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Abstract. Let G be a connected reductive algebraic group defined over R. In [Art83; Art89],
Arthur conjectured the existence of certain packets of irreducible admissible representations of GpRq

satisfying various remarkable properties. These packets were given a precise definition in [ABV92]
in terms of microlocal geometry on a space of Langlands parameters. A longstanding conjecture,
originating in [Art83], is that all Arthur packets consist of unitary representations. In this paper,
we prove this conjecture in general. The main new idea is a ‘Jordan decomposition’ for Arthur
packets: a canonical two-step process for realizing an arbitrary Arthur packet via real parabolic
and cohomological induction from a unipotent Arthur packet for a certain Levi subgroup. This
process is analogous to the decomposition of an element of a complex algebraic group as a (unique)
commuting product of elliptic, hyperbolic, and unipotent parts. Using this decomposition, we
reduce the question of unitarity to the case of unipotent Arthur packets, where the answer is already
known (by work of Adams-Arancibia-Mezo, Adams-van Leeuwen-Miller-Vogan, Arthur, Barbasch,
Barbasch-Ma-Sun-Zhu, and Davis-Mason-Brown). As an application of the same methods, we also
give a proof of Jiang’s conjecture for real reductive groups, which gives an upper bound on the
associated varieties of the members of an Arthur packet in terms of the Barbasch-Vogan dual of
the Arthur SL2pCq.
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1. Introduction

Let GpRq be the real points of a connected reductive algebraic group defined over R and let _GΓ

be the associated L-group. The Langlands classification gives a parameterization of the set ΠpGq

of irreducible admissible representations of inner twists of GpRq in terms of conjugacy classes in
_GΓ.1 In more detail, a Langlands parameter for _GΓ is a continuous homomorphism

φ : WR Ñ _GΓ

from the Weil group WR of R into _GΓ such that

‚ the image of φ consists of semisimple elements;
‚ φ is compatible with the projections WR Ñ Γ and _GΓ Ñ Γ.

We write Φp_GΓq for the set of _G-conjugacy classes of Langlands parameters for _GΓ. Here is a
simple formulation of the Langlands classification.

Theorem 1.0.1 ([Lan79],[ABV92]). For each Langlands parameter φ P Φp_GΓq, there is an asso-
ciated set ΠpGqφ Ă ΠpGq, called an ‘L-packet’. As φ ranges over Φp_GΓq, the L-packets partition
ΠpGq.

A more precise version of this result, including a definition of L-packets and a parameterization
of their members will be given in Section 3.3.

In [Art83], Arthur introduced another set of parameters for irreducible representations. An
Arthur parameter for _GΓ is a continuous homomorphism

ψ : WR ˆ SL2pCq Ñ _GΓ

such that

‚ ψ|WR is a Langlands parameter for _GΓ;
‚ ψpWRq is bounded;
‚ ψ|SL2pCq is algebraic.

We write Ψp_GΓq for the set of _G-conjugacy classes of Arthur parameters for _GΓ.
To each Arthur parameter ψ, one can associate a Langlands parameter φψ according to the

formula

φψ : WR Ñ _GΓ, φψpwq “ ψpw,

ˆ

||w||1{2 0

0 ||w||´1{2

˙

q.

This defines an injection
Ψp_GΓq ãÑ Φp_GΓq.

1Much of this discussion applies, with some modification, to connected reductive groups over arbitrary local fields.
However, we will restrict our attention in this paper to the real case.
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In [Art83; Art89], Arthur conjectured that Ψp_GΓq should parameterize a large (but incomplete)
portion of the irreducible unitary representations of inner twists of GpRq (and all of the unitary
representations of interest for global applications). A bit more precisely

Conjecture 1.0.2 (Arthur’s Conjectures for Real Reductive Groups, [Art83; Art89], see also
[ABV92, Chapter 1, Problems A-F]). For each Arthur parameter ψ P Ψp_GΓq, there is

‚ a set ΠpGqψ Ă ΠpGq, and
‚ a function

χψ : ΠpGqψ Ñ tnonzero finite-dimensional representations of Aψ :“ CompStab_Gpψqqu

(‘Com’ denotes the component group)

such that the following are true:

(i) There is an inclusion

ΠpGqφψ Ď ΠpGqψ.

(ii) The virtual representation

(1.0.1) ηψp1q “
ÿ

πPΠpGqψ

ϵpπq dimpχψpπqqπ

is stable in the sense of Langlands and Shelstad ([LS87]) (here, ϵpπq is a sign which is also
to be defined). Note that we can also define virtual representations

(1.0.2) ηψpsq “
ÿ

πPΠpGqψ

ϵpπqTrpχψpπqpsqqπ

for each s P Aψ (although these are not typically stable for s ‰ 1).
(iii) The members of ΠpGqψ are unitary.

In [ABV92], Adams, Barbasch, and Vogan gave a construction of the sets ΠpGqψ and functions
χψ in terms of microlocal geometry on a space of Langlands parameters (in Sections 3 and 4, we
will denote them by ΠpGqmicψ and χmicψ , respectively, to emphasize their connections to microlo-

cal geometry and to make a clearer distinction with the notation for L-packets). They proved in
[ABV92] that their definitions satisfy most of Arthur’s predictions, including (i) and (ii) of Conjec-
ture 1.0.2 above. However, they were not able to prove that the members of ΠpGqψ are unitary. In
this paper, we give a general proof of this fact, thus completing the proof of Arthur’s conjectures
in the Archimedean case.

Theorem 1.0.3 (See Corollary 4.6.1 below). All Arthur packets consist of unitary representations.

We will now briefly summarize the structure of our proof. There is an important class of basic
Arthur parameters, called ‘unipotent’ by Arthur.

Definition 1.0.4 ([Art89], see also [ABV92, Definition 27.1]). An Arthur parameter ψ is said to
be unipotent if

ψpCˆq Ă Zp_Gq.

Thanks to the work of many mathematicians over several decades, Theorem 1.0.3 is now known
to be true in the unipotent case.

Theorem 1.0.5 (Adams-Arancibia-Mezo ([AAM24]), Adams-van Leeuwen-Miller-Vogan ([AMLV]),
Arthur ([Art13]), Barbasch ([Bar89]), Barbasch-Ma-Sun-Zhu ([BMSZ23]), Davis-Mason-Brown ([DM25])).
For each unipotent Arthur parameter ψ, the Arthur packet ΠpGqψ consists of unitary representa-
tions.
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Proof. It is sufficient to prove the theorem under the following assumptions: G is almost simple and
ψ|Cˆ “ 1. A representation belongs to some such ΠpGqψ if and only if it is special unipotent (cf.
[ABV92, Corollary 27.13]). Thus, it is sufficient to prove that all special unipotent representations
of almost simple groups are unitary. This is proved

‚ for real exceptional groups in [AMLV];
‚ for quasisplit symplectic and special orthogonal groups in [Art13; AAM24];
‚ for complex classical groups in [Bar89];
‚ for all classical groups in [BMSZ23];
‚ for all complex groups (and for arbitrary groups, provided the Barbasch-Vogan dual of the
Arthur SL2pCq is a rigid nilpotent orbit) in [DM25].

□

Our strategy for proving Theorem 1.0.3 in general is to show that every Arthur packet can
be obtained in an essentially canonical fashion from a unipotent Arthur packet for a suitable
Levi subgroup by means of several unitarity-preserving constructions, namely real parabolic and
cohomological induction. The recipe for this induction is in some sense encoded in the structure of
the Arthur parameter. Given an Arthur parameter ψ : WR ˆ SL2pCq Ñ _GΓ, the image under ψ
of R` Ă WR defines a Levi subgroup of _G

(1.0.3) _M1 :“ Z_GpψpR`qq.

Since R` commutes with S1 Ă WR, the image of S1 belongs to _M1. The co-character ψ|S1 : S1 Ñ
_M1 defines a Z-grading of _m1

_m1 :“
à

_m1,n,
_m1,n :“ tX P _m1 | AdpψpzqqX “ znX, @z P S1u,

and hence a parabolic subalgebra

(1.0.4) _q2 :“
_m2 ‘ _u2,

_m2 :“
_m1,0 “ Z_m1pψpS1qq, _u2 :“

à

ną0

_m1,n.

Let _M2 (resp. _Q2) denote the connected subgroup of _M1 corresponding to _m2 (resp. _q2).
Since j normalizes Cˆ Ă WR, ψpjq normalizes _M2. Thus, the subgroup _MΓ

2 Ă _GΓ generated
by _M2 and ψpjq is a Z{2Z-extension of _M2 (a ‘weak E-group’ in the language of [ABV92]). By
construction, this subgroup contains the image of ψ. The resulting Arthur parameter

ψ2 : WR ˆ SL2pCq Ñ _MΓ
2

is unipotent.
The subgroups _MΓ

2 Ă _MΓ
1 Ă _GΓ determine subgroups M2 Ă M1 Ă G as well as inner classes

of real forms of M2 and M1. Moreover, the parabolic subgroup _Q2 Ă _M1 determines a parabolic
subgroup Q2 Ă M1 with Levi factor M2. By construction, Q2 is θ-stable in the following sense:
every involution of M1 restricting to an involution of M2 in the specified inner class takes Q2 to
its opposite. Choose any parabolic subgroup Q1 Ă G with Levi factor M1 which is real in the
corresponding sense. Then we can define real parabolic induction from M1 to G and cohomological
induction from M2 to M1. We can regard these as maps between the relevant Grothendieck groups
(of representations of real forms of M2, M1, and G):

(1.0.5) Rg
q1 : KΠpM1q Ñ KΠpGq, Rm1

q2 : KΠpM2q Ñ KΠpM1q.

The precise definitions will be given in Section 2.6. We prove the following theorem.

Theorem 1.0.6 (Jordan Decomposition for Arthur Packets, see Theorem 4.5.1(v) below). Let
ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur parameter and fix all of the notation introduced in the
paragraphs above. Then for any s P Aψ2, there is an identity in KΠpGq

(1.0.6) ηψpsq “ κRg
q1R

m1
q2 ηψ2psq
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where ηψpsq and ηψ2psq are the virtual representations defined in (1.0.2) and κ is a certain explicitly
determined sign (see Proposition 4.3.3(iii)).

We note that a similar result was obtained, using rather different methods, by Moeglin and
Renard ([MR18]) in the following special case: GpRq is a quasisplit symplectic or special orthogonal
group and ψ is of ‘good parity’.

Setting s “ 1 in Theorem 1.0.6, we obtain the following result.

Corollary 1.0.7 (See Theorem 4.5.1(ii) below). Let ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur pa-
rameter and fix all of the notation introduced in the paragraphs preceding Theorem 1.0.6. For
every π P ΠpGqψ, there is some π2 P ΠpM2qψ2 such that π is an irreducible composition factor of
Rg

q1R
m1
q2 π2.

The inductions appearing in Corollary 1.0.7 are known to preserve unitarity, at least when
applied to elements of the unipotent Arthur packet ΠpM2qψ2 . Thus, Arthur’s unitarity conjecture
(Theorem 1.0.3) follows from Corollary 1.0.7, combined with Theorem 1.0.5.

We note that Corollary 1.0.7 also implies a form of Jiang’s conjecture [Jia14, Conjecture 4.2],
which posits an upper bound on the associated varieties (equivalently, wavefront sets) of the mem-
bers of Arthur packets in terms of the Barbasch-Vogan dual of the Arthur SL2pCq. See Corollary
4.6.3 for a precise statement.

In the statements above, the Levi subgroups _MΓ
2 Ă _MΓ

1 Ă _GΓ and parabolic subgroups
Q2 Ă M1, Q1 Ă G are constructed in a very specific fashion from the Arthur parameter ψ.
However, many of our results hold in a much more general setting. In Section 4.4, we introduce
the notion of a ‘decomposition’ of ψ. This is a complicated collection of Lie-theoretic structures,
including Levi subgroups _MΓ

2 Ă _MΓ
1 Ă _GΓ containing the image of ψ and parabolic subgroups

Q2 Ă M1, Q1 Ă G satisfying various conditions. Given any decomposition, one can define induction
maps as in (1.0.5) as well as virtual characters ηψpsq, ηψ2psq. In this more general setting, we are
not able to establish all of the identities of Theorem 1.0.6. However, we do get an identity for
s “ 1. Thus, Corollary 1.0.7 holds in the setting of a general decomposition. This is useful for
the following reason: using general decompositions, it is often possible to realize even unipotent
Arthur packets via real parabolic and cohomological induction from unipotent Arthur packets for
proper Levi subgroups of G. This allows us to reduce the study of general Arthur packets (and in
particular, questions of unitarity) to an even smaller class of unipotent Arthur packets for which
special arguments may be available (see Remark 4.6.2).

There are several (interrelated) technical complications which we have so far largely ignored.
First, if we replace L-groups with the more general E-groups of [ABV92] (as we must, in the case
of _MΓ

2 ), L-packets (and Arthur packets) consist not of representations of real forms of G, but
rather of certain algebraic covers of real forms of G. A second issue is that the refined version
of the Langlands classification (which is required for the formulation of our results) is not quite
canonical, as it requires a certain auxiliary choice (namely, the choice of a Whittaker datum for the
quasisplit inner form of G). We have not explained above how to make such choices consistently.
Finally, it is technically very important to consider strong real forms of G (and its Levi subgroups
M2 and M1) rather than ordinary real forms in order to make the statements above precise. These
issues (and a few others) are carefully addressed in Sections 3 and 4.

Now we will describe the structure of the paper. In Section 2, we will recall some representa-
tion theory preliminaries, including extended groups, strong real forms, E-groups and L-groups,
cohomological induction, and coherent continuation. Much of this material is from [ABV92]. We
will also introduce a generalization of coherent continuation which we call ‘L-coherent continua-
tion’, depending on a Levi subgroup L. This is an important ingredient in the proof of our main
theorem. In Section 3, we will recall the Langlands classification and definition of Arthur packets
as formulated in [ABV92]. We will also define some convolution functors between categories of
sheaves on spaces of Langlands parameters and explain their relation to coherent continuation. In
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Section 4, we will prove our main theorems. We first consider the case of ‘good range’ decomposi-
tions (i.e., decompositions for which the infinitesimal character of the unipotent Arthur parameter
ψ2 :WRˆSL2pCq Ñ _MΓ

2 is in the good range for q2). Then we reduce to this case using L-coherent
continuation and convolution functors. The reduction step requires a fairly involved Lie-theoretic
calculation, which we have relegated to an appendix.

1.1. Acknowledgments. We would like to thank Chi-Heng Lo for suggesting a connection between
our main result and Jiang’s Conjecture. We would also like to thank Jörg Schürmann for pointing
out an error in an earlier version of this article.

2. Representation theory preliminaries

In this section, we will recall some preliminary facts and definitions related to admissible rep-
resentations of real reductive groups, e.g. extended groups, E-groups, strong real forms, weakly
unipotent representations, (cohomological) parabolic induction, and coherent continuation. The
only new idea in this section is the notion of ‘L-coherent continuation’ (for a Levi subgroup L),
which generalizes the classical notion of coherent continuation.

2.1. Extended groups and strong real forms. Let G be a complex connected reductive alge-
braic group.

Definition 2.1.1 ([ABV92, Definition 2.13]). A weak extended group for G is a Lie group GΓ

subject to the following conditions:

(i) GΓ contains G as an index-two subgroup, and
(ii) Every element of GΓzG acts on G by an anti-holomorphic automorphism.

Every weak extended group admits a canonical surjective homomorphism GΓ Ñ Γ :“ GalpC,Rq,
giving rise to a short exact sequence of Lie groups

1 Ñ G Ñ GΓ Ñ Γ Ñ 1.

Note that conjugation by an element δ P GΓzG determines a well-defined involution of the based
root datum of G, see [ABV92, Corollary 2.16], and hence an inner class of real forms of G, see
[ABV92, Proposition 2.12]. Conjugation by δ also determines a well-defined involution σZ of ZpGq

(which is in fact determined by the root datum involution).

