involution 6, the L-packets Icjassical(@, 6) and Igjassical (¢, 0) are disjoint as
soon as ¢ and ¢’ are not conjugate. Thus the disjointness of our packets II(¢) and II(¢')
follows from:

Lemma 5.10. The packet I1(¢, 8) is contained in I jassical (P, 0).
In fact these two packets are equal, but we will not prove it.

Proof of Lemma 5.10. We may assume ¢ is in standard form. Consider an element of
the L-packet II(¢, 6); write it as [£, X], where & € X is a representative of xy such that
O = 0. Let 48 ¢ LG be the subgroup of “G generated by V0 and the centralizer of
the identity component of VH VT(@, as in Section 5.1. Then %S can be viewed as the L-
group for a #-stable Levi subgroup S(R, #) of G(R, 8), and we can view ¢ as a parameter
Wgr — 45, In fact S(R) = S(R,6) is the Levi subgroup M (R)A(R) used in §5.1,
and the limit of discrete series representation o used there must be in the L-packet for
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S(R, ) attached to ¢. Now consider the standard Levi subgroup ¢M constructed in [8,
Definition 6.15]. Then M C S, the parameter ¢ factors through “M, and the L-packet
for S(R) attached to ¢ is obtained by parabolic induction from a discrete series L-packet
for a Levi subgroup of S(R) with L-group M. By the compatibility with parabolic
induction of [8, Section 6], double induction, and the description of I¢jassical(¢, @) by
parabolic induction from a discrete series L-packet for M, the (g, K¢)-module 7(§, Ay)
must be in Hjassical (9, 6). O

6. TEMPIRIC PARAMETERS AND REPRESENTATIONS

In the rest of the paper, we turn to the relationship between the local Langlands
correspondence and lowest K-types. This is a preparatory section: it collects basic
remarks and definitions, and recalls a theorem of Vogan which is crucial for Section 8.

6.1. Tempiric representations and L-packets. Recall we discussed the notion of
tempiric parameters and representations in Section 1.5. An L-homomorphism ¢ is said
to be tempiric if its restriction to RT is trivial, and associated to any L-parameter ¢ is a
tempiric one ¢.. A representation is tempiric if it is irreducible, tempered, and has real
infinitesimal character. Here is some more detail on these definitions, and the relation
between them.

First we consider representations, and see that the class of tempiric representations
can be easily characterized in terms of parabolic induction from discrete series.

Let & be a strong involution of G, let 8 be the corresponding Cartan involution and
let K = G? be the fixed points; and let Gg be a real form of G with maximal compact
subgroup Kr = K N Gr. Let Pr be a cuspidal parabolic subgroup of Gr, with Levi
factor Ly, and let o be a discrete series representation of Lg whose central character is
trivial on the split component Ar of Lg. Consider the induced representation Indgﬂf (0);
this standard representation is tempered and splits into a finite sum of irreducible sub-
modules. Each of these irreducible factors is then tempiric.

Conversely, if (¢, X) is a tempiric representation of a strong real form of G, then X is
isomorphic with the underlying (g, K)-module of an irreducible factor of some induced
representation IndIGgﬂf (o), where P C Gg is a cuspidal parabolic subgroup and o is a
discrete series representation of Lr C Pr whose central character is trivial on the split
component Ag.

Next, we consider tempiric Langlands parameters. Let ¢ be an L-homomorphism
aligned with VH. Use Lemma 3.2 to write

p(z) = AFMWA 2 € CX
P(j) = e ™y
where A € Yh and y € Normr(VH) \ VH satisfies y? = e2imA

Let Y7 be the involution int(y) of YH, and let 7 be the dual involution of H (see §3.1).
Decompose the Lie algebra b as h = t+ a, where t, a are the +1 and —1 eigenspaces of 7.

(6.1)

Lemma 6.2. The following conditions are equivalent:
(i) ¢ is tempiric,

(ii) T(A) = =,

(i1i) X restricted to a is trivial.

Proof. If (i) is satisfied, then ¢(r) = r** ™) must be 1 for all 7 > 0, and thus A+ Vr(\)
must be zero, therefore (i) implies (ii). Conversely, if (ii) is satisfied, then ¢(z) =
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277 = (2/2)) for z € CX, and ¢ is trivial on R*; thus (i) and (ii) are equivalent.
The equivalence of (ii) and (iii) is immediate from the relationship between Y7 and T

explained in §3.1. (]
Here is the relation between tempiric parameters and representations.

Proposition 6.3. Let ¢: Wgr — LG be an L-homomorphism. The following are equiv-
alent:

(i) ¢ is tempiric,

(ii) 11(¢) contains a tempiric representation,

(iii) all representations in I1(¢) are tempiric.

Thus it makes sense to refer to a tempiric L-packet.

Proof. After replacing ¢ by a conjugate, we may write it as in (6.1). View A\ € Vh as a
linear form on b.

First suppose ¢ is trivial on R"; then the linear form \ is trivial on a by Lemma 6.2.
Let m be a representation in the L-packet II(¢); write it as [, X| where £ is a strong
involution and X is a (g, K¢)-module, and let G(RR,0¢) be a real form corresponding
to £ under §2.1. By Lemma 5.10, we can view X as an element of Iciassical (¢, ).
Run through the constructions of [8, Definitions 6.15, 6.6 and 4.10] to write X as an
irreducible quotient of a representation induced from a discrete series representation of
a cuspidal Levi subgroup. Inspecting the duality for tori sketched in §3.4, and following
[8, §4 and §6], the discrete series in question must be trivial on the split part of the Levi
subgroup. By the preceding discussion, the (g, K¢)-module X must be tempiric. Thus
(i) implies (iii).