Definition 2.1.2 ([ABV92, Definition 2.13]). Let GΓ be a weak extended group. A strong real
form of GΓ is an element δ P GΓzG such that δ2 is a finite-order element of ZpGq. The real form
associated to δ is the anti-holomorphic involution Adpδq of G defined by conjugation by δ. The

group of real points of δ is the real reductive group GpR, δq :“ GAdpδq. Two strong real forms are
equivalent if they are conjugate under G.

Definition 2.1.3 ([ABV92, Definition 1.12]). An extended group for G is a pair pGΓ,Wq, subject
to the following conditions.

(i) GΓ is a weak extended group for G.
(ii) W is a conjugacy class of triples pδ,N, χq, where

(a) δ P GΓzG is a strong real form of GΓ.

(b) N Ă G is a maximal unipotent subgroup, normalized by δ (write NpRq “ NAdpδq).
(c) χ is a one-dimensional non-degenerate unitary character of NpRq (‘non-degenerate’

means non-trivial on each restricted simple root subgroup of NpRq).

Here is what ‘restricted simple root subgroup’ means. The group NpRq is normalized by a real
Cartan subgroup HpRq “ TA, with T compact and A a vector group. The weights of LiepAq on
g are called ‘restricted roots’; they form a (possibly non-reduced) root system. The weights in
LiepNpRqq are a set of positive roots, so some of these are simple.
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2.2. L-groups and E-groups. Let G be a complex connected reductive algebraic group and let
Φ0pGq be the associated based root datum. Let _Φ0pGq denote the dual based root datum. A
dual group for G is a complex connected reductive algebraic group _G equipped with a based root
datum isomorphism Φ0p_Gq

„
ÝÑ _Φ0pGq. Note that any two dual groups for G are isomorphic; the

isomorphism is canonical up to inner automorphisms.

Definition 2.2.1 ([ABV92, Definition 4.3]). A weak E-group for G is a complex algebraic group
_GΓ containing a dual group _G as an index-two subgroup.

Every weak E-group admits a canonical surjective homomorphism _GΓ Ñ Γ :“ GalpC,Rq, giving
rise to a short exact sequence of algebraic groups

1 Ñ _G Ñ _GΓ Ñ Γ Ñ 1.

Note that conjugation by an element _δ P _GΓz_G determines a well-defined involution of the
based root datum of G, see [ABV92, Proposition 4.4], and hence an inner class of real forms of G.
We say that a weak E-group _GΓ corresponds to a weak extended group GΓ if _GΓ and GΓ give
rise to the same involution of the based root datum of G (or equivalently, the same inner class of
real forms). Conjugation by _δ also determines a well-defined involution θZ of Zp_Gq (which is in
fact determined by the root datum involution).

Suppose θ is an algebraic involution of G preserving a Borel subgroup B. Choose a θ-stable
maximal torus T Ă B. We say that the pair pθ,Bq is large (or that B is large for θ) if θ acts by
´1 on every θ-stable simple root space (this definition is independent of the choice of T in B).

Definition 2.2.2 ([ABV92, Definition 4.14]). An E-group for G is a pair p_GΓ,Sq subject to the
following conditions:

(i) _GΓ is a weak E-group.
(ii) S is a conjugacy class of pairs p_δ,_Bq, where _δ is a finite-order element in _GΓz_G and

_B is a Borel subgroup of _G.
(iii) Suppose p_δ,_Bq P S. Then conjugation by _δ defines an involution θ of _G preserving

_B, and the pair pθ,_Bq is large.

Choose a Borel subgroup _B Ă _G and a maximal torus _H Ă _B. Write

2ρ : Cˆ Ñ _H

for the sum of the positive co-roots of _G. Consider the order-2 element

zpρq :“ 2ρp´1q P Zp_Gq.

This element is independent of the choice of _B and _H, and is fixed by θZ . The second invariant
of p_GΓ,Sq is the element zpρqp_δq2 P Zp_GqθZ , for any choice of _δ such that p_δ,_Bq P S.

Definition 2.2.3. An L-group for G is an E-group p_GΓ,Sq with second invariant 1.

This is equivalent to the original definition of an L-group (see for example [Bor79, page 29]).

2.3. Langlands parameters and Arthur parameters.

Definition 2.3.1 (see [Bor79],[Lan89]). The Weil group of R is the Lie group WR generated by
Cˆ and a single element j, subject to the relations

j2 “ ´1 P Cˆ, jzj´1 “ z̄, z P Cˆ.

There is a surjective Lie group homomorphism WR Ñ Γ :“ GalpC,Rq taking Cˆ to the identity
and j to complex conjugation. This gives rise to a short exact sequence of Lie groups

1 Ñ Cˆ Ñ WR Ñ Γ Ñ 1.

Now let _GΓ be a weak E-group for G.
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Definition 2.3.2 (see [Bor79],[Lan89]). A Langlands parameter for _GΓ is a continuous homo-
morphism

φ : WR Ñ _GΓ

such that

(i) The image of φ consists of semisimple elements;
(ii) φ is compatible with the projections WR Ñ Γ and _GΓ Ñ Γ.

Let P p_GΓq denote the set of Langlands parameters for _GΓ. Note that _G acts on P p_GΓq by
conjugation. Two Langlands parameters are said to be equivalent if they are conjugate under this
action. Let Φp_GΓq denote the set of equivalence classes of Langlands parameters for _GΓ.

Definition 2.3.3 ([Art89, Section 6]). An Arthur parameter for _GΓ is a continuous homomor-
phism

ψ : WR ˆ SL2pCq Ñ _GΓ

such that

(i) ψ|WR is a Langlands parameter for _GΓ;
(ii) ψpWRq is bounded;
(iii) ψ|SL2pCq is algebraic.

We say that ψ is

(iv) unipotent if ψpCˆq Ă Zp_Gq;
(v) distinguished if ψpSL2pCqq does not belong to a proper Levi subgroup of _G.

If ψpCˆq is not contained in Zp_Gq, then Z_GpψpCˆqq Ă _G is a proper Levi subgroup containing
ψpSL2pCqq. Thus, all distinguished Arthur parameters are unipotent.

Note that _G acts by conjugation on the set of Arthur parameters. Two Arthur parameters
are said to be equivalent if they are conjugate under this action. We write Ψp_GΓq for the set of
equivalence classes of Arthur parameters for _GΓ.

To each Arthur parameter ψ : WR ˆ SL2pCq Ñ _GΓ, we can associate a Langlands parameter
φψ according to the formula

(2.3.1) φψ : WR Ñ _GΓ, φψpwq “ ψpw,

ˆ

||w||1{2 0

0 ||w||´1{2

˙

.

This defines a one-to-one map
Ψp_GΓq ãÑ Φp_GΓq.

2.4. Projective representations. Let GΓ be a weak extended group. Associated to GΓ is a
certain pro-algebraic group Gcan called the canonical covering of G, see [ABV92, Definition 10.1].
This group comes equipped with a surjective homomorphism Gcan Ñ G. The kernel of this homo-
morphism is a pro-finite group, denoted π1pGqcan. The definitions are arranged so that there is a
natural isomorphism

tfinite-order elements in Zp_GqθZu
„
ÝÑ tcontinuous characters of π1pGqcanu.

If H is a subgroup of G, we write HG,can (or simply Hcan, if G is understood) for the preimage
of H under Gcan Ñ G.

Definition 2.4.1 ([ABV92, Definition 10.3]). Let GΓ be a weak extended group and let GpRq be a
real form of G in the inner class defined by GΓ. There is a short exact sequence

1 Ñ π1pGqcan Ñ GpRqG,can Ñ GpRq Ñ 1.

An irreducible projective representation of GpRq is an irreducible admissible representation π of
GpRqG,can. Suppose z is a finite-order element in Zp_GqθZ . We say that π is of type z if the
restriction of π to π1pGqcan is a multiple of the character parameterized by z. Write ΠzpGpRqq for
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the set of infinitesimal equivalence classes of irreducible type z projective representations of GpRq

and KΠzpGpRqq for the free Z-module with basis ΠzpGpRqq.

Definition 2.4.2. Let GΓ be a weak extended group. An irreducible projective representation of a
strong real form of GΓ is a pair pδ, πq subject to the following conditions:

(i) δ is a strong real form of GΓ.
(ii) π is an irreducible projective representation of GpR, δq.

Two such representations pδ, πq and pδ1, π1q are infinitesimally equivalent if there is an element
g P G such that gδg´1 “ δ1 and π ˝ Adpg´1q is infinitesimally equivalent to π1. Suppose z is a
finite-order element in Zp_GqθZ . We say that pδ, πq is of type z if π is of type z. Write ΠzpGΓq for
the set of infinitesimal equivalence classes of irreducible type z projective representations of strong
real forms of GΓ and KΠzpGΓq for the free Z-module with basis ΠzpGΓq.

Definition 2.4.3. Let GΓ be a weak extended group, let GpRq be a real form of G in the inner
class defined by GΓ, and let KpRq Ă GpRq be a maximal compact subgroup with complexification
K. There is a short exact sequence

1 Ñ π1pGqcan Ñ KG,can Ñ K Ñ 1.

A projective pg,Kq-module is a pg,KG,canq-module (i.e. a Upgq-module with a compatible rational
KG,can-action). Suppose z is a finite-order element in Zp_GqθZ . We say that a projective pg,Kq-
module is of type z if its restriction to π1pGqcan is a multiple of the character parameterized by z.
Write M zpg,Kq for the category of type-z projective pg,Kq-modules, M z

flpg,Kq for the subcategory

of finite-length modules, and KM z
flpg,Kq for the Grothendieck group of M z

flpg,Kq.

If we fix a real form GpRq of G and a maximal compact subgroup KpRq Ă GpRq, there is natural
identification

KΠzpGpRqq
„
ÝÑ KM z

flpg,Kq.

Also, if we choose a set ∆ of equivalence classes of strong real forms of GΓ, then there is a natural
identification

ğ

δP∆

ΠzpGpR, δqq
„
ÝÑ ΠzpGΓq.

and hence a natural identification
à

δP∆

KΠzpGpR, δqq
„
ÝÑ KΠzpGΓq

2.5. Parabolic induction. Let GpRq be a real form of G. Choose a maximal compact subgroup
KpRq Ă GpRq and let θ be the corresponding Cartan involution of g. Choose a parabolic subalgebra
q Ă g with Levi decomposition q “ l ‘ u. Let L (resp. Q) denote the connected subgroup of G
corresponding to l (resp. q). Assume throughout this section that l is θ-stable.

Let 2ρu denote the determinant character of u:

2ρuplq “ detpAdplq|uq, l P L.

Consider the fibered product

rL Cˆ

L Cˆ

p‚q2

2ρu

The left vertical map rL Ñ L is a 2-fold cover of L and the top horizontal map rL Ñ Cˆ is a genuine

character of rL, which we will denote by ρu. By the construction of Lcan, there is a natural covering

map Lcan Ñ rL. By pullback along this covering map, we can regard ρu as a one-dimensional
projective pl, LXKq-module.
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Dually, we can consider the algebraic co-character corresponding to the sum of roots in u

(2.5.1) p2ρuq_ : Cˆ Ñ _L

and the order-2 element

(2.5.2) zpρuq :“ p2ρuq_p´1q P Zp_LqθZ

Note that zpρuq depends only on l (i.e., it is independent of the choice of q) and that the projective
pl, LXKq-module ρu is of type zpρuq.

Now fix a finite-order element z P Zp_GqθZ . We can regard z also as an element of Zp_LqθZ via
the natural inclusion Zp_GqθZ Ă Zp_LqθZ . We will define a functor called parabolic induction

Rg
q : M

zzpρuqpl, LXKq Ñ M zpg,Kq.

This functor is built out of several ingredients:

‚ Let p‚q# : M zzpρuqpl, LXKq Ñ M zpl, LXKq denote the functor given by tensoring with ρu.
‚ Let F : M zpl, L X Kq Ñ M zpq, L X Kq denote the forgetful functor corresponding to the
quotient map pq, LXKq Ñ pl, LXKq.

‚ Let P : M zpq, LXKq Ñ M zpg, LXKq denote the algebraic induction functor, i.e.

P pπq “ Upgq bUpqopq π.

‚ Let Π: M zpg, LXKq Ñ M zpg,Kq denote the Bernstein functor, see [KV95, Chapter 4.4].

Now we define
Rg

q :“ Π ˝ P ˝ F ˝ p‚q# : M zzpρuqpl, LXKq Ñ M zpg,Kq

Note that p‚q# and F are exact and Π and P are right exact. Thus, Rg
q is right exact. Since the

categories M zzpρuqpl, L X Kq and M zpg,Kq have enough projective objects, there are left-derived
functors

LiRg
q : M

zzpρuqpl, LXKq Ñ M zpg,Kq.

Theorem 2.5.1 ([Vog81, Chapter 6.3]). The functors

LiRg
q : M

zzpρuqpl, LXKq Ñ M zpg,Kq

preserve infinitesimal character and take finite-length modules to finite-length modules. Moreover,
LiRg

q “ 0 for i ąą 0.

Thanks to Theorem 2.5.1, we can define a group homomorphism

Rg
q : KM

zzpρuq

fl pl, LXKq Ñ KM z
flpg,Kq, rπs ÞÑ

ÿ

i

p´1qirLiRg
qpπqs,

and hence a group homomorphism

Rg
q : KΠzzpρuqpLpRqq Ñ KΠzpGpRqq.

2.5.1. Real parabolic induction. Suppose now that q is the complexified Lie algebra of a real para-
bolic subgroup QpRq “ LpRqUpRq (it is equivalent to assume that q is taken to its opposite by θ).
The character 2ρu, when restricted to the subgroup LpRq Ă L, takes values in R. Let |ρu| denote
the positive square-root of the absolute value of this character. Then |ρu|{ρu is a one-dimensional
type-zpρuq projective pl,Kq-module of infinitesimal character 0. Define the functor

Ind
GpRq

QpRq
: M zpl, LXKq Ñ M zpg,Kq, Ind

GpRq

QpRq
pπq “ Rg

qpπ b |ρu|{ρuq.

Proposition 2.5.2 ([Vog81, Proposition 6.3.5]). Suppose that q is the complexified Lie algebra of

a real parabolic subgroup QpRq “ LpRqUpRq. Then Ind
GpRq

QpRq
coincides (after passing to Harish-

Chandra modules) with normalized real parabolic induction. It has the following properties:

(i) Ind
GpRq

QpRq
preserves infinitesimal character.
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(ii) Ind
GpRq

QpRq
is exact.

(iii) Ind
GpRq

QpRq
takes unitary modules to unitary modules.

(iv) Ind
GpRq

QpRq
is conservative: that is, if f is a morphism in M zpl, L X Kq and Indpfq is an

isomorphism, then f is an isomorphism.

2.5.2. Cohomological induction. There is a canonical decomposition

(2.5.3) h˚ » ph{zplqq˚ ‘ zplq˚, λ ÞÑ λs ` λz.

Definition 2.5.3. Let λ P h˚. We say that λ is in

(i) the good range for q if

Rexλ, α_y ą 0, @α P ∆pu, hq;

(ii) the weakly fair range for q if

Rexλz, α
_y ě 0, @α P ∆pu, hq.

We say that λ is in the good range (resp. weakly fair range) for l if there exists a parabolic subalgebra
q1 Ă g with Levi factor l such that λ is in the good range (resp. weakly fair range) for q1.

Note that if λ P h˚ is in the good range (resp. weakly fair range) for q (or l), then so is wλ,
for any w P WL. So these are properties which can be ascribed to WL-orbits in h˚, and hence to
infinitesimal characters for Uplq. If π is an irreducible projective type-zzpρuq pl,K XLq-module, we
say that π is in the good range (resp. weakly fair range) for q (or l) if its infinitesimal character
has this property. We will occasionally use the following elementary lemma.

Lemma 2.5.4. Let λ1 P h˚. Then, for N ąą 0, the element λ1 `Nρu is in the good range for q.