Conversely, suppose II(¢) contains a tempiric representation. Pick one of them: fix a
strong involution ¢ and let X be a (g, K¢)-module in the L-packet I1(¢,0¢), so [, X] €
II(¢). Write X as an irreducible quotient of a representation induced from a discrete
series representation X of a Levi subgroup Lg of G(R, f¢). We may assume Lg to be
f¢-stable, with Cartan subgroup H (R, f¢), and we may assume A to be a representative
of the infinitesimal character of X?. Since X is tempiric, X” must have central character
trivial on the split part of Lg, which has Lie algebra a; thus A must be trivial on a.
Applying Lemma 6.2 again, we see that ¢ must be trivial on R*. Thus (ii)=-(i) (and
(iii)=-(ii) is obvious).

6.2. Lowest K-types of tempiric representations. The behavior of tempiric rep-
resentations under restriction to maximal compact subgroups is remarkable. The next
result [28, Theorem 11.9] can be traced back to [25, Chap. 6].

Theorem 6.4 (Vogan). Fix a strong involution £ of G.

(1) Let w be a (g, K¢)-module. If m is tempiric, then m has a unique lowest K¢-type.
2) If w, 7" are inequivalent tempiric (g, K¢)-modules, then their lowest K¢-types are
3 3
distinct.
3) Every irreducible representation of K¢ is the lowest Ke-type of a tempiric (g, Ke¢)-
3 3 3
module.
The map taking 7 to its lowest K -type induces a bijection between the set of equiv-
(4) P g yp ] q

alence classes of tempiric (g, K¢)-modules and the unitary dual I/(\g

Fix representatives &;, i € I, of the equivalence classes of strong involutions of G in
the given inner class. Each of these determines a real form G (R, f¢,) of GG, and a maximal
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compact subgroup K¢,. Consider the disjoint union of their unitary duals:

I?all = H I?&.
el
If ¢ is a tempiric L-homomorphism, then every element = € II(¢) is equivalent to a
pair (&, X) where i € I and X is a tempiric (g, K¢, )-module. The equivalence class
of X is determined by w. The map (4) in Theorem 6.4 takes X to an element of K.

This defines a map V: II(¢) — K,y, and we have the following easy consequence of
Theorems 6.4 and 5.8.

Proposition 6.5. Suppose ¢ is a tempiric L-homomorphism. Then V: II(¢) — Koy is
injective. As ¢ runs over the tempiric L-parameters, the sets V(II(¢)) exhaust Ka.

6.3. Lowest K-types and L-packets. Suppose for the moment that ¢ is a tempered
L-homomorphism, and II(¢) is the corresponding tempered L-packet (of a single real
form). Consider the restriction of ¢ to R. We can rescale it by composing ¢ with the
automorphism (u, ) — (u,tx) of the Weil group Wg = W' x R This yields a con-
tinuous family (¢;);>0 of tempered L-homomorphisms and L-packets, which corresponds
to rescaling the v-parameter of a family of induced representations. It is well known that
the restrictions to K of the representations in these L-packets are independent of this
parameter. In particular this holds if we set the v-parameter to 0, i.e. if we replace
¢ with ¢.. Now II(¢.) consists of tempiric representations, each with a distinct lowest
K-type. Roughly speaking, this says that the lowest K-types of the representations in
I1(¢) should be found among the lowest K-types of the tempiric representations in II(¢.).
Note that if ¢ is non-tempered, then the K-types of the representations in the packet
do depend on v.

Here is a precise statement which holds across all L-packets. Let £ be a strong
involution of G; set K = K¢ and consider a real form G(R) = G(R,6;), as in §2.1.
Let X be an irreducible (g, K)-module, and consider the equivalence class m = [¢, X] of
representations of strong real forms. Write uq, ..., u, for the lowest K-types of X. For
each i € {1,...,r}, let Y; be a tempiric (g, K)-module with lowest K-type u;, and set

Lemma 6.6. If 7 is in the L-packet I1(¢), then the representations w; are all in I1(¢p.).

Proof. Let “M be a Levi subgroup of *G, dual to a Levi subgroup M (R) C G(R), such
that ¢ factors through “M C LG and that the resulting parameter ¢pr: W — ‘M
defines a relative discrete series L-packet Iy (¢pr) for M(R).

By definition of II(¢), there exists a parabolic subgroup P(R) C G(R) with Levi factor
M (R), and a relative discrete series representation o’ in the L-packet I1ps(¢as), such that

the (g, K)-module X is an irreducible quotient of Indggg(a’ ). See [8, §6.3].

Let A be the maximal split subtorus in the center of M. We may write ¢’ as 0 ® v
where o is trivial on A(R) and v is a character of A(R), viewed as an unramified character

of M(R). Thus 7 is an irreducible quotient of Indggﬁg (c®@v).

Using [9, Proposition 6.6.(2)], we deduce that the lowest K-types of X must all occur
in the tempered representation Indggg(a); thus the Y; must all occur there.
To prove that the Y; all belong to the L-packet II(¢.), it is now enough to check that

o must belong to the L-packet IIns((dar)c). See [8, Definition 6.15].
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Now the inclusion A C M induces a surjection YM — VA, and we may push ¢y to
a map ¢: Wgr — VA. Because A is split, ¢ps(j) must act by the identity on VA. Using
this, it is easy to check that ¥ (z) = ¢(|z|) for z € C*; and inspecting infinitesimal
characters, that ¢ corresponds to the character v of A under duality for split tori. By
the compatibility of the local Langlands correspondence with unramified twists, the
representation o ® v~! of M(R) must be an element of the L-packet Iy (éns - 07 1).
The latter homomorphism is equal to (¢u)e, and of course o’ ® v~ = . This proves
o € Iy ((éar)e), and the Lemma. O

7. EMBEDDING OF COMPONENT GROUPS: PROOF OF PROPOSITION 1.5

This section gives a direct proof of Proposition 1.5 which uses only elementary struc-
ture theory on the dual side, and depends only on the definitions of L-groups, coverings
and component groups (Sections 3.2 and 3.5).