Proof. Choose a positive system ∆`pl, hq for l. Then ∆`pg, hq “ ∆`pl, hq Y ∆pu, hq is a positive
system for g. Let α be a simple root for g in ∆pu, hq. Then x1

2

ř

∆`pg, hq, α_y “ 1 and xβ, α_y ě 0
for every β P ∆`pl, hq. In particular

xρu, α
_y “ x

1

2

ÿ

∆`pg, hq, α_y ´ x
1

2

ÿ

∆`pl, hq, α_y ě 1.

The lemma follows. □

For the next definition, choose a positive-definite W -invariant symmetric bilinear form x´,´y

on X˚pHq bZ R.

Definition 2.5.5 ([KV95, Definition 12.3]). Let π be an irreducible projective type-zzpρuq pl, LXKq-
module of infinitesimal character λ P X˚pHq bZ R. Then π is weakly unipotent if for every finite-
dimensional algebraic Lad-representation F and infinitesimal character λ1 appearing in π b F , we
have the following inequality

||λ1
s|| ě ||λs||,

where λs and λ1
s are defined as in (2.5.3).

Proposition 2.5.6 ([KV95, Theorems 8.2 and 12.4]). Suppose that q is θ-stable, and let π be an
irreducible type-zzpρuq projective pl, LXKq-module. Let

N :“ dimpu X kq

Then the following are true:

‚ If π is weakly unipotent in the weakly fair range, then LiRg
qpπq “ 0 for i ‰ N . If π is

unitary, then LNRg
qpπq is unitary.

‚ If π is in the good range, then LiRg
qpπq “ 0 for i ‰ N , and LNRg

qpπq is irreducible (and
nonzero). If π is unitary, then LNRg

qpπq is unitary.
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In the setting of Proposition 2.5.6, we say that the representation LNRg
qpπq is cohomologically

induced.

2.6. Parabolic induction in the extended group setting. It will be convenient to define a
version of parabolic induction in a setting which permits various real forms of L and G at once.
This is easy to do using the language of extended groups.

Let GΓ be a weak extended group and let LΓ be a Levi subgroup of GΓ(this means that LΓ is a
weak extended group equipped with an inclusion LΓ Ă GΓ, compatible with the projections to Γ,
such that L Ă G is a Levi subgroup). Choose a parabolic subgroup Q Ă G with Levi decomposition
Q “ LU . Even though we have not fixed a real form of G, it is reasonable to say that Q is ‘real’
or ‘θ-stable’ with respect to the inclusion LΓ Ă GΓ. This is justified by the following lemma.

Lemma 2.6.1. The following are equivalent:

(ia) The involution σZ of ZpLq determined by LΓ fixes the element ρu P Zplq.
(iia) There is a strong real form δ P LΓzL with δ2 P ZpGq such that AdpδqQ “ Q.
(iiia) Every strong real form δ P LΓzL with δ2 P ZpGq has AdpδqQ “ Q.

Also, the following are equivalent:

(ib) σZpρuq “ ´ρu.
(iib) There is a strong real form δ P LΓzL with δ2 P ZpGq such that AdpδqQ “ Qop.
(iiib) Every strong real form δ P LΓzL with δ2 P ZpGq has AdpδqQ “ Qop.

In the case of (ia)-(iiia), we say that Q is ‘real’. In the case of (ib)-(iiib), we say that Q is ‘θ-stable’.

Proof. We will prove the equivalence of conditions (ia)-(iiia). The equivalence of conditions (ib)-
(iiib) is proved by a similar argument.

Let δ P LΓzL be a strong real form of LΓ with δ2 P ZpGq. Then AdpδqQ is a parabolic subgroup
of G with Levi decomposition LAdpδqU . Clearly, ρAdpδqu “ Adpδqρu “ σZρu. On the other hand,
since AdpδqQ is a parabolic subgroup, it is determined by the element ρAdpδqu (it is the connected
subgroup of G corresponding to the nonnegative weights for ρAdpδqu). So AdpδqQ “ Q if and only
if σZpρuq “ ρu. This proves the equivalence of (ia)-(iiia). □

Now fix a finite-order element z P Zp_GqθZ and recall the order-2 element zpρuq P Zp_LqθZ

(2.5.2). Form the Grothendieck groups KΠzpGΓq and KΠzzpρuqpLΓq as in Definition 2.4.2. In this
setting, we define

(2.6.1) Rg
q : KΠzzpρuqpLΓq Ñ KΠzpGΓq, Rg

qpδ, πq “

#

pδ,Rg
qπq if δ2 P ZpGq

0 else

The expression pδ,Rg
qπq in the formula above requires a bit of explanation. If δ P LΓzL is a strong

real form of LΓ with δ2 P ZpGq, then δ can be regarded as a strong real form of GΓ. In particular,
conjugation by δ is a real form of G preserving L. Write LpRq Ă GpRq for the corresponding
groups of real points. Now we are in the setting described in the beginning of Section 2.5. In
particular, for π P KΠzzpρuqpLpRqq we can define the induced representation Rg

qπ P KΠzpGpRqq,

and pδ,Rg
qπq P KΠzpGΓq.

We now reexamine the issue of unitarity in the setting of extended groups. There are three cases
that will concern us.

Corollary 2.6.2. Let π P KΠ
zzpρuq

λ pLΓq be a linear combination of unitary irreducible projective

type-zzpρuq representations of strong real forms of LΓ of infinitesimal character λ P h˚. Then the
following are true:

(i) If Q is real, then Rg
qπ P KΠzpGΓq is a linear combination of unitary irreducible projective

type-z representations of strong real forms of GΓ.
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(ii) If Q is θ-stable and λ is in the good range for q (Definition 2.5.3), then Rg
qπ P KΠzpGΓq is

a linear combination of unitary irreducible projective type-z representations of strong real
forms of GΓ.

(iii) If Q is θ-stable, λ is in the weakly fair range for q (Definition 2.5.3), and π is weakly unipo-
tent (Definition 2.5.5), then Rg

qπ P KΠzpGΓq is a linear combination of unitary irreducible

projective type-z representations of strong real forms of GΓ (or 0).

Proof. This follows immediately from Lemma 2.6.1 and Propositions 2.5.2(iii) and 2.5.6. □

2.7. The Langlands classification via standard limit characters. In this section, we will
recall the classification of irreducible admissible representations in terms of standard limit characters
of Cartan subgroups. This formulation of the Langlands classification does not involve the dual
group.

Definition 2.7.1 ([ABV92, Definition 11.13]). Let GΓ be a weak extended group, and let GpRq be
a real form of G in the inner class defined by GΓ. A limit character for GpRq is a quadruple

Λ “ pHpRq,Λcan,∆`
iR,∆

`
R q

subject to the following conditions

(i) HpRq is the group of real points of a maximal torus H of G.
(ii) Λcan is an irreducible projective representation HpRq.
(iii) ∆`

iR Ă ∆pg, hq is a system of positive imaginary roots.

(iv) ∆`
R Ă ∆pg, hq is a system of positive real roots.

Suppose z is a finite-order element in Zp_GqθZ . We can regard z as an element of p_HqθZ via the
natural inclusion Zp_GqθZ Ď p_HqθZ . We say that Λ is of type z if Λcan is of type zzpρq. There
are various additional conditions which we may choose to impose on Λ:

(v) We say that Λ is standard if

xdΛcan, α_y ě 0, @α P ∆`
iR.

(vi) We say that Λ is nonzero if the following condition is satisfied: let α be a simple root in
∆`
iR such that

xdΛcan, α_y “ 0.

Then α is noncompact.
(vii) We say that Λ is final if the following condition is satisfied: let α be a real root such that

xdΛcan, α_y “ 0.

Then α does not satisfy the parity condition for Λ (see [ABV92, Definition 11.10]).

There is a notion of equivalence of limit characters for GpRq, see [ABV92, Definition 11.6]. Write
LzpGpRqq for the set of equivalence classes of final nonzero standard type-z limit characters for
GpRq.

Definition 2.7.2. Let GΓ be a weak extended group. A limit character for GΓ is a pair pδ,Λq

subject to the following conditions

(i) δ is a strong real form of GΓ.
(ii) Λ is a limit character for GpR, δq.

Two such pairs pδ,Λq and pδ1,Λ1q are equivalent if there is an element g P G such that gδg´1 “ δ1

and AdpgqΛ is equivalent to Λ1. Suppose z is a finite-order element in Zp_GqθZ . We say that pδ,Λq

is of type z (resp. final, resp. nonzero, resp. standard) if Λ is of type z (resp. final, resp. nonzero,
resp. standard). Write LzpGΓq for the set of equivalence classes of final nonzero standard type-z
limit characters for GΓ.
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The idea (made precise in Remark 2.7.4 below) is that a standard limit character is exactly
what is needed to specify a cuspidal parabolic subgroup QpRq “ MANpRq of GpRq, a limit of
discrete series representation πM of M , and a character ν of A. An induced representation like

Ind
GpRq

MANpRq
pπM b ν b 1q is the starting point for the original Langlands classification. The nonzero

condition is the same as the requirement that πM ‰ 0; the final condition eliminates representations
like the reducible unitary principal series of SL2pRq.

We will now explain how to attach representations to standard limit characters. Suppose Λ “

pHpRq,Λcan,∆`
iR,∆

`
R q is a standard type-z limit character for GpRq. Choose a Cartan involution θ

of GpRq which preserves HpRq, and a system of positive roots ∆` Ă ∆pg, hq satisfying the following
conditions

(1) ∆`
R Ď ∆`.

(2) ∆`
iR Ď ∆`.

(3) If α P ∆` and xdΛcan, α_y P Z, then

RexθdΛcan ´ dΛcan, α_y ě 0.

(4) ∆`z∆`
iR is ´θ-stable.

Let b “ h ‘ n be the Borel subalgebra of g corresponding to ∆`. Form the modules

LiRg
bpΛcanq P M zpg,Kq, i ě 0.

as in Section 2.5. Then LiRg
bpΛcanq “ 0 unless i “ dimpn X kq (this is [AV92, Lemma 8.19]; It

follows easily from the transitivity of induction and Propositions 2.5.2 and 2.5.6). The standard
limit representation attached to Λ is the type-z projective pg,Kq-module

MpΛq :“ LdimpnXkqR
g
bpΛcanq P M zpg,Kq.

Let πpΛq denote the co-socle of MpΛq, i.e. the largest completely reducible quotient of MpΛq. We
note that MpΛq (and hence πpΛq) is independent of the choice of ∆` (this is [AV92, Proposition
8.20]). Here is one version of the Langlands classification of irreducible representations.

Theorem 2.7.3 ([ABV92, Theorem 11.14]). Let GΓ be a weak extended group and let GpRq be a
real form of G in the inner class defined by GΓ. Suppose z is a finite-order element in Zp_GqθZ .
Then the following are true:

(i) If Λ P LzpGpRqq is a final nonzero type-z standard limit character, then the corresponding
representation πpΛq is irreducible.

(ii) The map Λ ÞÑ πpΛq defines a bijection

π : LzpGpRqq
„
ÝÑ ΠzpGpRqq

from equivalence classes of final nonzero type-z standard limit characters for GpRq to equiv-
alence classes of irreducible type-z projective representations of GpRq.

(iii) If Λ is a standard type-z limit character (not necessarily final or nonzero), then there is a
finite (possibly empty) set

finalpΛq Ă LzpGpRqq

such that

MpΛq “
à

Λ1PfinalpΛq

MpΛ1q and πpΛq “
à

Λ1PfinalpΛq

πpΛ1q.

(iv) The bijections in (ii) induce a bijection

π : LzpGΓq
„
ÝÑ ΠzpGΓq, πpδ,Λq “ pδ, πpΛqq

from equivalence classes of final nonzero type-z standard limit characters for G to equiva-
lence classes of irreducible type-z projective representations of strong real forms of G.
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Remark 2.7.4. It is helpful to recall the relationship between construction described above and
Langlands’ construction in [Lan79]. Suppose Λ is a final nonzero standard type-1 limit character
for GpRq. Let L Ă G denote the Levi subgroup corresponding to the imaginary roots in G. Let
Q “ LU denote the (unique) parabolic subgroup containing the Borel subgroup B constructed above.
Since the roots in u are stable under ´θ, Q is defined over R; QpRq is the cuspidal parabolic
mentioned after Definition 2.7.2, and LpRq “ MA. By the transitivity of induction

Rg
bpΛcanq » Rg

qpRl
lXbΛ

canq

» Rg
qppRl

lXbpΛcan b ρu{|ρu|q b |ρu|{ρuq

“ Ind
GpRq

QpRq
pRl

lXbpΛcan b ρu{|ρu|qq

The inner module Rl
lXbpΛcanbρu{|ρu|q is the relative limit of discrete series representation of LpRq

with Harish-Chandra parameter p∆`
iR,Λ

can b ρu{|ρu|q.

2.8. Coherent families. Fix all of the notation of Section 2.5. Choose a maximal torus H Ă G
and let X “ X˚pHq Ă h˚ denote the character lattice. If λ P h˚, let KM z

λpg,Kq denote the
Grothendieck group of finite-length projective type-z pg,Kq-modules of infinitesimal character λ.

Definition 2.8.1 ([Duf79], see also [Vog81, Definition 7.2.5]). Let λ P h˚. A coherent family of
projective type-z pg,Kq-modules based on λ`X is a function

Θ: λ`X Ñ KM zpg,Kq

such that

(i) For each λ1 P λ`X, Θpλ1q P KM z
λ1pg,Kq, and

(ii) For each λ1 P λ`X and finite-dimensional algebraic G-representation F , there is an identity
in KM zpg,Kq

Θpλ1q b F “
ÿ

µPX

mpµ, F qΘpµ` λ1q

where mpµ, F q denotes the multiplicity of µ in F .

We will need several basic results about coherent families. The first is a uniqueness theorem.

Theorem 2.8.2 ([Vog81, Theorem 7.2.27]). Let λ P h˚ and let M P KM z
λpg,Kq. Then there is a

coherent family
Θ: λ`X Ñ KM zpg,Kq

such that Θpλq “ M . If λ is regular, then Θ is unique.

This allows us to define

Definition 2.8.3. Suppose λ P h˚ is regular and let λ1 P λ`X. Then

T pλ Ñ λ1q : KM z
λpg,Kq Ñ KM z

λ1pg,Kq

is the Z-linear map defined by

T pλ Ñ λ1qM “ ΘM pλ1q, M P KM z
λpg,Kq,

where ΘM : λ`X Ñ KM zpg,Kq is the unique coherent family such that ΘM pλq “ M .

The second fact we will need is that coherent families are preserved under parabolic induction.
Fix the notation of Section 2.5, i.e. q, l, Rg

q, and so on.

Proposition 2.8.4 ([Vog81, Lemma 7.2.9]). Let Θ0 : λ ` X Ñ KM zzpρuqpl,K X Lq be a coherent
family of projective type-zzpρuq pl,K XLq-modules. Then Rg

q ˝Θ0 is a coherent family of projective
type-z pg,Kq-modules.
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2.9. Action of the Weyl group. Choose a maximal torus H Ă G, and let X “ X˚pHq Ă h˚

denote the character lattice. For each λ P h˚, we obtain a system of λ-integral roots

∆pλq “ tα P ∆pg, hq | xλ, α_y P Zu.

We denote by W pλq the Weyl group of ∆pλq. Note that

W pλq “ tw P W | wλ´ λ is a sum of roots in ∆pg, hqu.

We also define

∆λ “ tα P ∆pg, hq | xλ, α_y “ 0u, ∆ě0pλq “ tα P ∆pg, hq | xλ, α_y P Zě0u.

Note that ∆ě0pλq is a parabolic subsystem of ∆pλq with Levi subsystem ∆λ. We denote by Wλ

the Weyl group of ∆λ.
If λ is regular, it belongs to a unique Weyl chamber. If λ1 P λ`X is a (possibly singular) weight

belonging to this Weyl chamber, then we get a natural positive system for ∆λ1 :

∆`
λ1 “ tα P ∆λ1 | xλ, α_y ą 0u,

and hence a set of simple reflections in Wλ1 . Note that the positive system ∆`
λ1 and the associated

simple reflections in Wλ1 depend on the choice of λ (more precisely, on its Weyl chamber), although
this is not reflected in our notation.

Definition 2.9.1 ([Vog81, Definition 7.2.8]). Suppose λ P h˚ is regular. For each w P W pλq, let

T λw :“ T pλ Ñ w´1λq,

a Z-linear automorphism of KM z
λpg,Kq. The map w ÞÑ T λw defines a representation of W pλq on

KM z
λpg,Kq, called coherent continuation (at λ).

Sometimes, when the base point is understood, we will suppress the superscript λ from the
notation T λw.

Proposition 2.9.2 ([Vog81, Proposition 7.3.7 and Corollary 7.3.19]). Let λ P h˚. Choose λr P λ`X
regular with λ contained in its (closed) Weyl chamber. Consider the operator

T pλr Ñ λq : KM z
λrpg,Kq Ñ KM z

λpg,Kq.

(Definition 2.8.3). Then the following are true:

(i) If π P Πzλrpg,Kq, then T pλr Ñ λqπ is either irreducible or 0.
(ii) T pλr Ñ λq induces a bijection

tπ P Πzλrpg,Kq | T pλr Ñ λqπ ‰ 0u
„
ÝÑ Πzλpg,Kq.

(iii) If π P Πzλrpg,Kq, then T pλr Ñ λqπ “ 0 if and only if there is a simple reflection s P Wλ

such that T λrs π “ ´π.
(iv) Let π P Πzλrpg,Kq and suppose that T λrs π ‰ ´π for some simple reflection s P Wλ. Then

T λrs π “ π`Usπ, where Usπ is a Zě0-linear combination of irreducibles π1 such that T λrs π1 “

´π1.

From (iii) and (iv) of Proposition 2.9.2 we deduce the following lemma.

Lemma 2.9.3. Let λ P h˚. Choose λr P λ ` X regular with λ contained in its (closed) Weyl
chamber. Then for any simple reflection s P Wλ, we have

ker p1 ` T λrs q Ă kerT pλr Ñ λq.
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Proof. Suppose M P KM z
λr

pg,Kq lies in the kernel of 1` T λrs . Write M as a linear combination of
irreducibles:

M “
ÿ

πPΠzλr pg,Kq

cππ, cπ P Z.

Then by Proposition 2.9.2(iii) and (iv), we have

0 “ p1 ` T λrs qM “
ÿ

p1`Tλrs qπ‰0

cπp1 ` T λrs qπ “
ÿ

p1`Tλrs qπ‰0

cππ `
ÿ

p1`Tλrs qπ‰0

cπUspπq,

where each Uspπq is a linear combination of irreducibles π1 such that p1 ` T λrs qπ1 “ 0. It follows
that

0 “
ÿ

p1`Tλrs qπ‰0

cππ ` (linear combination of other irreducibles).

Hence, cπ “ 0 whenever p1 ` T λrs qπ ‰ 0 and therefore T pλr Ñ λqM “ 0, as desired. □

We will also need the following elementary facts about coherent continuation.

Lemma 2.9.4. Let λr P h˚ be regular and let λ P λr `X. Then the following are true:

(i) for any regular λ1
r P λr `X, we have

T pλr Ñ λq “ T pλ1
r Ñ λq ˝ T pλr Ñ λ1

rq;

(ii) for any w P W pλq, we have

T pλr Ñ λq “ T pwλr Ñ wλq.

Proof. Given M P KM z
λr

pg,Kq, let Θλr denote the unique coherent family based on λr ` X such

that Θλrpλrq “ M . Let N “ Θλrpλ1
rq “ T pλr Ñ λ1

rqM and let Θλ1
r denote the unique coherent

family based on λ1
r ` X “ λr ` X such that Θλ1

rpλ1
rq “ N . Since Θλrpλ1

rq “ N “ Θλ1
rpλ1

rq, the

uniqueness of coherent families implies that Θλr “ Θλ1
r . Thus

T pλr Ñ λqM “ Θλrpλq “ Θλ1
rpλq “ T pλ1

r Ñ λqN “ T pλ1
r Ñ λqT pλR Ñ λ1

rqM.

This proves (i).
For (ii), we argue similarly. For any λ1 P λ`X, let Θwλrpλ1q “ Θλrpw´1λ1q. Since the weights of

any finite-dimensional G-representation are W pλq-invariant, the map Θwλr : λ ` X Ñ KM zpg,Kq

is a coherent family. On the other hand, Θwλrpwλrq “ Θλrpλrq “ M , so by definition T pwλr Ñ

wλqM “ Θwλrpwλq “ Θλrpλq. It follows that

T pλr Ñ λqM “ Θλrpλq “ T pwλr Ñ wλqM.

This proves (ii). □

2.10. L-coherent families. Choose a Levi subgroup L Ă G and a maximal torus H Ă L. Write
X˚pLq for the lattice of one-dimensional representations of L, a sublattice of X “ X˚pHq.

Definition 2.10.1. Let λ P h˚. An L-coherent family of projective type-z pg,Kq-modules based on
λ`X˚pLq is a function

ΘL : λ`X˚pLq Ñ KM zpg,Kq

which is the restriction to λ`X˚pLq of a (classical) coherent family based on λ`X.

The following is an analog of Theorem 2.8.2.

Proposition 2.10.2. Let λ P h˚ and let M P KM z
λpg,Kq. Then there is an L-coherent family

ΘL : λ`X˚pLq Ñ KM zpg,Kq

such that ΘLpλq “ M . If λ is in the good range for l (Definition 2.5.3), then ΘL is unique.
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Proof. By Theorem 2.8.2, there is a (classical) coherent family Θ: λ ` X Ñ KMpg,Kq such that
Θpλq “ M . Its restriction to λ`X˚pLq is an L-coherent family with the desired property.

Now suppose that λ is in the good range for a parabolic subalgebra q Ă g with Levi factor l.
Choose any λ1 P λ ` X˚pLq and λr P λ ` X regular with λ in its chamber. For the uniqueness
claim, it suffices to show that

kerT pλr Ñ λq Ď kerT pλr Ñ λ1q.

WriteWL,λ1 “ WLXWλ1 , whereWL Ă W is the Weyl group of L. Note thatWL,λ1 is a Levi subgroup
of Wλ1 . Since λ is in the good range for q, we have that WL,λ “ Wλ, and since λ´ λ1 P X˚pLq, we
have that WL,λ “ WL,λ1 . Hence, Wλ is a Levi subgroup of Wλ1 . Now choose an element w P W pλq

such that λr contains wλ
1 in its (closed) Weyl chamber, and let s1, ..., sn be the simple reflections in

Wλ (corresponding to the positive system determined by λr). Then ws1w
´1, ..., wsnw

´1 are a set of
(possibly nonstandard) simple reflections for wWλw

´1, a Levi subgroup of wWλ1w´1 “ Wwλ1 . To
make them standard, choose an element w0 P Wwλ1 such that w0wWλw

´1w´1
0 is a standard Levi

subgroup of Wwλ1 with simple reflections w0ws1w
´1w´1

0 , ..., w0wsnw
´1w´1

0 , and let w1 “ w0w.
Note that w1λ

1 “ w0wλ
1 “ wλ1.

By Proposition 2.9.2, kerT pλr Ñ λq is spanned by irreducibles π such that T λrs π “ ´π for a
simple reflection s P Wλ. Fix some such pair pπ, sq and let s1 “ w1sw

´1
1 , a simple reflection in

Ww1λ1 by the construction of w1. By Lemma 2.9.4, we have that

T pλr Ñ λ1qπ “ T pw´1
1 λr Ñ λ1qT pλr Ñ w´1

1 λrqπ “ T pλr Ñ w1λ
1qT λrw1

π.

On the other hand,

T λrs1 T
λr
w1
π “ T λr

w1sw
´1
1 w1

π “ T λrw1
T λrs π “ ´T λrw1

π.

Thus, T λrw1
π is contained in kerT pλr Ñ w1λ

1q by Lemma 2.9.3. And so T pλr Ñ λ1qπ “ T pλr Ñ

w1λ
1qT λrw1

π “ 0, as desired. This completes the proof. □

This allows us to define

Definition 2.10.3. Suppose λ P h˚ is in the good range for l (Definition 2.5.3) and let λ1 P

λ`X˚pLq. Then

TLpλ Ñ λ1q : KM z
λpg,Kq Ñ KM z

λ1pg,Kq

is the Z-linear map defined by

TLpλ Ñ λ1qM “ ΘM
L pλ1q,

where ΘM
L : λ`X˚pLq Ñ KM zpg,Kq is the unique L-coherent family such that ΘM

L pλq “ M .

We conclude by mentioning an important construction of L-coherent families. Assume that L is
θ-stable. Then there is a group homomorphism

Rg
q : KM

zzpρuqpl, LXKq Ñ KM zpg,Kq.

Proposition 2.10.4. Let λ P h˚ and let ML P KM
zzpρuq

λ pl, LXKq. Then the function

ΘL : λ`X˚pLq Ñ KM zpg,Kq, ΘLpλ` µq “ Rg
qpML b µq

is an L-coherent family.

Proof. By the existence claim in Theorem 2.8.2, there is a (classical) coherent family for L

Θ0 : λ`X Ñ KM zzpρuqpl, LXKq

such that Θ0pλq “ ML. For any µ P X˚pLq, we have (by the definition of coherent family)

Θ0pλ` µq “ Θ0pλq b µ.
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Now let Θ :“ Rg
q ˝ Θ0. By Proposition 2.8.4, this is a coherent family for G, so its restriction to

λ`X˚pLq is an L-coherent family. But for any µ P X˚pLq we have

Θpλ` µq “ Rg
qΘ0pλ` µq “ Rg

qpML b µq “ ΘLpλ` µq.

This completes the proof. □

3. The Langlands classification via geometric parameters

In this section, we will recall the ABV formulation of the Langlands classification and the defini-
tion of Arthur packets. We will also define in Section 3.5 some convolution functors on categories
of sheaves on spaces of Langlands parameters. We will show in Section 3.6 that these functors are
dual, in a certain precise sense, to coherent continuation.

3.1. Geometric parameters. In this subsection, we will recall the definition of the ABV param-
eter space. It is helpful to introduce some general notation for reductive groups. Suppose A is a
complex reductive group with Lie algebra a and let λ P a be a semisimple element. For each z P C,
let az denote the z-eigenspace of the operator adpλq. Consider the nilpotent subalgebra

npλq “
à

nPZą0

an Ă a.

The canonical flat through λ is the affine subspace of a defined by

Fpλq “ λ` npλq.

If O Ă a is a semisimple A-orbit, we write

FpOq “ tFpλq | λ P Ou.

It is easy to see that the set FpOq is a partition of O. Moreover, the map e : a Ñ A given by
epλq “ expp2πiλq is constant on canonical flats. So if Λ is a canonical flat, we can write epΛq

without ambiguity.

Definition 3.1.1. Let _GΓ be a weak E-group. A geometric parameter for _GΓ is a pair py,Λq

consisting of a semisimple element y P _GΓ ´ _G and a canonical flat Λ Ă _g such that y2 “ epΛq.

The set of geometric parameters for _GΓ is denoted Xp_GΓq. Note that _G acts by conjugation
on Xp_GΓq. Two geometric parameters are said to be equivalent if they are conjugate under this
action.

The relation between geometric and classical Langlands parameters (Definition 2.3.2) is described
in the following proposition.

Proposition 3.1.2 ([ABV92, Corollary 5.9]). For any Langlands parameter φ P P p_GΓq, there is
a (unique) semisimple element λ “ λpφq P _g (called the ‘infinitesimal character’ of φ) such that

φpexpptqq “ expptλ` t̄Adpφpjqqλq, t P C.
The _G-equivariant map

P p_GΓq Ñ Xp_GΓq, φ ÞÑ pexppπiλqφpjq,Fpλqq.

induces a bijection on _G-orbits

Φp_GΓq “ P p_GΓq{_G
„
ÝÑ Xp_GΓq{_G.

Next, we recall some facts from [ABV92, Section 6] about the local geometry of Xp_GΓq. Fix a
semisimple _G-orbit O Ă _g, and consider the sets

Xp_GΓ,Oq “ tpy,Λq P Xp_GΓq | Λ P FpOqu, Y pOq “ ty P _GΓ ´ _G | y2 P epOqu.

There are _G-equivariant surjections

p‚q2 : Y pOq ↠ epOq, e : FpOq ↠ epOq,
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and hence a _G-equivariant isomorphism

Xp_GΓ,Oq » Y pOq ˆepOq FpOq.

By [ABV92, Proposition 6.13], the set Y pOq decomposes into finitely many _G-orbits, denoted

Y1, Y2, ..., Yk Ă Y pOq.

(of course, the integer k and the sets Yi depend on the choice of O, even though this is not reflected
in the notation). Fix one such _G-orbit Yi Ă Y pOq, and consider the subset

(3.1.1) Xp_GΓ,O, Yiq “ tpyi,Λq P Xp_GΓq | yi P Yi, Λ P FpOqu Ă Xp_GΓ,Oq.

There is a _G-equivariant surjection

p‚q2 : Yi ↠ epOq,

and hence a _G-equivariant isomorphism

Xp_GΓ,O, Yiq » Yi ˆepOq FpOq.

Now choose an element pyi,Λq P Xp_GΓ,O, Yiq. Define the following subgroups of _G:

_R “ Z_GpepΛqq0, _Ki “ Z_Rpyiq,
_P “ Stab_RpΛq.

Note that _R is (the identity component of) a pseudo-Levi subgroup of _G and _Ki (resp.
_P ) is

a symmetric (resp. parabolic) subgroup of _R. Sometimes we will write

_R “ _RpΛq, _Ki “ _Kpyiq,
_P “ _P pΛq

to indicate the dependence of these subgroups on the geometric parameter pyi,Λq.
There are _G-equivariant isomorphisms

Y » _G{_Ki, FpOq » _G{_P, epOq » _G{_R

and the maps p‚q2 : Yi Ñ epOq and e : FpOq ↠ epOq correspond to the inclusions _Ki Ă _R and
_P Ă _R. Thus

Xp_GΓ,O, Yiq » p_G{_Kiq ˆp_G{_Rq p_G{_P q

» _Gˆ_Ki p_R{_P q

In particular, there is an equivalence of categories (restrition to the fiber)

(3.1.2) DbC
_GalgXp_GΓ,O, Yiq

„
ÝÑ DbC

_Kalg
i p_R{_P q

3.2. Complete geometric parameters. Let _GΓ be a weak E-group. Fix a semisimple _G-orbit
O Ă _g and a _G-orbit Yi Ă Y pOq. Form the algebraic variety Xp_GΓ,O, Yiq as in (3.1.1), and
let _Galg denote the algebraic universal covering group of _G, i.e., the projective limit of all finite
coverings of _G.

Definition 3.2.1 ([ABV92, Definition 7.1]). A complete geometric parameter for p_GΓ,O, Yiq is a
pair px, τq consisting of a geometric parameter x P Xp_GΓ,O, Yiq and an irreducible representation
τ of the profinite group

Alocx :“ CompStab_Galgpxqq.

Note that _Galg acts by conjugation on the set of complete geometric parameters for p_GΓ,O, Yiq.
Two complete geometric parameters are said to be equivalent if they are conjugate under this
action. Write Ξp_GΓ,O, Yiq for the set of equivalence classes of complete geometric parameters for
p_GΓ,O, Yiq. Note that an element of Ξp_GΓ,O, Yiq can be regarded as a pair pS, τq consisting of a
_G-orbit S Ă Xp_GΓ,O, Yiq (i.e. an equivalence class of geometric parameters) and an irreducible
_Galg-equivariant local system τ on S.