Let ¢: Wg — G be an L-homomorphism. Recall Wy = W]%pt x Ry (Section 1.5) ,
and let ¢. be the tempiric L-homomorphism attached to ¢:

4, = ¢ on W](fgpt;
11 onR.
Let us begin with a version of Proposition 1.5 which does not use coverings on the
dual side. Set
H = VG¢ = Centvg<¢(W]R)), J = VG¢C = Centh(¢(W§§pt)).
Then Sy is the component group H/H?, and Sy, is J/J°. Furthermore H C J and
H° ¢ Hn JY therefore the natural map H — J/J° = S¢. factors through H 0 giving a

group homomorphism
L S¢, — S¢c.

Lemma 7.1. The homomorphism v is injective.

Proof (suggested by J-L. Waldspurger). The kernel of ¢+ is (H N J%)/H°, so we need to
prove the inclusion HNJ° ¢ H. For this it is enough to show that HN.J° is connected.
Since Wg = Wipt x R*, we have
H = Centvg(¢(Wg)) = Centvg(¢(WP')) N Centva(p(R1)) = J N Centvg(¢(RT)).
Since R is in the center of Wy we have ¢(Ry) C J, therefore
H = Centy(6(E"))
and in fact ¢(Ry) C J°, whence
H N J = Cent o (¢(RT)).

To see that the right-hand side is connected, we point out that J° is a connected complex
reductive group. Indeed,

J = Centug (¢(WP) = Centug (¢(U))?0)

and these are the fixed points of an involutive automorphism of the reductive group
Centvg(¢(C*)). Therefore J is reductive, and JY is connected and reductive. Now
#(R*) is a one-parameter subgroup of J° consisting of semisimple elements. Let X be
its infinitesimal generator: this is a semisimple element in the Lie algebra of J such that
#(t) = exp(tX) for all t € Ry. Then H N JY = Centjo(X). This is a Levi subgroup
of J°, and therefore connected. O
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We now go over to coverings. Recall the groups S¢ and Sd> in Proposition 1.5 arise
as component groups of the pullbacks H J of H and J to the algebraic covering VG?l&
of YG. The latter is the projective limit of all finite coverings of VG, and we will deduce
Proposition 1.5 from an analogue of Lemma 7.1 attached to any finite covering.

Suppose YGg — G is a finite covering of VG, and let Hg, Jg C G be the preimages
of H and J respectively. Set Sy = Hg/(Hg)? and Sy, = Jo/(Jg)°. Then the
inclusion Hg < Jg induces a group homomorphism

LQ* S¢,Q = So..Q-
Lemma 7.2. The homomorphism v is injective.

Proof. As before we have to prove the inclusion Hg N (Jg)° C (Hg)?, and it is enough
to prove that Hg N (JQ)O is connected. The groups J and Jg have the same Lie algebra,
therefore the element X considered in the proof of Lemma 7.1 (the infinitesimal generator
of ¢jr+) may be viewed as an element of Lie(Jg). As in the proof of Lemma 7.1 we have

HgnN (JQ)O = Cent(JQ)o (X).

Now the group (JQ)O is a connected finite covering of JY. Every connected finite covering
of a connected reductive complex group is still in that category; therefore (JQ)O
connected reductive, and Cent (o (X) is a Levi subgroup of (Jg)°, hence connected. [

We turn to the proof of Proposition 1.5. The map
T §¢ — §¢ .

in the Proposition is induced by the inclusion HcJ , where H and J are the pullbacks
of H and J to YG*&. In order to deduce Proposition 1.5 (the injectivity of 7) from
Lemma 7.2, we observe that Sy identifies with the projective limit of the groups Sy g.

For every finite covering YGq of VG, the canonical map VGl — VG restricts to a
map H — Hg, and induces a group homomorphism S¢ — Sg¢ - Similarly there is a
canonical homomorphism S¢c — S4.,0, and the following diagram commutes:

Sy ——>S,, (7.3)

L

S¢,0 — S¢..Q

In the terminology of Bourbaki [12, Chapter III, § 7, n°2], the maps ¢g constitute a
projective system of group homomorphisms, and (7.3) means ¢ is the projective limit of
the maps tg. By the Corollary to Proposition 2 in [12, loc. cit.], the injectivity of all
maps tg implies that of 7.

8. GENERAL LANGLANDS PARAMETERS

We can now study the interplay between the Langlands correspondence and lowest
K-types. We begin with an L-homomorphism ¢: Wg — G, a character y of S¢, and
want to study the lowest K-types of 7(¢, x).

In this section, we implement the program of §1.8. We have seen that the lowest
K-types of m(¢,x) are a subset of the lowest K-types of the tempiric representations
in the L-packet II(¢.) obtained by making the parameter ¢ trivial on Ri. We seek
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to explicitly describe this set of K-types, or equivalently the corresponding set {Y;} of

tempiric representations. Each Y; is of the form 7(¢c, xci) for a character x.; of Sg,.
The main point is to show that the x.; which occur are precisely those mapping to x

via the restriction map I'I(gd)e) — ﬂ(§¢) of Proposition 1.5.

The precise relationship between 7(¢, x) and the Y; goes back (at least) to [25, Chap-
ter 6]. The formulation of the result that we shall use is based on the reformulation
in [28], which was motivated by, and used in, the atlas software. The resulting algo-
rithm is inductive, and is based on a series of Cayley transforms and cross actions. We
defined those in Section 2.4 for KGB elements. In order to describe the algorithm, and in
order to use it to prove our results, we first

(a) state the definitions of Cayley transforms and cross actions that we will use for the
atlas parameters of Section 5.1;

(b) give a translation in terms of L-homomorphisms, in order to connect the algorithmic
computation of lowest K-types with our statement about L-homomorphisms.

In Section 8.1 we explain these operations on atlas parameters; give the parallel
construction of Langlands parameters on the dual side; and give the relation between
the two. In Section 8.2 we put the pieces together, and prove Theorem 1.7.

8.1. Cross action and Cayley transforms for parameters. Suppose p = (z,A) is
an atlas parameter (Section 5.1), and « is a simple root for the integral system Wip(A).
(In the notation of Section 3.3, this is Wiy (dA).)

The cross action of s, on atlas parameters is, up to translation of language, defined in
[25, Chapter 8]. A convenient reference in our terminology is [7]. It satisfies: sqx (z,A) =
(sq X x,A") where s, x z is the cross action on KGB defined in Section 2.4, and A’ is
another genuine character, satisfying dA’ = s, (dA).