THE UNITARITY OF ARTHUR PACKETS FOR REAL REDUCTIVE GROUPS 21

Write

C
_GalgXp_GΓ,O, Yiq “ category of _Galg-equivariant constructible sheaves on Xp_GΓ,O, Yiq

P
_GalgXp_GΓ,O, Yiq “ category of _Galg-equivariant perverse sheaves on Xp_GΓ,O, Yiq

Denote by K
_GalgXp_GΓ,O, Yiq the shared Grothendieck group of these two categories. To each

complete geometric parameter pS, τq P Ξp_GΓ,O, Yiq, we can associate two natural extensions:

µpS, τq “ j!τ P C
_GalgXp_GΓ,O, Yiq

P ps, τq “ j!˚τ rdimpSqs P P
_GalgXp_GΓ,O, Yiq

(here, j denotes the inclusion of S in its closure and j! (resp. j!˚) denotes the extension-byzero
(resp. intermediate extension)). For details, we refer the reader to the discussion following [ABV92,
Theorem 7.9]. The sets

tµpS, τq | pS, τq P Ξp_GΓ,O, Yiqu, tP pS, τq | pS, τq P Ξp_GΓ,O, Yiqu

form two natural Z-bases, in canonical bijection, for K
_GalgXp_GΓ,O, Yiq.

It is convenient to introduce some analogous notation for Xp_GΓ,Oq:

C
_GalgXp_GΓ,Oq :“

à

i

C
_GalgXp_GΓ,O, Yiq

P
_GalgXp_GΓ,Oq :“

à

i

P
_GalgXp_GΓ,O, Yiq

K
_GalgXp_GΓ,Oq :“

à

i

K
_GalgXp_GΓ,O, Yiq

Ξp_GΓ,Oq :“
ğ

i

Ξp_GΓ,O, Yiq

3.3. The Langlands classification via geometric parameters. In this section, we will re-
call the statement of the Langlands classification of irreducible representations, as formulated in
[ABV92].

Theorem 3.3.1 ([ABV92, Theorem 10.4]). Let pGΓ,Wq be an extended group for G and let
p_GΓ,Sq be a corresponding E-group with second invariant z. Fix an orbit O Ă _g of semisimple
elements. Then there is a natural bijection

(3.3.1) Ξp_GΓ,Oq
„
ÝÑ LzOpGΓq

from complete geometric parameters to equivalence classes of nonzero final type-z standard limit
characters. Composing with the bijection of Theorem 2.7.3(iv), we obtain a further bijection

π : Ξp_GΓ,Oq
„
ÝÑ ΠzOpGΓq

from complete geometric parameters to equivalence classes of irreducible type-z representations of
strong real forms of G.

Remark 3.3.2. Let φ : WR Ñ _GΓ be a Langlands parameter (Definition 2.3.2). Then the L-
packet corresponding to φ is the set of irreducible projective type-z representations

ΠzpGΓqφ :“ tπpx, τqu

where x is the geometric parameter corresponding to φ (Proposition 3.1.2) and τ runs over all
irreducible representations of Alocx .



22 JEFFREY ADAMS, ANDREI IONOV, LUCAS MASON-BROWN, AND DAVID VOGAN

For each complete geometric parameter ξ P Ξp_GΓ,Oq, letMpξq P KΠzOpGΓq denote the standard

representation with Langlands quotient πpξq. Note that the set

tMpξq | ξ P Ξp_GΓ,Oqu

is a basis for KΠzOpGΓq. Also define dpξq :“ dimpSq, where ξ “ pS, τq.

Theorem 3.3.3 ([ABV92, Theorem 1.24]). Let pGΓ,Wq be an extended group for G and let
p_GΓ,Sq be a corresponding E-group with second invariant z. Fix an infinitesimal character
O Ă _g. Then there is a unique perfect pairing

x´,´y : KΠzOpGΓq ˆKX
_Galgp_GΓ,Oq Ñ Z

such that

xMpξq, µpξ1qy “ epξqδξ,ξ1 , ξ, ξ1 P Ξp_GΓq

and

xπpξq, P pξ1qy “ epξqp´1qdpξqδξ,ξ1 , ξ, ξ1 P Ξp_GΓq.

Here epξq P t˘1u is the Kottwitz sign associated to the real form of G represented by πpξq, see
[Kot83] or [ABV92, Definition 15.8].

Since tMpξqu (resp. tµpξqu) is a basis for KΠzOpGΓq (resp. K
_GalgXp_GΓ,Oq), the uniqueness

of the pairing defined by one of the two properties is obvious. The content of the theorem is that
the pairings defined by both conditions coincide.

3.4. Langlands functoriality. In this section, we will review the general formalism of Langlands
functoriality, as developed in [ABV92]. Suppose pGΓ,Wq and pHΓ,WHq are extended groups. Let
p_GΓ,Sq and p_HΓ,SHq be corresponding E-groups with second invariants z and zH , respectively.
Suppose we are given an L-homomorphism ϵ : _HΓ Ñ _GΓ. Then there is a natural map

(3.4.1) ϵ : Xp_HΓq Ñ Xp_GΓq, ϵpyH ,ΛHq “ pϵpyq, ϵpΛHqq.

Here, ϵpΛHq denotes the unique canonical flat in _g containing dϵpΛHq. This map is clearly _H-
equivariant. Now fix

OH “ semisimple _H-orbit on _h, YH “ semisimple _H-conjugacy class in _HΓz_H

so that Y 2
H “ epOHq. Let O “ _G ¨ OH and Y :“ _G ¨ YH . Then (3.4.1) restricts to a closed

_H-equivariant morphism of algebraic varieties

(3.4.2) ϵ : Xp_HΓ, YH ,OHq Ñ Xp_GΓ, Y,Oq.

Choose an element pyH ,ΛHq P Xp_HΓ, YH ,OHq and let py,Λq “ ϵpyH ,ΛHq P Xp_GΓ, Y,Oq.
Define

_RH “ Z_HpepΛHqq0, _KH “ Z_HpyHq, _PH “ Stab_HpΛHq

and
_R “ Z_GpepΛqq0, _K “ Z_GpϵpyHqq, _P “ Stab_GpΛq.

As explained in Section 3.1, there are natural identifications

Xp_HΓ, YH ,OHq » _H ˆ_KH p_RH{_PHq, Xp_GΓ, Y,Oq » _Gˆ_K p_R{_P q.

Under these identifications, (3.4.2) corresponds to the _H-equivariant morphism

ϵ : _H ˆ_KH p_RH{_PHq Ñ _Gˆ_K p_R{_P q

induced by the maps ϵ : _H Ñ _G, ϵ : _RH Ñ _R, and so on.
Restriction along ϵ defines a functor

ϵ˚ : DbC
_GalgXp_GΓ, Y,Oq Ñ DbC

_Halg
Xp_HΓ, YH ,OHq
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of bounded derived categories of equivariant constructible sheaves, and hence a group homomor-
phism

ϵ˚ : K
_GalgXp_GΓ, Y,Oq Ñ K

_Halg
Xp_HΓ, YH ,OHq

of Grothendieck groups. Assembling these homomorphisms over the various YH and OH , we get a
group homomorphism

ϵ˚ : K
_GalgXp_GΓq Ñ K

_Halg
Xp_HΓq

Taking transpose, we get a group homomorphism in the opposite direction

(3.4.3) ϵ˚ : K
_Halg

Xp_HΓq˚ Ñ K
_GalgXp_GΓq˚.

(here, p‚q˚ stands for Z-linear dual). Theorem 3.3.3 provides identifications

KΠzH pHΓq » K
_Halg

Xp_HΓq˚, KΠzpGΓq » K
_GalgXp_GΓq˚

of these dual spaces with formal virtual representations of strong real forms forH andG respectively.
Under these identifications, the map (3.4.3) corresponds to a group homomorphism

(3.4.4) ϵ˚ : KΠzH pHΓq Ñ KΠzpGΓq

from formal virtual representations of strong real forms of H to formal virtual representations of
strong real forms of G. This final map is called Langlands functoriality. It is easy to describe its
behavior on standard representations.

If SH Ă Xp_HΓq is a _H-orbit (of geometric parameters for H) and S “ _G ¨ ϵpSHq, there is a
natural homomorphism of local component groups

Alocϵ : AlocSH Ñ AlocS ,

(notation from 3.2.1). Thus, for each complete geometric parameter pSH , τHq P Ξp_HΓq there is
an associated subset ϵ˚pSH , τHq Ă Ξp_GΓq of complete geometric parameters for G, defined by

(3.4.5) ϵ˚pSH , τHq :“ tp_G ¨ SH , τq | ϵ˚τ “ τHu

Proposition 3.4.1 ([ABV92, Proposition 23.7]). Let pSH , τHq P Ξp_HΓq be a complete geometric
parameter for H. Recall from Theorem 3.3.3 the corresponding (extension by zero) constructible
sheaf µpSH , τHq; the corresponding standard representation MpSH , τHq; and the Kottwitz sign
epSH , τHq. Suppose that pS, τq P ϵ˚pSH , τHq is a complete geometric parameter for G. Then

ϵ˚pµpS, τqq “ µpSH , τ ˝Alocϵ q

(Here τ ˝Alocϵ is a one-dimensional character of AlocSH .) Equivalently,

ϵ˚MpSH , τHq “ epSH , τHq
ÿ

pS,τqPϵ˚pSH ,τHq

epS, τqMpS, τq.

The first formula is the content of [ABV92, Proposition 23.7]. The second follows from the first
and the definition of duality in Theorem 3.3.3.

3.5. Convolution functors. Let _GΓ be a weak E-group. Fix a semisimple _G-orbit O Ă _g
and a _G-orbit Y Ă Y pOq. Form the algebraic variety Xp_GΓ,O, Y q as in (3.1.1).

Definition 3.5.1. Suppose O1 Ă _g is a semisimple _G-orbit. A translation datum from O to O1

is a pair pΛ,Λ1q such that

(i) Λ Ă O and Λ1 Ă O1 are canonical flats, and
(ii) epΛq “ epΛ1q; this condition ensures that _RpΛq “ _RpΛ1q “: _R.

Two translation data are equivalent if they are conjugate under _G.
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Remark 3.5.2. If we have a fixed maximal torus H Ă G, then an equivalence class of translation
data determines, and is determined by, a W pG,Hq-orbit of pairs pλ, λ1q in h˚ such that λ ´ λ1 P

X˚pHq. Given such a pair pλ, λ1q, we obtain a translation datum pΛ,Λ1q by identifying h˚ “ h_

and setting Λ “ Fpλq and Λ1 “ Fpλ1q. Conversely, given a translation datum pΛ,Λ1q, we obtain a
pair pλ, λ1q by identifying h˚ “ h_ and choosing λ P Λ X h˚ and λ1 P Λ1 X h˚.

Now fix a translation datum pΛ,Λ1q from O to O1 and an element py,Λq P Xp_GΓ,O, Y q. Below
we will define a functor

IpΛ Ñ Λ1q : K
_GalgXp_GΓ,O, Y q Ñ K

_GalgXp_GΓ,O1, Y q.

First, form the subgroups

_K “ _Kpyq Ă _R, _P “ _P pΛq Ă _R, _P 1 “ _P pΛ1q Ă _R

as in Section 3.1. There are natural maps

q : _R{p_P X _P 1q Ñ _R{_P, q1 : _R{p_P X _P 1q Ñ _R{_P 1.

Consider the ‘convolution’ functor

IpΛ Ñ Λ1q :“ q1
!q

˚ : DbCp_R{_P q Ñ DbCp_R{_P 1q

(the direct image q1
! preserves constructibility by [KS06, Exercise VIII.4]). This functor is compat-

ible with left _Kalg-actions. Thus it induces a functor

IpΛ Ñ Λ1q : DbC
_Kalg

p_R{_P q Ñ DbC
_Kalg

p_R{_P 1q.

Composing with the equivalences (3.1.2), this induces a functor

IpΛ Ñ Λ1q : DbC
_GalgXp_GΓ,O, Y q Ñ DbC

_GalgXp_GΓ,O1, Y q,

and hence a homomorphism (by taking Euler characteristics)

IpΛ Ñ Λ1q : K
_GalgXp_GΓ,O, Y q Ñ K

_GalgXp_GΓ,O1, Y q.

The next lemma establishes a composition property for such homomorphisms.

Lemma 3.5.3. Let O, O1, and Or be semisimple _G-orbits such that Or regular and let pΛ,Λrq
and pΛr,Λ

1q be translation data from O to Or and Or to O1, respectively. Suppose in addition that

_Pr “ _P pΛrq Ď _P pΛq “ _P.

Then on the level of Grothendieck groups, the following are true:

χpp_P X_ P 1q{p_Pr X_ P 1qqIpΛ Ñ Λ1q “ IpΛr Ñ Λ1q ˝ IpΛ Ñ Λrq

and

χpp_P X _P 1q{p_Pr X _P 1qqIpΛ1 Ñ Λq “ IpΛr Ñ Λq ˝ IpΛ1 Ñ Λrq,

where χ denotes the Euler characteristic, which is moreover a positive integer.

Proof. We have the following commutative diagram

_R{_Pr
_R{p_Pr X _P 1q

_R{_P _R{p_P X _P 1q _R{_P 1.

qr q̃1
r

q̃r

q1

q
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Note that by definition IpΛ Ñ Λrq “ q˚
r and IpΛr Ñ Λq “ pqrq!. So

IpΛr Ñ Λ1q ˝ IpΛ Ñ Λrq » q1
!pq̃

1
rq!pq̃rq

˚q˚
r » q1

!pq̃
1
rq!pq̃

1
rq

˚q˚

and

IpΛr Ñ Λq ˝ IpΛ1 Ñ Λrq » pqrq!pq̃rq!pq̃
1
rq

˚pq1q˚ » q!pq̃
1
rq!pq̃

1
rq

˚pq1q˚.

Moreover, by the projection formula

pq̃1
rq!pq̃

1
rq

˚ » pq̃1
rq!pC_R{p_PrX_P 1qq b ´.

Note that q̃1
r is a fibration with fiber p_P X_ P 1q{p_Pr X_ P 1q, which is itself an affine fibration

over a flag variety of _P X_ P 1. Hence, the constant sheaf C_R{p_PrX_P 1q is quasi-isomorphic to
its cohomology sheaf, which is concentrated in even degrees and forms a trivial local system over
_R{p_P X_ P 1q with stalk H˚

c pp_P X_ P 1q{p_Pr X_ P 1qq. The claim follows. □

Now assume that Or Ă _g is a regular semisimple _G-orbit. Choose a maximal torus _H Ă _R
and a Weyl group element w P W pOrq “ N_Rp_Hq{_H. Let 9w be a lift of w to N_Rp_Hq and
let Λ1 “ Adp 9wqΛr Ă Or. Then _P “ _B and _P 1 “ _B1 are Borel subgroups of _R satisfying
_B1 “ Adp 9wq_B. Consider the functor

(3.5.1) Iw : D
bC

_Kalg
p_R{_Bq Ñ DbC

_Kalg
p_R{_Bq

obtained by composing the convolution functor

IpΛr Ñ Λ1q : DbC
_Kalg

p_R{_Bq Ñ DbC
_Kalg

p_R{_B1q

with the equivalence

DbC
_Kalg

p_R{_B1q Ñ DbC
_Kalg

p_R{_Bq

obtained by pullback along the isomorphism _R{_B1 „
ÝÑ _R{_B, r_B1 ÞÑ r_B1 9w “ r 9w_B. It is

well known that the functors tIw | w P W pOqu define an action of W pOq on K
_Kalg

p_R{_Bq and

hence on K
_GalgXp_GΓ,O, Y q.

Lemma 3.5.4. Let O and Or be semisimple _G-orbits such that Or is regular and let pΛ,Λrq be a
translation datum from O to Or. Then on the level of Grothendieck groups we have

IpΛ Ñ Λrq ˝ IpΛr Ñ Λq “
ÿ

wPWΛ

Iw,

where WΛ is the singular Weyl group of Λ, a subgroup of W pOq.

Proof. Consider the Bruhat decomposition _P {_B “
Ů

wPWP

_B 9w_B{_B. Note that _B 9w_B{_B »_

B{p_B X Adp 9wq_Bq as _B-spaces. Thus the functor IpΛ Ñ Λrq ˝ IpΛr Ñ Λq admits a filtration
with adjoint quotients Iw. The claim follows. □

3.6. Convolution is dual to coherent continuation. Let pGΓ,Wq be an extended group for G
and let p_GΓ,Sq be a corresponding E-group with second invariant z. Let pΛ,Λ1q be a translation
datum from O to O1. As explained in Section 3.5, there is a convolution map

(3.6.1) IpΛ Ñ Λ1q : K
_GalgXp_GΓ,Oq Ñ K

_GalgXp_GΓ,O1q.

Choose a maximal torus H Ă G. Recall, Remark 3.5.2, that pΛ,Λ1q corresponds to a pair pλ, λ1q of
elements of h˚, well-defined up to simultaneous W pOq-conjugacy, such that λ´λ1 P X˚pT q. Let us
assume that H belongs to a Levi subgroup L such that

(GR1) λ1 is in the good range for l (Definition 2.5.3), and
(GR2) λ1 ´ λ P X˚pLq.
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Under these conditions, there is an L-coherent continuation map

(3.6.2) TLpλ1 Ñ λq : KΠzλ1pGΓq Ñ KΠzλpGΓq

see Definition 2.10.3. In this section, we will show that the maps (3.6.1) and (3.6.2) are dual under
the Vogan duality pairings

(3.6.3) KΠzλpGΓq ˆK
_GalgXp_GΓ,Oq Ñ Z, KΠzλ1pGΓq ˆK

_GalgXp_GΓ,O1q Ñ Z,

We begin with some special cases. The simplest case is when both O and O1 are regular. In this
case, the duality is well known.

Proposition 3.6.1 ([ABV92, Proposition 17.16], see also [Vog82, Lemma 14.5]). Assume O and
O1 are regular and let w P W pλq be the relative position of the Borel subgroups _B “ _P pΛq and
_B1 “ _P pΛ1q of _R. Then the operators T pλ1 Ñ λq and IpΛ Ñ Λ1q are dual under the Vogan
duality pairings (3.6.3).

The next simplest case is when there is an inclusion of parabolics _P pΛ1q Ď _P pΛq.

Lemma 3.6.2. In the setting described in the beginning of this section (in particular, assuming
conditions (GR1) and (GR2)), the following are true:

(i) Suppose that
_P 1 “ _P pΛ1q Ď _P pΛq “ _P.

Then the operators TLpλ1 Ñ λq and IpΛ Ñ Λ1q are dual under the Vogan duality pairings
(3.6.3).

(ii) Suppose in addition that _P 1 is a Borel. Let u P KΠzλ1pGΓq be invariant under Tw for all

w P Wλ and let v P KX
_Galgp_GΓ,O1q be arbitrary. Then

xTLpλ1 Ñ λqu, IpΛ1 Ñ Λqvy “ |Wλ|xu, vy,

where, recall, Wλ is the singular Weyl group of λ.

Proof. By Proposition 2.9.2, TLpλ1 Ñ λq takes irreducibles in KΠzλ1pGΓq to irreducibles or 0. On

the other hand, IpΛ Ñ Λ1q is just the pullback along the fiber bundle Xp_GΓ,O1q Ñ Xp_GΓ,Oq

(with fiber _P {_P 1). This functor takes irreducible perverse sheaves (shifted by the dimension of
their support) to irreducible perverse sheaves (shifted by the dimension of their support). This
proves (i).

Using part (i), Lemma 3.5.4 and Proposition 3.6.1, we get:

xTLpλ1 Ñ λqu, IpΛ1 Ñ Λqvy “ xu, IpΛ Ñ Λ1qIpΛ1 Ñ Λqvy

“ xu,
ÿ

wPWP

Iwvy

“ x
ÿ

wPWλ

Twu, vy

“ |Wλ|xu, vy.

This proves (ii). □

Theorem 3.6.3. In the setting described in the beginning of this section (in particular, assuming
conditions (GR1) and (GR2)), the operators TLpλ1 Ñ λq and IpΛ Ñ Λ1q are dual under the Vogan

duality pairings (3.6.3). That is, for any u P KΠzλ1pGΓq and v P KX
_Galgp_GΓ,Oq, we have

xTLpλ1 Ñ λqu, vy “ xu, IpΛ Ñ Λ1qvy.
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Proof. Choose conjugacy classes Or,O1
r Ă _g of regular semisimple elements and translation data

pΛ,Λrq and pΛ1,Λ1
rq from O to Or and O1 to O1

r, respectively, such that _Pr “ _B is a Borel
subgroup contained in _P and _P 1

r “ _B1 is a Borel subgroup contained in _P . Also choose
ur P KΠzO1

r
pGΓq, invariant under tTw | w P Wλ1u, such that u “ TLpλ1

r Ñ λ1qur (such a ur exists by

Proposition 2.9.2).
Note that

χpp_P X_ B1q{p_B X_ B1qq “ χpp_B X_ P 1q{p_B X_ B1qq “ 1,

since in both cases the numerator and denominator are solvable groups sharing a common maximal
torus, and so the quotients are affine spaces. Moreover,

χpp_P X_ P 1q{p_P X_ B1qq “ χpp_P X_ P 1q{p_B X_ P 1qq “ |Wλ1 |.

To see this, note that both quotients are affine fibrations over the flag variety of the Levi factor
of _P X_ P 1, and conditions (GR1) and (GR2) guarantee that this Levi factor coincides with the
Levi factor of P 1, which has Weyl group Wλ1 .

Now we compute

xu, IpΛ1 Ñ Λqvy “
1

|Wλ1 |
xTLpλ1

r Ñ λ1qur, IpΛ1
r Ñ Λ1qIpΛr Ñ Λ1

rqIpΛ Ñ Λrqvy (Lemma 3.5.3)

“
|Wλ1 |

|Wλ1 |
xur, IpΛr Ñ Λ1

rqIpΛ Ñ Λrqvy (Lemma 3.6.2(ii))

“xTLpλ1
r Ñ λrqur, IpΛ Ñ Λrqvy (Proposition 3.6.1)

“xTLpλr Ñ λqT pλ1
r Ñ λrqur, vy (Lemma 3.6.2(i))

“xTLpλ1
r Ñ λqur, vy (Lemma 2.9.4)

“xTLpλ1 Ñ λqu, vy (Proposition 2.10.2).

□

3.7. Arthur packets. Let pGΓ,Wq be an extended group for G and let p_GΓ,Sq be a correspond-
ing E-group with second invariant z. Fix an Arthur parameter ψ : WRˆSL2pCq Ñ _GΓ (Definition
2.3.3). Recall that ψ determines a Langlands parameter φψ (2.3.1) which in turn determines a point

py,Λq P Xp_GΓq (Proposition 3.1.2). This point can be described a bit more explicitly as follows.
Let ψ1 denote the restriction of ψ to WR, a tempered Langlands parameter, and let py1, λ1q

denote the corresponding pair as in Proposition 3.1.2. Next, let ψ2 denote the restriction of ψ to
SL2pCq, an algebraic homomorphism into _G. Define the elements

e “ dψ2

ˆ

0 1
0 0

˙

, f “ dψ2

ˆ

0 0
1 0

˙

, h “ dψ2

ˆ

1 0
0 ´1

˙

, y2 “ ψ2

ˆ

i 0
0 ´i

˙

Then the point py,Λq P Xp_GΓq is given by the formulas

y “ y1y2, λ “ λ1 `
1

2
h, Λ “ Fpλq.

Now use py,Λq to define the subgroups _R Ă _G, _K Ă _R, and _P Ă _R and the algebraic
variety Xp_GΓ,O, Y q as in Section 3.1. Let _θ “ Adpyq, an involution of _r with fixed points _k.
It is easy to see that e belongs to the subspace

nilp_pq´_θ Ă _r

Proposition 3.7.1 ([ABV92, Proposition 21.3]). In the setting described above, let S Ă Xp_GΓ,O, Y q

denote the _G-orbit of py,Λq. Then the co-normal space T ˚
Xp_GΓ,O,Y q,py,Λq

S to S Ă Xp_GΓ,O, Y q

at the point py,Λq is canonically identified with the subspace

p_r{_p ` _kq˚ Ă _r˚.
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If we fix a non-degenerate _GΓ-invariant symmetric bilinear form on _g, then the induced isomor-
phism

_r˚ „
ÝÑ _r

restricts to an isomorphism

p_r{_p ` _kq˚ „
ÝÑ nilp_pq´_θ.

In this way, the element e P nilp_pq´_θ corresponds to a vector in T ˚
Xp_GΓ,O,Y q,py,Λq

S. This vector

is generic, in that its _G-orbit is open and dense in T ˚
Xp_GΓ,O,Y q,py,Λq

S.

Definition 3.7.2 ([ABV92, Definition 22.4]). The Arthur component group of ψ is the pro-finite
group

Amicψ :“ CompStab_Galgpψqq.

Proposition 3.7.3 ([ABV92, Proposition 22.9]). In the setting described above, the inclusion

Stab_Galgpψq Ă Z_Galgpeq

induces an isomorphism

Amicψ
„
ÝÑ CompZ_Galgpeqq.

Moreover,

CompZ_Kalgpeqq “ CompZ_Galgpeqq.

Thus, there is a canonical isomorphism

Amicψ
„
ÝÑ CompZ_Kalgpeqq.

If P P P
_GalgXp_GΓ,O, Y q, then we can define the microstalk of P at the cotangent vector

ppy,Λq, eq P T ˚Xp_GΓ,O, Y q. This is a finite-dimensional representation of Amicψ , and defines an
exact functor

χmicψ : P
_GalgXp_GΓ,O, Y q Ñ ReppAmicψ q.

from the category of equivariant perverse sheaves on Xp_GΓ,O, Y q to finite-dimensional represen-

tations of Amicψ , see [ABV92, Theorem 24.8]. For any P P P
_GalgXp_GΓ,O, Y q, the cotangent

vector ppy,Λq, eq belongs to the singular support of P if and only if χmicψ pP q ‰ 0.

Remark 3.7.4. Below, we will need an alternative description of the vector space χmicψ pP q in
terms of the vanishing cycles functor. Let F be a complex analytic function defined on an open
neighborhood of py,Λq P Xp_GΓ,O, Y q such that

‚ F vanishes on the _G-orbit of py,Λq , and
‚ dF |py,Λq “ e.

Then there is a vanishing cycles functor

ΦF : PXp_GΓ,O, Y q Ñ P pF´1p0qq,

see e.g. [Gin86, Section 6] and [KS06, Section 8.6]. For any P P PXp_GΓ,O, Y q, there is an
isomorphism of vector spaces

χmicψ pP q » ΦF pP qpy,Λq,

where ΦF pP qpy,Λq denotes the stalk of ΦF pP q at py,Λq. In particular, we see that ppy,Λq, eq P SSpP q

if and only if ΦF pP qpy,Λq ‰ 0.

For any s P Amicψ , we get a linear functional

mmic
ψ psq : K

_GalgXp_GΓ,O, Y q Ñ Z, mmic
ψ psqpP q “ Trpχmicψ pP qpsqq.
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Definition 3.7.5 ([ABV92, Definition 22.6]). Let ψ : WRˆSL2pCq Ñ _GΓ be an Arthur parameter.
The Arthur packet attached to ψ is the set of irreducible projective type-z representations of strong
real forms of GΓ given by

ΠzpGΓqmicψ :“ tπpξq | χmicψ pP pξqq ‰ 0u.

For an element s P Amicψ , the s-stable sum associated to ψ is the virtual representation

ηmicψ psq :“
ÿ

ξPΞp_GΓ,Y,Oq

epξqp´1qdpξq´dpφψqmmic
ψ psqpP pξqqπpξq

in KΠzOpGΓq.

The following is immediate from Theorem 3.3.3.

Lemma 3.7.6. Let ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur parameter and let s P Amicψ . Then

the s-stable sum ηmicψ psq P KΠzOpGΓq corresponds to the functional mmic
ψ psq P K

_GalgXp_GΓ,Oq˚

under the Vogan duality pairing

x´,´y : KΠzOpGΓq ˆK
_GalgXp_GΓ,Oq Ñ Z

Proposition 3.7.7. Let ψ : WR ˆ SL2pCq Ñ _GΓ be a unipotent Arthur parameter. Then the
members of ΠzpGΓqmicψ are weakly unipotent (Definition 2.5.5).

Proof. Definition 2.5.5 allows us to reduce the case when g is semisimple. In this case, by [ABV92,
Corollary 27.13], a representation π P ΠzpGΓq belongs to a unipotent Arthur packet if and only if

AnnUpgqpπq “ Imaxp
1

2
hq,

where h is the semisimple element of an sl2-triple pe, f, hq in _g and Imaxp12hq is the unique maximal

ideal in Upgq of infinitesimal character 1
2h P _h{W “ h˚{W . By [BV85, Corollary 5.18], all such

representations are weakly unipotent. □

4. Decompositions of general Arthur packets

Let pGΓ,Wq be an extended group and let p_GΓ,Sq be a corresponding E-group with second
invariant z. Fix an Arthur parameter ψ : WR ˆ SL2pCq Ñ _GΓ. In this section, we will explain
how to realize the Arthur packet ΠzpGΓqmicψ via real parabolic and cohomological induction from a

unipotent Arthur packet for a Levi subgroup of GΓ. The structure which facilitates this realization
is called a decomposition of ψ. Formally, this is a sextuple

D “ ppMΓ
1 ,W1q, pMΓ

2 ,W2q, p_MΓ
1 ,S1q, p_MΓ

2 ,S2q, Q1, Q2q

where

‚ pMΓ
1 ,W1q and pMΓ

2 ,W2q are extended groups;
‚ p_MΓ

1 ,S1q and p_MΓ
2 ,S2q are corresponding E-groups;

‚ MΓ
2 Ă MΓ

1 Ă GΓ and _MΓ
2 Ă _MΓ

1 Ă _GΓ are Levi subgroups;
‚ Q1 Ă G (resp. Q2 Ă M1) is a real parabolic subgroup (resp. θ-stable parabolic subgroup)
with Levi factor M1 (resp. M2),

subject to the conditions

(i) The image of ψ belongs to _MΓ
2 . We write ψ2 : WR ˆ SL2pCq Ñ _MΓ

2 and ψ1 : WR ˆ

SL2pCq Ñ _MΓ
1 for the resulting Arthur parameters;

(ii) ψ2 is unipotent, i.e., ψ2pCˆq Ă Zp_M2q;
(iii) the infinitesimal character λ :“ λpφψq is in the weakly fair range for q2 (Definition 2.5.3);
(iv) the structures W, W1 and W2 (resp. S, S1, and S2) are compatible in a certain precise

sense which we will not describe here (see Definitions 4.2.1 and 4.3.1).
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Given such a structure, we can define maps (normalized real parabolic and cohomological induc-
tion)

Rg
q1 : KΠ

zzpρu1 q

λ pMΓ
1 q Ñ KΠzλpGΓq, Rm1

q2 : KΠ
zzpρu1 qzpρu2 q

λ pMΓ
2 q Ñ KΠ

zzpρu2 q

λ pMΓ
1 q,

(see Section 2.6) as well as maps (Langlands functoriality)

pϵ1q˚ : KΠ
zzpρu1 q

λ pMΓ
1 q Ñ KΠzλpGΓq, pϵ2q˚ : KΠ

zzpρu1 qzpρu2 q

λ pMΓ
2 q Ñ KΠ

zzpρu2 q

λ pMΓ
1 q,

(see Section 3.4). In section 4.2, we show that

(4.0.1) Rg
q1 ” pϵ1q˚

We also establish an identity in KΠzpGΓq

(4.0.2) ηmicψ p1q “ pϵ1q˚η
mic
ψ1

p1q.

Combining (4.0.1) and (4.0.2), we deduce

(4.0.3) ηmicψ p1q “ Rg
q1η

mic
ψ1

p1q.