An important special case is: if (dA, o) = 0 and « is a simple root of Wiy (A) which
is complex with respect to 6, = 0, g, then s, x p is equivalent to p.

We shall use the cross action for complex roots. If « is a simple 6,-complex root, we
say « is of type C1 if 6, () is positive, and of type C~ otherwise.

Now suppose « is a f,-real root which satisfies the parity condition of [9, Theo-
rem 6.1(5)]. In that case, the Cayley transform c,(p) is defined. This is a set of 1 or 2
parameters, depending on whether the real Cayley transform c,(x) is single- or double-
valued (see §2.4). In the latter case co(p) = {(2/,A), (2", A')} where c,(x) = {2/, 2"}.
Also 2" = s, x 2’ and s, x (', A') = (2", A”). See [25, Section 8.3], or [5, Section 14].

Here are the properties which we need. These are all basic properties of Vogan du-
ality [26], and in this language can be read off from the tables in [7]. When p is an
atlas parameter and ¢ is an L-homomorphism, we write p € II(¢) when all irreducible
constituents of the cosocle 7(z, A) attached to p (Section 5.1) are in the L-packet II(¢).

Lemma 8.1. Suppose ¢ = ¢(\,y) is an L-homomorphism. Let p = (z,A) be an
atlas parameter satisfying p € II(¢), and let o be a simple root of Win(A) satisfy-
ing (dA, Vo) = 0. Let 0, be the involution 0, g of H, and let Y0, be the involution int(y)
of VH.

(1) We have sq X p € II(sq X ¢).

(2) Suppose « is Oy-real. Then it satisfies the parity condition if and only if « is

V0, -non-compact.
(8) Assume « in (2) satisfies the parity condition. Then c,(p) C Il(ca(@)).
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To prove Theorem 1.7, we will consider the lowest K-type algorithm of Section 8.2,
and interpret the Cayley transforms and cross-actions steps there in terms of component
groups §¢. To achieve this, we will need to define operations on L-homomorphisms
which mirror the operations of the lowest K-type algorithm.

We first note the analogue, for L-homomorphisms, of deforming the continuous pa-
rameter.

Lemma 8.2. Suppose ¢(A,y) is an L-homomorphism, and 7 € b* is fized by int(y).
Let h = €™ € VH. Then ¢' = ¢(\ + 7,hy) is a valid L-homomorphism, satisfying
¢'(j) = o(j)-

Proof. To see that (A + 7, hy) defines a valid L-homomorphism, we only need to check
that (hy)? = exp(27wi(\ + 7)). By the assumption on 7 we have (hy)? = h%y? =
exp(2miT) exp(2mi)). Also ¢'(j) = exp(—mi(A + 7)) hy = exp(—7i\)y = ¢(j). O

Suppose ¢ is an L-homomorphism, and p = (z,A) € II(¢). Write h = t + a for the
Cartan decomposition of h with respect to 0,. Set v = dA|,. We want to deform v to 0,
one root at a time. For this we need a smaller root system W, eg.

Define ¥, to be the set of roots orthogonal to all imaginary coroots [26, Proposi-
tion 3.12]. The involution 6, restricts to a quasisplit involution of ¥, i.e. the corre-
sponding real form of G is quasisplit, and H is a maximally split Cartan subgroup. Let
Vo5 be the restriction of the roots of ¥, to a. This is a root system. Choose a set vt
of positive roots for V.. making v weakly dominant, and containing the real roots of
AT, If v # 0 choose a simple root 3 of W,e such that (v, Y8) # 0, and let vz be the

projection of v on the S-root wall. Thus
vg =v — (v, Blwg

where wg € a* is the corresponding fundamental weight. Deform A to Ag accordingly, i.e.
let Ag be the genuine character which satisfies (dAg)|q = dA|q — (v, VB)wp and coincides
with A on the compact part of the cover.

Let pg = (z,Ap). This is again an atlas parameter.

On the dual side, write ¢ = ¢(\,y) for some y. Set yz = exp(—mi(v, f)wz)y and
Ag = dAg, and define ¢ = ¢(A\g,yg) as in Lemma 8.2.

By inspection of the definitions, we have:

Lemma 8.3. Suppose ¢, p and 3 are as above. Then pg € (¢g).

We need to resolve two issues with ¢g: it may fail to be weakly dominant and/or in
standard form. By Lemma 5.7 the first issue is minor: inductively choose complex roots
~; so that )\’ﬂ =5,,...5y(Ag) is weakly dominant. For the second we apply singular
complex cross actions and Cayley transforms repeatedly until we obtain a standard
parameter.

Set o = ¢p, Yo = yp, ‘70 = int(yo)|vy. We are going to define parameters ¢1, ..., ¢y,
in such a way that ¢,, becomes standard, by applying the following inductive algorithm.
At each step we assume we've defined ¢ = d( A, Yk)-

(1) Fory1,...,vm as above, let g1 = int(0,)(¢x). Set gr = 0+, yk+1 = int(gr)(yx),
)\k—l-l = S%)\k.
After this sequence of steps, the current state of ¢, has become (/\%, Yk)-
Set Wiy = \Ilint()\/’g), and Ut = W, NAT. We say a root « is singular if { :3, Vo) = 0.
For a singular root simple refers to the simple roots of \Iliflt.
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Now continue the induction by applying the following steps. Run through the singular
simple roots a.

(2) Suppose « is singular, simple, and of type C~ with respect to yi. Then set
Phi1 = SaX b = O( N, 0ayro, ') = int(00)(Pk). Set gp = 0o, ki1 = int(gr) (Y)-

(3) Suppose « is singular, simple, and non-compact imaginary with respect to y.
Let ¢p11 = ca(9r) = ¢(Ng: 0ayk)-

To understand the connection between ¢x11 and ¢, choose root vectors X4,
satisfying int(yx)(X+a) = —X4a and [Xo, X o] = Ya. Set gr = go to be
exp(%(Xo—X_4)). Then ¢py1 = int(gr)(¢r) and set ypi1 = ooy = int(gr)(yx)-

(4) If there is no singular simple root which satisfies either (2) or (3), stop and set
¢' = bk, 9 = Gr—19k—2- - - go-
We call a step of type (1) or (2) a cross step, and a step of type (3) a Cayley step.

Proposition 8.4. This algorithm stops after a finite number of steps, at which point
¢ =int(g)(¢g) is dominant and in standard form.

Proof. For step (1) we claim (g, ¥y) > 0 for all imaginary or real roots. This is clear for
imaginary roots since (wg, “y) = 0 in this case. If v € AT is real, then by assumption
v € Wt,, and this implies (wg, y) = 0 if v # 8. So in step (1) we only need to use
complex roots.

Each Cayley step increases the dimension of the —1 eigenspace of V7, = int(y) on “h,
and each cross action decreases the number of positive singular roots of type C~ with
respect to 7. This proves the first assertion. Then every complex singular simple root
is of type CT which implies by (the dual of) [25, Lemma 8.6.2] that the roots of VL
which are simple in the system of imaginary roots are simple. Since the induction has
stopped, all of these roots are compact, so (since the compact roots are the kernel of the
compact /non-compact grading) there are no non-compact imaginary roots. This gives
condition (2) of Definition 4.1. Also condition (1) of the Definition holds since the y
normalizes h; weak dominance comes from step (1); and (3) is immediate. O

At this point, we have a sequence of parameters ¢g = ¢g, ..., ¢, ..., ¢, = ¢ where
or = (Mg, yr), with involutions V7, = int(yx). Recall ¢p, = int(gx)dr_1 in each case for
some gi. Let g, € VG be a lift, giving us an isomorphism

int(gr) : S¢,_, — S¢, (8.5)
independent of the lift, since two lifts differ by a central element.
Attached to ¢y, are the component groups Sy, and Sv;, as in Section 4.4, and the map
Pk Svy, — S, of (4.14). Write p = py and p’ = pp.
Set Cy = (. Inductively define:
Cn — S0, Cr—1 at a cross action step (1) or (2),
g Cr—1U{ax} at a Cayley transform step (3),
where oy, is the root at step k of the algorithm.
Define
N = (Vma Lae Ck;> C Sv.,-k, S%:;: = Ska/Nk. (8.6)
Suppose a € C. The image of the corresponding root subgroup homomorphism is
stabilized by V7, and the fixed points are connected and therefore contained in (VGZIE)O.
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Therefore Vim,, € (VGz)lkg)o, so pr(¥Yma) = 1, and py, factors to a map

Br: ST° 5 §,,.

Note that if a € C), then « is “7i-real and ¢p-singular. In the case of a Cayley step
the map
A% Sy, | — S\/Tk/<vmak>
of (4.37) (applied to (Vrg, V7x_1)) factors to a map

. Qquo Qquo
Sk . SVTk—l — SVTk .

In each cross step there is an isomorphism sy, : g‘@ﬁ;’_l — gqv;f defined by transport of
structure using o, as in §4.6.3. B N

Finally, we define a canonical map Sy — Sg,. Since ¢3(C*) C YH and ¢5(j) = ¢(j),
the torus YH?%'7 is contained in VGZIE. The map pg: Sv, — §¢B (from Section 4) kills
the generators Vi, of ker(p). Therefore pg factors to a map ¢;: gqg — §¢5'

Note that ¢; can be thought of as the first step in the map vy 4, : Sy — Sy, of (1.4).
In fact 1y g, = tg4,6. ©t1. By Proposition 1.5 the left hand side is injective which implies

1 is also.
Putting these together we get the diagram of the next Lemma.

Lemma 8.7. The following diagram commutes:

Sup = Sl 1, gar = oy ST
pl lﬁo lm l;ﬁn=15’ (8.8)
’§¢ L1 ’S“% int(g1) “S’¢1 int(g2)  int(gn) “S’%

Proof. The first square commutes by the definition of ¢;. If the k" step is a cross action
the commutativity of this square is immediate: the top and bottom arrows are just
transport of structure. So suppose the k¥ step is the Cayley transform through the
root ayg.

Suppose t €~

S(vl;l:il. By Lemma 4.38 choose a representative h € VH?18 -1 which satisfies Yoy, (h) =

1. Then by Lemma 4.38(2) 7y (sx(f)) = pr(h) = [hls, (the class of h in S4,). On the
other hand

int(gr) (Pr—1(2)) = int(gr) ([Alg,_,) = [Int(gr)(M)]e, = [Pl -
The last equality follows from “ay(h) = 1: Yag(h) = 1, so Ad(h) fixes Xi,,, and

therefore h commutes with g,, = exp J(Xo — X_qo) (this also holds in YG*8 because the
commutator map is continuous). (]

Corollary 8.9. Set § = gn...g1 and set v = int(g)ty and X = $pSp—1...81, i.e. the
composites of the rows of (8.8). Then the following diagram commutes:

Sv, —2> ST (8.10)

l |»
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The horizontal maps are injective and the vertical maps are surjective.

This follows from the Lemma and the preceding discussion. Note that injectivity of ¢
follows from the fact that ¢; is injective and each int(g;) is an isomorphism.

We actually care about the dual of this diagram. Recall for each Cayley transform
step we have diagram (4.34):

Similarly for cross actions we have diagram (4.39).
For k=1,...,nlet C} be

o — {co‘k: X lag] = Xr at a Cayley transform step

P (e x) 7 Xy, = X

., at a cross step

and let C* = CyoC50---0C, defined on the subset X/ (%) C X of elements at which
every C} along the way is defined. Putting these together we get a commutative diagram

NEW) 2 neSy,) (8.11)
D/i ID
XT’(*) < XT?

where the top arrow is the dual of A from the Corollary.
Corollary 8.12. Let £y, Ey be the maps (4.18).
(1) The following diagram is commutative:
N(Sg) ——N(Sy) (8.13)
Ey €
X () > X,
(2) Suppose x € ﬂ(§¢), and let x = Eg(x). Then Ey restricts to a bijection
() Hx) = {2 € X (x) | CF (@) = 2} (8.14)
Proof. (1) Take the dual of the diagram (8.10). Together with the commutative square
of (8.11) we get the following commutative diagram:
N(Sgr) ——=MN(Sy)
ﬁ/* p*
N(S%e) = n(Sw)

ol b

C
XT’(*) XT7

Furthermore by definition £y = D! o p*, and similarly for Ep. (]
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8.2. The inductive algorithm. We now turn to the computation of lowest K-types.