Under an additional condition on the decomposition (namely, that _M1 “ Z_GpψpR`qq), we get
analogous identities for every s P Amicψ1

.
The situation for Rm1

q2 is considerably more subtle. In general, there is no simple relation between
Rm1

q2 and pϵ2q˚. However, in Section 4.3 we show that

(4.0.4) Rm1
q2 ” κpϵ2q˚

for an explicitly determined sign κ P t˘1u, provided the infinitesimal character λ is in the good

range for q2. Under the same condition on λ, we also get identities in KΠzzpρu1 qpMΓ
1 q

(4.0.5) ηmicψ1
psq “ pϵ2q˚η

mic
ψ2

psq, s P Amicψ2

Combining (4.0.4) and (4.0.5), we deduce that

(4.0.6) ηmicψ1
psq “ κRm1

q2 η
mic
ψ2

psq, s P Amicψ2
.

For an arbitrary decomposition (i.e., without the assumption that λ is good range), both (4.0.4)
and (4.0.5) are false. However, miraculously, we find that the identities (4.0.6) still hold. The proof
of this fact relies on a somewhat delicate Lie theory calculation, which is carried out in Appendix
A.

Combining (4.0.3) and (4.0.6), we finally arrive at the following identity:

(4.0.7) ηmicψ p1q “ κRg
q1R

m1
q2 η

mic
ψ2

p1q

Under the aforementioned condition on the decomposition (i.e., that _M1 “ Z_GpψpR`qq), we also
have the identities

ηmicψ psq “ κRg
q1R

m1
q2 η

mic
ψ2

psq, s P Amicψ2
.

Recall that ηmicψ p1q (resp. ηmicψ2
p1q) is a linear combination over ΠzpGΓqmicψ (resp. Πzzpρu1 qzpρu2 qpMΓ

2 qmicψ2
),

each member appearing with nonzero multiplicity. Thus, the identity (4.0.7) implies the following
relation on the level of Arthur packets

ΠzpGΓqmicψ Ď rRg
q1R

m1
q2 Π

zzpρu1 qzpρu2 qpMΓ
2 qmicψ2

s,

where, for S Ă KΠzpGΓq, rSs Ă ΠzpGΓq denotes the set of irreducibles appearing in the elements
of S when expanded in the basis of ΠzpGΓq. This is the sense in which a decomposition of ψ gives
a realization of ΠzpGΓqmicψ via parabolic induction from a unipotent Arthur packet.
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4.1. Induction data: general definitions. Let pGΓ,Wq be an extended group and let p_GΓ,Sq

be a corresponding E-group with second invariant z.

Definition 4.1.1. A weak induction datum (for the pair pGΓ,_GΓq) is a triple

I “ pMΓ,_MΓ, Qq

where

‚ MΓ is a weak extended group;
‚ _MΓ is a corresponding weak E-group;
‚ MΓ is a Levi subgroup of GΓ. This means that there is an inclusion MΓ Ă GΓ, compatible
with the projections MΓ, GΓ Ñ Γ, such that M Ă G is a Levi subgroup (in the ordinary
sense).

‚ _MΓ is a Levi subgroup of _GΓ. This means that there is an inclusion ϵ : _MΓ Ă _GΓ,
compatible with the projections _MΓ,_GΓ Ñ Γ, such that _M Ă _G is a Levi subgroup (in
the ordinary sense).

‚ Q Ă G is a parabolic subgroup with Levi factor M . We write U Ă G for its unipotent radical
and _Q “ _M_U for the dual parabolic subgroup of _G.

An induction datum (for the pair ppGΓ,Wq, p_GΓ,Sqq) is a triple

I “ ppMΓ,W0q, p_MΓ,S0q, Qq

where

‚ pMΓ,W0q is an extended group;
‚ p_MΓ,S0q is an E-group;
‚ pMΓ,_MΓ, Qq is a weak induction datum (for the pair pGΓ,_GΓq).

Often, we will have a (weak) induction datum I and an Arthur parameter ψ0 :WR ˆ SL2pCq Ñ
_MΓ. In this setting, we can introduce all of the structure defined in Section 3.4. We repeat
the definitions here in the present notation. The L-embedding ϵ : _MΓ Ă _GΓ induces a _M -
equivariant embedding of geometric parameter spaces

(4.1.1) ϵ : Xp_MΓq Ď Xp_GΓq.

Let py0,Λ0q P Xp_MΓq denote the geometric parameter corresponding to the Langlands parameter
φψ0 (Proposition 3.1.2), and let

py,Λq “ ϵpy0,Λ0q.

Also let

O0 “ _M ¨ Λ0, O “ _G ¨ Λ,

and

Y0 “ _M ¨ y0, Y “ _G ¨ y.

The embedding (4.1.1) restricts to a closed _M -equivariant embedding of algebraic varieties

(4.1.2) ϵ : Xp_MΓ, Y0,O0q Ď Xp_GΓ, Y,Oq.

Form the subgroups _R0 Ă _M , _R Ď _G, _K0 Ă _R0,
_K Ď _R, _P0 Ă _M , and _P Ď _G as

in Section 3.4. Then the embedding (4.1.2) corresponds to the natural map

ϵ : _M ˆ_K0 p_R0{_P0q Ñ _Gˆ_K p_R{_P q

induced by the inclusions _M Ă _G, _R0 Ă _R, and so on.
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4.2. Real induction data. Let pGΓ,Wq be an extended group and let p_GΓ,Sq be a corresponding
E-group with second invariant z.

Definition 4.2.1. Let I be an induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq (Definition 4.1.1).
We say that I is ‘real’ if the following conditions are satisfied

paRq for some (equivalently, every) pδ,N0, χ0q P W0, there is a pδ,N, χq P W such that N0 Ă N
and χ0 “ χ|N0pRq.

pbRq for some (equivalently, every) p_δ,_B0q P S0, there is a p_δ,_Bq P S such that _B “
_B0

_U .

We note that condition pbRq of Definition 4.2.1 implies that Q is real (in the sense of Lemma
2.6.1) and that p_MΓ,S0q is of type zzpρuq. Thus, we obtain two homomorphisms with the same
source and target

ϵ˚, R
g
q : KΠzzpρuqpMΓq Ñ KΠzpGΓq.

The homomorphism ϵ˚ is Langlands functoriality (Section 3.4). The homomorphism Rg
q is (normal-

ized) real parabolic induction (Section 2.6). Our first task is to show that these homomorphisms
coincide.

For the following lemma, we work in the setting of [ABV92, Chapter 13].

Lemma 4.2.2. Let I be a real induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq.

(i) Let pHΓ,W0pHΓq,∆`
R ,∆

`
iRq be a based Cartan subgroup of pMΓ,W0q ([ABV92, Definition

13.5]). Then pHΓ,W0pHΓq,∆`
R \ ∆Rpuq,∆`

iRq is a based Cartan subgroup of pGΓ,Wq.

(ii) Let p_HΓ,S0p_HΓq,_∆`
R ,

_∆`
iRq be a based Cartan subgroup of p_MΓ,S0q ([ABV92, Defi-

nition 13.7]). Then p_HΓ,S0p_HΓq,_∆`
R ,

_∆`
iR \ ∆iRp_uqq is a based Cartan subgroup of

p_GΓ,Sq.

Proof. For (i), choose δ P W0pHΓq. By the definition of a based Cartan subgroup, there is
some pδ,N0, χ0q P W0 and hence by paRq some pδ,N, χq P W such that N0 Ă N and χ0 “

χ|N0pRq. Choose a final limit character pδ,Λq “ pδ, pHpRq,Λcan,∆`
iR,∆

`
R \∆Rpuqqq P LzpGΓq. Then

pδ, pHpRq,Λcan,∆`
iR,∆

`
R qq P LzzpρuqpMΓq. Write pδ,Xq P KΠzpGΓq and pδ,X0q P KΠzzpρuqpMΓq for

the corresponding standard modules. By the transitivity of induction, we have X “ Rg
qX0. On

the other hand, since pHΓ,W0pHΓq,∆`
R ,∆

`
iRq is a based Cartan subgroup of pMΓ,W0q, we know

that X0 has a Whittaker model of type pN0, χ0q. Thus, by Proposition B.0.4(i), X “ Rg
qX0 has

a Whittaker model of type pN,χq. This proves that pHΓ,W0pHΓq,∆`
R \ ∆Rpuq,∆`

iRq is a based

Cartan subgroup of pGΓ,Wq.
For (ii), choose _δ P S0p_HΓq. By the definition of a based Cartan subgroup, there is some

p_δ,_B0q P S0 and hence by pbRq some p_δ,_Bq P S such that _B “ _B0
_U . Let _K0 “ _M

_δ

and _K “ _G
_δ. Since p_HΓ,S0p_HΓq,_∆`

R ,
_∆`

iRq is a based Cartan subgroup of p_MΓ,S0q,

we know that _∆`
iR is special with respect to _B0. Thus by Proposition B.0.7(i), _∆`

iR \ ∆iRp_uq

is special with respect to _B. This proves that p_HΓ,S0p_HΓq,_∆`
R ,

_∆`
iR \ ∆iRp_uqq is a based

Cartan subgroup of p_GΓ,Sq. □

Definition 4.2.3. Suppose σ is a real form of G and let Q “ MU Ă G be a parabolic subgroup
such that M is σ-stable. If

Λ “ pHpRq,Λcan,∆`
iR,∆

`
R q P LzzpρuqpMpRqq

we define

Λ# :“ pHpRq,Λcan,∆`
iR Y ∆iRpuq,∆`

R Y ∆Rpuqq.

This is a (possibly non-standard, non-final) limit character for GΓ.

Proposition 4.2.4. Let I be a real induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq. Then:
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(i) For each final limit character pδ,Λq P LzzpρuqpMΓq, we have

ϵ˚Mpδ,Λq “

#

Mpδ,Λ#q if δ2 P ZpGq

0 else

In this formula, pδ,Λq is a (possibly non-final) non-zero standard type-z limit character for
GΓ.

(ii) Real parabolic induction Rg
q satisfies an identical formula.

(iii) Consequently,

ϵ˚ ” Rg
q : KΠzzpρuqpMΓq Ñ KΠzpGΓq.

Proof. (ii) is immediate from the definition of Rg
q (Equation 2.6.1), the construction of standard

modules from standard limit characters, and transitivity of induction. (iii) follows from (i) and (ii)

since the set tMpδ,Λq | pδ,Λq P LzzpρuqpMΓqu forms a basis for KM zzpρuqpMΓq. We concentrate on
(i).

Write
αG : Ξp_GΓq

„
ÝÑ LzpGΓq

for the bijection of Theorem 3.3.1 with respect to the pair pGΓ,Wq, p_GΓ,Sq. Write αM for
the corresponding bijection for pMΓ,W0q, p_MΓ,S0q. Tracing through the construction of αG in
[ABV92, Chapter 13], and using Lemma 4.2.2 to match based Cartan subgroups, we see that

αGpϵ˚pα´1
M pδ,Λqqq “

#

tpδ,Λ1q | Λ1 P finalpΛ#qu if δ2 P ZpGq

0 else

where ϵ˚pα´1
M pδ,Λqq Ă Ξp_GΓq is the subset defined in (3.4.5) and finalpΛ#q is as defined in

Theorem 2.7.3. So by Proposition 3.4.1, we have

ϵ˚Mpδ,Λq “

#

epMpR, δqqepGpR, δqq
ř

Λ1PfinalpΛ#q Mpδ,Λ1q if δ2 P ZpGq

0 else
.

SinceMpR, δq is the Levi subgroup of a real parabolic subgroup ofGpR, δq, we have that epMpR, δqq “

epGpR, δqq by [Kot83, (6) of Corollary on p. 295]. And by Theorem 2.7.3(iii), we have
ÿ

Λ1PfinalpΛ#q

Mpδ,Λ1q “ Mpδ,Λ#q

This completes the proof of (i).
□

Our next task is to analyze the behavior of ϵ˚ with respect to Arthur packets.

Lemma 4.2.5. Let I be a weak induction datum for the pair pGΓ,_GΓq such that Q Ă G is real,
and let ψ0 :WR ˆ SL2pCq Ñ _MΓ be an Arthur parameter. Then there is a semisimple element s
in the identity component of Z_M pψ0q such that

_MΓ “ Z_GΓpsq.

Proof. For each t P R, let sptq :“ expptρuq P Zp_Mq. Choose any element _δ P _MΓz_M such
that _δ2 P Zp_Gq. Since Q is real, ρu P Zp_mq is _δ-fixed. Hence

(4.2.1) _MΓ Ď Z_GΓpsptqq

for every t P R. Moreover, since _M “ Z_Gpρuq, we have

(4.2.2) _M “ Z_Gpspt0qq

for t0 P R generic. (4.2.1) and (4.2.2) imply

_MΓ “ Z_GΓpspt0qq.
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Finally, note that tsptqu is a one parameter subgroup in Zp_MΓq Ă Z_Gpψq and hence belongs to
the identity component of Z_Gpψq. □

Proposition 4.2.6. Let I be a real induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq, and let
ψ0 :WR ˆSL2pCq Ñ _MΓ be an Arthur parameter. Let ψ “ ϵ ˝ψ0, an Arthur parameter for _GΓ.
Then

(i) There is an identity in KΠzpGΓq

ηmicψ p1q “ ϵ˚η
mic
ψ0

p1q;

(ii) There is an identity in KΠzpGΓq

ηmicψ p1q “ Rg
qη
mic
ψ0

p1q.

Proof. Choose s as in Lemma 4.2.5. Then p_MΓ,S0, sq is an endoscopic datum for p_GΓ,Sq in
the sense of [ABV92, Definition 26.15]. Now (i) follows from [ABV92, Theorem 26.25]. (ii) follows
from (i) together with Proposition 4.2.4(iii). □

Under an additional condition on I, we can prove a slightly stronger result. Recall the notation
of Section 4.1, e.g., _R, _R0,

_K, _K0, Xp_MΓ, Y0,O0q, Xp_GΓ, Y,Oq, and so on.

Lemma 4.2.7. Let I be a weak induction datum for the pair pGΓ,_GΓq such that Q Ă G is real,
and let ψ0 : WR ˆ SL2pCq Ñ _MΓ be an Arthur parameter. Assume that _M “ Z_Gpψ0pR`qq.
Then _R0 “ _R.

Proof. Write ψ1 “ ψ0|WR , a tempered Langlands parameter, and ψ2 “ ψ0|SL2pCq. Choose a maximal

torus _T Ă _G containing both ψ1pCˆq and the image under ψ2 of the diagonal torus in SL2pCq.
The restriction of ψ1 to Cˆ is a continuous group homomorphism Cˆ Ñ _T , which is necessarily
of the form

ψ1pzq “ zλ1 z̄µ1 , z P Cˆ,

for λ1, µ1 P _t satisfying λ1 ´ µ1 P X˚pT q (since the homomorphism Cˆ Ñ _T is restricted from a
Langlands parameter ψ1, we in fact have that µ1 “ Adpψ1pjqqλ1, but we will not use this fact). If
z P R`, we have

ψ1pzq “ zλ1 z̄µ1 “ zλ1`µ1 .

Since ψ1 is tempered, ψ1pR`q is bounded. Hence, λ1 ` µ1 P iRX˚p_T q.
Next, let h denote the image of diagp1,´1q under dψ2. Then

λ “ λpφψq “ λ1 `
1

2
h P _t.

By definition _R is the connected subgroup of _G with Lie algebra
_r “

à

nPZ

_gn,
_gn “ tX P _g | rλ,Xs “ nXu.

On the other hand, _R0 is the connected subgroup of _G with Lie algebra
_r0 “ Zψ1pR`qp

_rq.

Thus, it suffices to show that

α P ∆p_g,_T q, αpλq Ă Z ùñ αpψ1pR`qq “ t1u.

Write

λ “ λ1,re ` λ1,im `
1

2
h, λ1,re “

1

2
pλ1 ´ µ1q, λ1,im “

1

2
pλ1 ` µ1q.