Let us begin with a complete Langlands parameter (¢, x). After conjugating ¢ we
may assume it is in standard form (Def. 4.1), and writing ¢ = ¢(\,y), A is weakly
dominant. Let p = (x,A) be the atlas parameter attached to (¢, x) by the construction
of Section 5.2. It is final ((5.2)(c)). Let 7 = 7(¢) be the involution of H attached to ¢,
so x € ;.

Now, apply the following inductive procedure.

We start with the pair (¢,Sy) with So = {p = (z,A)}, and update it as follows. At
each step we will have a pair (¢,S) where S C II(¢), and the parameters (z,A) in S all
have z € X;(4). This implies that at each step the conditions in (1-4) below are uniform
for each p € S.

(0) If G has a split central torus a;, apply Lemma 8.2 with 7 = —v|,, so that dA is
trivial on a;.

(1) If p is tempiric and final for all p € S, stop.

(2) If v # 0: choose 3 simple for Ut  as in Section 8.1 with (v, V3) # 0; replace every
(xi,A) € Sby (x;,Ag) and ¢ by ¢g (Lemmas 8.2 and 8.3); then apply Lemma 5.7
to make dAg weakly dominant, and rename Ag, Ag as A, \.

(3) While there is a singular simple root a of Wi, (A) of type C~ for 6,: replace S
by sq X S and ¢ by sq X ¢.

(4) If there is a singular simple root « of Wiy (A) which is 0,-real and satisfies the
parity condition, replace S by |J, ca(pi) and ¢ by ca(¢). Go to (1).

The algorithm terminates by Proposition 8.4 and its proof.

When the algorithm stops, every parameter in S is tempiric and final, and we get a
parameter ¢’ in standard form by Proposition 8.4. Write S = {(z;,A’) | i = 1,...,r},
so that x; € X with 7/ = 7(¢'). Each m(x;,A) is tempiric, hence has a unique lowest
K-type p; (Theorem 6.4(1)), and

LKT(7(¢,x)) = {p1, .-, pr}- (8.15)

Indeed, step (2) does not change the set of lowest K-types of the cosocle of a parameter,
by [9, Proposition 6.6] and Lemma 5.7 for the normalization; step (3) does not change
the representation, by Lemma 5.7(2); and step (4) replaces a non-final parameter by the
parameters of the irreducible constituents of its cosocle, by [5, Section 14]. See [28] and
[25, Chapter 6].

Write ¢ = ¢, ¢ . 4™ = ¢ for the L-homomorphisms in standard form pro-
duced by the successive passes through step (2). In view of the algorithm before
Proposition 8.4, we have ¢(it1) = int(Vgi)((bg)) where Vg; is the element defined there;
let (): §¢(i> — §¢(i+1) be the map ¢ = int(Vg;) o 11 of Corollary 8.9 for this pass.
Set Vg = Ygn—1--- 90, VG = YGn—1--- G0 and ryy = (D 6. 60 The deforma-
tion does not change the restriction of ¢ to W' (Lemma 8.2, and g — \ is fixed by “7),
and ¢’ is tempiric; and ¢ g, = Lps.pe © 1 as noted in the definition of ¢1. Applying these
to each pass in turn gives

int(Yg)(¢e) = ¢, tg.e = it('9) 0 L g, (8.16)
where ¢4 4. is the map (1.4).
Proof of Theorem 1.7. We may assume that ¢ is in standard form with A weakly domi-

nant, and we use the notation of Section 8.2; in particular 2 = E4(x). Let 7; = 7(¢(),
let 8; C A, be the set of KGB elements after ¢ passes through step (2), so Sp = {z}
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and S, = {z1,...,2,}, and let o = 1} ,, = (tO)* o ... 0 (Lm=D)* Each pass replaces
" € 8; by {2/ € &, (x) | C*(2') = 2"}, so Corollary 8.12(2), applied to each pass
in turn, shows that £y restricts to a bijection o t(x) = {z1,..., 2}, X} — x;, with
Y e

Set xic = x;oint(Vg) € MN(Sy,). By (8.16) the pairs (¢, x;) and (¢, xi,c) are conjugate,
so p; and p(¢e, Xi,c) are the lowest K-types of equivalent tempiric representations, and
wi = p(@e, Xi,e). Furthermore o = Res o int(Yg)*, so x' — x’ o int(*g) is a bijection from
0 Y (x) onto Res™!(x). By (8.15), we conclude

LKT(W(¢7X)) = {Mla cee aﬂr} - {:U’((z)w Xc) ’ Xc € n<§¢c>v Res(Xc) = X}' U

APPENDIX. WHITTAKER DATA, GENERIC REPRESENTATIONS, AND ATLAS BASEPOINTS

We work in the setting of Section 2: we are given GG, an inner class determined by
v € Out(G), and we fix a pinning (7, B, {X,}) for G. Let us fix an involution 0 of G in
the inner class and let K = GY. We say 0, or (g, K), is quasisplit if the corresponding real
form G(R) is quasisplit (see [6] for other characterizations). There is a unique conjugacy
class of quasisplit involutions in each inner class [6, Theorem 6.14]. A representative is
0 = int(&y) where & = e”vp&,. See §4.3.

It is most natural to work entirely in the algebraic setting, in which case the preferred
representation in an L-packet (corresponding to the trivial character) has an algebraic
Whittaker model. We give the definitions and properties here, and make the connection
with classical Whittaker models in Section A.2.

A.1. Algebraic Whittaker models. The involution 6 acts on the Lie algebra g and
its vector space dual g*; write g* = € @ s* where s is the (—1)-eigenspace of 6. Let
Nprin,s+ be the intersection of §* with the principal nilpotent G-orbit. This is nonempty
if and only if (g, K) is quasisplit. We define an algebraic Whittaker datum for (g, K) to
be a K-orbit on Mpins+. If mis a (g, K)-module of finite length, then the associated
variety AV (7) is a union of K-orbits on §*. If O C Mpins+ is an algebraic Whittaker
datum, we say 7 has an algebraic Whittaker model of type O if O C AV (xw). We say 7
is large if it has an algebraic Whittaker model of type O for some O C Npyin g+

Set y = €™ 0y, V0, where V6 € LG is used to define the L-group in Section 3.1. Recall
there is a special L-homomorphism ¢g = ¢(p,y), defining an L-packet II(¢g) of funda-
mental series (see Example 3.5). Furthermore (¢g, 1) determines a special fundamental
series my € II(¢p). In our setting (Section 5) this can be viewed canonically as an ir-
reducible (g, K)-module (compare §2.2.2 and [7, Prop. 3.1]), and arises as the unique
irreducible quotient of a standard module (¢, 1).

Lemma A.1. The (g, K)-module my is a large fundamental series for the quasisplit
pair (g, K). The associated variety AV (mg) is the closure of a single K -orbit on Nprin g+ -

Proof. If « is a simple {p-imaginary root then
lnt(é_o)(Xa) = Ad(eﬂ—ivpé'Y)Xa == €7Ti<a’\/p>Xa = —Xa.

This says that « is §-noncompact. By [23, Theorem 6.2(f)], the (g, K)-module 7
is large. The second statement follows from the fact that the associated variety of a

fundamental series representation is the closure of a single K-orbit. See [6, Proposition
A.9]. ([
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We use this to specify an algebraic Whittaker model. Let us single out the K-orbit
corresponding to my by the Lemma, and define

Oy = AV(ﬂ'()). (AQ)

Proposition A.3. Let ¢ be an L-homomorphism, and let 1 be the trivial character
of S¢. Then the standard module I(¢,1) has an algebraic Whittaker model of type Oy.

In particular, if ¢ is tempered then w(¢p,1) has an algebraic Whittaker model of
type Oy.

Recall in our setting, we start with an atlas parameter (z,A) to define a (g, K;)-
module. Any complete Langlands parameter (¢, x) gives rise to an atlas parameter
(x,A), and in case x = 1 the element x is the basepoint in its fiber. In order to
prove the Proposition we need to relate the corresponding (g, K, )-module to our fixed
quasisplit pair (g, K), where § = 6, and K = G? as above, using conjugation by some
element g € G.

The main result we need is the following. For x a KGB element and B a Borel subgroup
containing H, let ¥(z, B) be the set of 8, y-imaginary roots in B.

Lemma A.4. Let § and 0 = 0¢, and K be as above. Suppose x is a KGB element with
trivial torus part. Choose a strong involution £ representing x.
Let L = Cent((H%)%) and choose a O¢-stable parabolic subgroup Q@ = LU such that

Y(x,B) CU. (8.17)
Then there exists g € G satisfying
géogt =€ and L(xg, B) C g1 Qg. (8.18)

Proof of the Proposition, given the Lemma. First it is convenient to note, since we can
modify g by an element of K on the right, that (8.18) is equivalent to the statement:

Jg € G satisfying: g&og~' = & and X(z¢, B) is K-conjugate to a subset of g1 Qg.
(8.18")

Let (z, A) be the atlas parameter attached to (¢, 1) as in Section 5, with corresponding
standard module I. Fix a strong involution £ representing x and choose g as in the
Lemma. We have to show that, after conjugating by ¢g—!, the corresponding standard
(g, K)-module I satisfies Oy C AV (I). In the notation of [6] the corresponding standard
module I is the (g, K¢)-module I(B, A).

Let H' = g~'Hg, B' = g7' Bg. Note that int(¢~') takes the action of ¢ = 0 gy on H
to the action of 6 = ¢, on H”:

9 '0c(h)g =09~ hg) (h € H).

Write ¥(z, H, B) to emphasize the role of H. After conjugating by ¢g~! in (8.17) the

two conditions of the Lemma become
S(zo, H',B') C g~'Uyg,
Y (x0, H, B) is K-conjugate to a subset of g 'Qy.

Now both statements are about (g, K')-modules, and the (g, K¢)-module I(B, A) has been
replaced by the (g, K)-module I(B’,g~'A’g). Since Q is ¢-stable, g71Qg is f-stable.

Thus we are in precisely the setting of [6, Theorem A.10], with: H' in place of T in [6];
g 1Qg in place of Q; H in place of T,; and X(x¢, H, B) in place of o(T, X.). Note that B

is a f-stable Borel subgroup, and if (29, Ag) is any parameter then AV (I(zo,Ao)) = Op
(see [6, A.11]). By [6, Theorem A.10] we have Oy C AV (I) as required. O



LOWEST K-TYPES IN THE LOCAL LANGLANDS CORRESPONDENCE 41

Proof of the Lemma. Let xg and x be the KGB elements corresponding to &y and &, re-
spectively. Each of these is the basepoint in its fiber. We can pass from zg to = by a
series of simple complex cross actions, and simple noncompact imaginary Cayley trans-
forms (see [5, Section 14]). Each of these preserves the property of the torus part being
0, and it shows the existence of g satisfying g&og~! = ¢ (see (4.11)). It is enough to show
the Lemma holds at each step.

So assume the Lemma holds for x, and write QQ = ), = L, U, as in the Lemma. Thus
by the inductive hypothesis we can choose g, such that g,£ng; ! = & and

Y(z,B) C Uy,

2(l'O7 B) C gglexga:-
We need to show the same holds with x replaced by y = s, X « for « simple, 8,-complex,
or by y = ¢“(x) with a simple, 6,-noncompact imaginary.

Consider the case of a simple cross action. Let n be a strong involution repre-
senting y = s, X . Let g, € Norm(H) representing s, such that n = go€g,'. Let
Qy = 9aQ29, 1 This is a t,-stable parabolic subgroup.

Now s, takes the 0,-imaginary roots to the ,-imaginary roots. Since « is simple it
permutes the B-positive roots; since it is not imaginary it takes 6,-imaginary positive
roots to positive roots. Thus we have so(X(x, B)) = X(y, B). Therefore by (8.19),

Y(y, B) = sa(X(z, B)) C int(ga)Uy = Uy

Set 9y = GaYx- Then gy&)ggjl =1, and ggleygy = (gagx)il(ganggl)(gagm) = g;ngx-
Therefore

(8.19)

¥(x0,B) C gy_legy.
This proves that condition (8.19) holds for y as required.

Now suppose « is a simple, z-noncompact imaginary root and let y = ¢“(x). The
simplest proof of the Lemma in this case is representation theoretic. Let (z, A) be any
parameter (with given ) and let (y, A’) be its Cayley transform.

We now apply the Hecht—Schmid identity [25, Corollary 8.4.6], which says that (on
the level of Grothendieck groups)

I(y,N') = soI(z,A) + T (8.20)

where I is a certain standard module (it doesn’t matter which) and s, is the coher-
ent continuation action. Then Oy C AV (I(z,A)) = Oy C AV (sa(I(z,A))) = Oy C
AV (I(y,A")). (To see the first implication, choose A as in the proof of [6, Theorem A.11]
so that the large composition factors of I(x, A) are large fundamental series. Then by
[25, Theorem 7.3.16(b)] each of these large fundamental series occurs in sq(I(z, A)).)
Now apply [6, Theorem A.10] again, in the reverse direction, to conclude 3(y, B) C U
and X(zo, B) is K-conjugate to a subset of g71Qg. Therefore (8.17) and (8.18") hold
for y, as required. O

A.2. Real Whittaker models. The notion of algebraic Whittaker model is equivalent,
in a precise sense, to the usual notion of Whittaker model. Here we give the statements
of the results in our setting. The proofs are mainly an issue of putting together the
references [4, Chapter 14], [16] and [23]; for the discrete series case, see [3].

Let G(R) be the quasisplit form of G. A real Whittaker datum for G(R) is a pair
w = (B, 1), where B is a Borel subgroup of G defined over R and 1) is a non-degenerate
character of N(R). Non-degenerate means that the restriction of ¢ to each simple root
space go(R) is nontrivial. We will use the term Whittaker datum for real Whittaker
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datum, and always use algebraic Whittaker datum in the algebraic setting of the previous
subsection. Equivalence of (real) Whittaker data is given by conjugacy by G(R).

We refer to [4, Section 3] for the notion that a representation of G(R) has a Whittaker
model of type tv. We say that a representation is t-generic if it has a Whittaker model
of type tv, and generic if it is tw-generic for some . The equivalence class of to is
uniquely specified by the representation.

Let £ = &,0 = O, K = G? be as in the previous section, so (g, K) is quasisplit.
Let G(R) be a corresponding real form of G. This means: ¢ is an anti-holomorphic
involution of G, commuting with 6, and G(R) = G?. Any two such groups are conjugate
by K.

Any irreducible or standard module (g, K)-module 7 determines an irreducible or
standard Hilbert space representation g of G(R). If ¢ is a Langlands parameter, we
write II(¢,0) for the corresponding L-packet of (g, K)-modules (this is the “classical
packet” considered in Section 5.2.3), and IIg(¢) for the corresponding finite set of rep-
resentations of G(R).

Let Gaq = G/Z(G) be the adjoint group. This is the group of inner automorphisms
of G. Tt is defined over R, and G,q(R) is the group of inner automorphisms of G which
are defined over R. This contains the subgroup Ad(G(R)) = G(R)/Z(G(R)) of inner
automorphisms of G(R). We denote by Q(G(R)) the quotient G,q(R)/Ad(G(R)). This

is a finite group.

Lemma A.5. Suppose ¢ is a fundamental series Langlands parameter. The above dis-
cussion establishes canonical bijections between:

(1) The large (g, K)-modules in I1(¢);

(2) The set of algebraic Whittaker data for (g, K);

(3) The set of equivalence classes of Whittaker data for G(R);
(4) The generic representations in IIg(¢).

The bijection (1)<>(2) attaches to a large (g, K)-module the corresponding algebraic
Whittaker datum, and (4)<+(3) attaches to a generic representation of G(R) the cor-
responding equivalence class of Whittaker data. The bijection (1)<>(4) is induced by
passage from w to mr. The resulting bijection (2)<>(3) is independent of the choice of ¢.
The group Q(G(R)) has canonical simply transitive actions on all these sets, and those
commute with the bijections.

Write O — w(0O) for the bijection between algebraic and real Whittaker data. When
we move from fundamental series to finite-length (g, K')-modules, we have a more general
statement:

Lemma A.6. Let w be a finite-length (g, K)-module. Then m has an algebraic Whit-
taker model of type O if and only if g has a Whittaker model of type v (QO). This
correspondence commutes with the action of Q(G(R)).

In particular 7 is large if and only if g is generic.

Recall we fixed an algebraic Whittaker datum Oy for (g, K) by setting Oy = AV ()
(see (A.2)). Let wg = 10(Op) be the corresponding Whittaker datum for G(R). The ana-
logue of Proposition A.3 is now clear, and goes as follows. Given an L-homomorphism ¢,
we have the (g, K)-module I(¢,1) as in Section 5.2, and a corresponding representa-
tion Ir(¢,1) of G(R). Combining Proposition A.3 and Lemma A.5 we obtain:
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Proposition A.7. Let ¢ be an L-homomorphism, and let 1 be the trivial character
of S¢. Then the standard module Ix(¢p,1) has a Whittaker model of type wq. If ¢ is
tempered, then mr(p, 1) has a Whittaker model of type tog.
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