Since λ1 ´ µ1 P X˚p_T q, we have

αpλ1,req “ αp
1

2
pλ1 ´ µ1qq P

1

2
Z, @α P ∆p_g,_tq.
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Since λ1 ` µ1 P iRX˚p_T q, we have

αpλ1,imq “ αp
1

2
pλ1 ` µ1qq P iR, @α P ∆p_g,_tq.

Finally, by the representation theory of sl2pCq

αp
1

2
hq P

1

2
Z, @α P ∆p_g,_tq.

So if αpλq P Z, then αpλ1,imq “ 0. Since ψ1pR`q “ exppRλ1,imq, this implies that αpψ1pR`qq “

t1u. □

Lemma 4.2.8. Let I be a weak induction datum for the pair pGΓ,_GΓq such that Q Ă G is real,
and let ψ0 : WR ˆ SL2pCq Ñ _MΓ be an Arthur parameter. Assume that _M “ Z_Gpψ0pR`qq.
Then ϵ induces a _G-equivariant isomorphism

ϵ : _Gˆ_M Xp_MΓ, Y0,O0q
„
ÝÑ Xp_GΓ, Y,Oq.

Proof. By Lemma 4.2.7, we have that _R0 “ _R and hence _P0 “ _P , _K0 “ _K. Thus, ϵ is the
map

ϵ : _M ˆ_K p_R{_P q Ñ _Gˆ_K p_R{_P q

induced by the inclusion _M Ă _G. The claim follows. □

Proposition 4.2.9. Let I be a real induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq, and let
ψ0 :WR ˆSL2pCq Ñ _MΓ be an Arthur parameter. Let ψ :“ ϵ˝ψ0, an Arthur parameter for _GΓ.
Assume that _M “ Z_Gpψ0pR`qq. Then the following are true:

(i) ϵ induces an isomorphism of Arthur component groups

Amicϵ : Amicψ0

„
ÝÑ Amicψ

(ii) For any s P Amicψ0
, there is an identity in KΠzpGΓq

ηmicψ pAmicϵ psqq “ ϵ˚η
mic
ψ0

psq.

(iii) For any s P Amicψ0
, there is an identity in KΠzpGΓq

ηmicψ pAmicϵ psqq “ Rg
qη
mic
ψ0

psq.

Proof. By Proposition 3.7.3, Amicϵ is the natural map

CompZ_Kalg
0

peqq Ñ CompZ_Kalgpeqq,

But by Lemma 4.2.7, _Kalg
0 “ _Kalg, so this map is an isomorphism. We note that (i) is also

immediate from Lemma 4.2.8 and the genericity of e (Proposition 3.7.1).

In view of Lemma 3.7.6, (ii) is equivalent to the following identity in K
_GalgXp_GΓ, Y,Oq˚:

(4.2.3) mmic
ψ0

psq ˝ ϵ˚ “ mmic
ψ psq

By Lemma 4.2.8, the functor

ϵ˚ : DbC
_GalgXp_GΓ, Y,Oq Ñ DbC

_Malg
Xp_MΓ, Y0,O0q

is an equivalence, with inverse the functor

p˚ : DbC
_Malg

Xp_MΓ, Y0,O0q Ñ DbC
_GalgXp_GΓ, Y,Oq,

where p : Xp_GΓ, Y,Oq Ñ Xp_MΓ, Y0,O0q is the fiber bundle (with fiber _G{_M). Thus (4.2.3)

is equivalent to the identity in K
_Malg

Xp_MΓ, Y0,O0q˚

mmic
ψ0

psq “ mmic
ψ psq ˝ p˚.

Since p is a smooth morphism, this is immediate from [KS06, Proposition 4.3.5].
(iii) follows from (ii) together with Proposition 4.2.4(iii). □
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Finally, we address the question of existence of real induction data.

Lemma 4.2.10. Let

I “ pMΓ,_MΓ, Qq

be a weak induction datum for the pair pGΓ,_GΓq such that Q Ă G real (Lemma 2.6.1). Then there
is an extended group structure W0 on MΓ and an E-group structure S0 on _MΓ such that

I “ ppMΓ,W0q, p_MΓ,S0q, Qq

is a real induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq.

Proof. Choose any Cartan subgroup HΓ Ă MΓ. By [ABV92, Proposition 13.6], there is a based
Cartan subgroup pHΓ,WpHΓq,∆`

iR,∆
`
R q of pGΓ,Wq. Choose any strong real form δ P WpHΓq.

Then by definition, Adpδq is a (quasi-split) real form of G and there is a Whittaker datum pN,χq

for GpR, δq such that pδ,N, χq P W. After possibly replacing pN,χq with a GpR, δq-conjugate, we
may assume that M is standard with respect to N . Then, N0 :“ N X M is a maximal unipotent
subgroup of M , normalized by δ, and χ0 :“ χ|N0pRq is a non-degenerate unitary character. Define

W0 :“ M ¨ pδ,N0, χ0q.

To construct S0, choose a fundamental Cartan subgroup _HΓ Ă _MΓ. Since _Q is θ-stable,
_HΓ is also a fundamental Cartan subgroup of _GΓ. By [ABV92, Proposition 13.8], there is a
based Cartan subgroup p_HΓ,Sp_HΓq,_∆`

iR,
_∆`

R q of p_GΓ,Sq. Choose any strong involution
_δ1 P Sp_HΓq. By definition, there is a large _δ1-stable Borel subgroup _B1 Ă _G such that
p_δ,_Bq P S. Choose (as is possible) a _δ1-stable Borel subgroup _B Ă _Q containing _H and
a Weyl group element w P W pG,Hq such that w∆p_B1q “ ∆p_Bq. Since both _B and _B1 are
_δ1-stable, w is _δ1-fixed. Choose any lift 9w P N_Gp_Hq of w, and consider the strong involution
_δ :“ 9w_δ 9w´1 of _GΓ. Since w is _δ1-fixed, we have that Adp_δq “ Adp_δ1q as involutions of
_H. Hence, _δ P _δ1H Ă _HΓ Ă _MΓ. Moreover, _B0 :“ _B X _M is a large _δ-stable Borel
subgroup of _M . Define

S0 :“
_M ¨ p_δ,_B0q.

By construction, the induction datum I :“ ppGΓ,Wq, pMΓ,W0q, p_GΓ,Sq, p_MΓ,S0q, Qq satisfies
properties paRq and pbRq of Definition 4.2.1, and is therefore real. □

4.3. θ-stable induction data. Let pGΓ,Wq be an extended group and let p_GΓ,Sq be a corre-
sponding E-group with second invariant z.

Definition 4.3.1. Let I be an induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq. We say that I
is ‘θ-stable’ if

paθq for some (equivalently, every) pδ,N0, χ0q P W0, there is
– a pδ,N, χq P W;
– an involution θ of G, preserving M and compatible with Adpδq;
– large θ-stable Borel subgroups B0 Ă M and B Ă G corresponding, under the bijections

of Proposition B.0.1, to pN0, χ0q and pN,χq, respectively
such that B “ B0U .

pbθq for some (equivalently, every) p_δ,_B0q P S0, there is
– a p_δ,_Bq P S;
– a real form σ of _G, preserving _M and compatible with Adp_δq;
– Whittaker data p_N0, χ0q and p_N,χq for _M and _G, corresponding, under the bi-

jections of Proposition B.0.1, to _B0 and _B, respectively
such that _N0 Ă _N and χ0 “ χ|_N0pRq.
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We note that condition paθq of Definition 4.3.1 implies that Q is θ-stable (in the sense of Lemma
2.6.1) and condition pbθq implies that p_MΓ,S0q is of type zzpρuq. Thus, we obtain two homomor-
phisms with the same source and target

ϵ˚, R
g
q : KΠzzpρuqpMΓq Ñ KΠzpGΓq.

The homomorphism ϵ˚ is Langlands functoriality (Section 3.4). The homomorphism Rg
q is (nor-

malized) cohomological induction (Section 2.6). Our first task is to compare these homomorphisms
(in contrast to the case of real induction data, these homomorphisms do not coincide in general).

For the following lemma, we work in the setting of [ABV92, Chapter 13].

Lemma 4.3.2. Let I be a θ-stable induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq.

(i) Let pHΓ,W0pHΓq,∆`
R ,∆

`
iRq be a based Cartan subgroup of pMΓ,W0q. Then pHΓ,W0pHΓq,∆`

R ,∆
`
iR\

∆iRpuqq is a based Cartan subgroup of pGΓ,Wq.
(ii) Let p_HΓ,S0p_HΓq,_∆`

R ,
_∆`

iRq be a based Cartan subgroup of p_MΓ,S0q. Then p_HΓ,S0p_HΓq,_∆`
R\

∆Rp_uq,_∆`
iRq is a based Cartan subgroup of p_GΓ,Sq.

Proof. For (i), choose δ P W0pHΓq. By the definition of a based Cartan subgroup, there is some
pδ,N0, χ0q P W0 and hence, by paθq, a pδ,N, χq P W, involution θ of G, preserving M and compat-
ible with Adpδq, and large θ-stable Borels B0 Ă M and B Ă G, corresponding pN0, χ0q and pN,χq,
such that B “ B0U . Choose a final limit parameter pδ,Λq “ pδ, pHpRq,Λcan,∆`

R ,∆
`
iR \ ∆iRpuqqq P

LzpGΓq. Then pδ, pHpRq,Λcan,∆`
R ,∆

`
iRqq P LzzpρuqpMΓq. Write pδ,Xq P KΠzpGΓq and pδ,X0q P

KΠzzpρuqpMΓq for the corresponding standard modules. By the transitivity of induction, we have
X “ LdimpuθqR

g
qX0 (cohomological induction in the good range). Since pHΓ,W0pHΓq,∆`

R ,∆
`
iRq

is a based Cartan subgroup of pMΓ,W0q, we know that X0 has a Whittaker model of type
pN0, χ0q. Thus by Proposition B.0.4(ii), X has a Whittaker model of type pN,χq. This proves
that pHΓ,W0pHΓq,∆`

R ,∆
`
iR \ ∆iRpuqq is a based Cartan subgroup of pGΓ,Wq.

For (ii), choose _δ P S0p_HΓq. By the definition of a based Cartan subgroup, there is some
p_δ,_B0q P S0, and hence, by pbθq, a p_δ,_Bq P S, a real form σ of _G preserving _M and
compatible with Adp_δq, and Whittaker data p_N0, χ0q and p_N,χq corresponding to _B0 and
_B, such that _N0 Ă _N and χ0 “ χ|_N0pRq. Since p_HΓ,S0p_HΓq,_∆`

R ,
_∆`

iRq is a based Cartan

subgroup of p_MΓ,S0q, we know that ∆`
iR is special with respect to _B0. Thus by Proposition

B.0.7(ii), ∆`
iR is special with respect to _B. This proves that p_HΓ,S0p_HΓq,_∆`

R\∆Rp_uq,_∆`
iRq

is a based Cartan subgroup of p_GΓ,Sq. □

Recall the operation Λ ÞÑ Λ# on limit characters (Definition 4.2.3).

Proposition 4.3.3. Let I be a θ-stable induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq, and let
_O0 Ă _m be a semisimple _M -orbit in the good range for q (Definition 2.5.3).

(i) For each final limit character pδ,Λq P L
zzpρuq
_O0

pMΓq, we have

ϵ˚Mpδ,Λq “

#

epMpR, δqqepGpR, δqqMpδ,Λ#q if δ2 P ZpGq

0 else

In this formula, pδ,Λ#q is a final non-zero standard type-z limit character for GΓ.
(ii) Cohomological induction induction Rg

q satisfies a similar formula, but with a different sign:

Rg
qMpδ,Λq “

#

p´1qdimpuθqMpδ,Λ#q if δ2 P ZpGq

0 else

(iii) Consequently

ϵ˚ ” κRg
q : KΠ

zzpρuq
_O0

pMΓq Ñ KΠzpGΓq,
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where κ is a sign, depending only on I, given by the formula

κ “ p´1qdimpuq`qpG˚q´qpM˚q

where G˚ (resp. M˚) is the quasisplit real form in the inner class defined by GΓ (resp. MΓ)
and qpG˚q is half the dimension of the ´1-eigenspace of a Cartan involution for G˚.

Proof. (ii) is immediate from the definition of Rg
q (Equation (2.6.1), the construction of stan-

dard modules from standard limit characters, and the transitivity of induction. (iii) follows from
(i), (ii), and the following calculation with Kottwitz signs: recall that by definition epGpR, δqq “

p´1qqpGpR,δqq´qpG˚q, where qpGpRqq “ 1
2 dimpg´θq. Note that qpGpR, δqq ´ qpMpR, δqq “ dimpu´θq.

So

epGpR, δqqepMpR, δqqp´1qdimpuθq “ p´1qqpG˚q´qpM˚q`dimpu´θq`dimpuθq “ p´1qdimpuq`qpG˚q´qpM˚q

The proof of (i) is similar to the proof of Proposition 4.2.4(i), except that we use Lemma 4.3.2
instead of Lemma 4.2.2 and the limit character pδ,Λ#q is final (so no finalization is required). □

Our next task is to analyze the behavior of ϵ˚ with respect to Arthur packets. Recall the notation
of Section 4.1, e.g., _R, _R0,

_K, _K0, Xp_MΓ, Y0,O0q, Xp_GΓ, Y,Oq, and so on.

Lemma 4.3.4. Let I be a weak induction datum for the pair pGΓ,_GΓq such that Q Ă G is θ-stable,
and let ψ0 :WR ˆ SL2pCq Ñ _MΓ be an Arthur parameter. Then

(i) _QX _R is a parabolic subgroup of _R with Levi factor _R0.
(ii) Suppose that λpφψ0q is in the good range for q. Then _P Ă _Q. More precisely, _QX_R “

_R0
_P .

Proof. Since S1 commutes with Cˆ ˆ SL2pCq in WR ˆ SL2pCq, ψpS1q commutes with λ “ λpφψ0q

in _G. Since _R “ Z_Gpepλqq0, this implies that ψ0pS1q Ă _R. Thus, _Q X _R is the connected
subgroup of _R defined by the co-character ψ0|S1 : S1 Ñ _R. This is a parabolic subgroup of _R
with Levi factor

Zψ0pS1qp
_Rq “ Zψ0pS1qpZ_Gpepλqq0q “ ZZψ0pS1q

p_Gqpepλqq0 “ Z_M pepλqq0 “ _R0.

This proves (i)
For (ii), choose any maximal torus _H containing ψ0pCˆq so that _H Ă _P and _H Ă _Q. We

have
∆pnilp_pq,_hq “ tα_ P ∆ | xψ0|R` , α_y “ 0 and xλ, α_y P Zą0u,

and

∆pnilp_q X _rq,_hq “ tα_ P ∆ | xψ0|R` , α_y “ 0, xλ, α_y P Z, and xψ0|S1 , α_y P Zą0u

So, assuming ψ0 is in the good range, we have that ∆pnilp_qX _rq,_hq Ă ∆pnilp_pq,_hq, and hence
nilp_qX _rq Ă nilp_pq. For parabolic subalgebras a and b containing a common Cartan subalgebra,
nilpaq Ă nilpbq implies b Ă a. So we have _p Ă _q X _r and therefore _P Ă _Q X _R. The claim
that _QX _R “ _R0

_P follows immediately. □

Now consider the _M -invariant subset

Ũ :“ _M ¨ ϵpXp_MΓ, Y0,O0qq Ă Xp_GΓ, Y,Oq.

Lemma 4.3.5. Let I be a weak induction datum for the pair pGΓ,_GΓq such that Q Ă G is θ-
stable, and let ψ0 : WR ˆ SL2pCq Ñ _MΓ be an Arthur parameter. Assume that λpφψ0q is in the
good range for q. Then the following are true:

(i) ϵ induces a _G-equivariant isomorphism

_Gˆ_M Xp_MΓ, Y0,O0q
„
ÝÑ rU.

(ii) Ũ is an open subset of Xp_GΓ, Y,Oq.
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Proof. For (i), it is equivalent to show that the natural map

(4.3.1) _K ˆ_K0
_R0{_P0 Ñ _R{_P

is injective, i.e. that the stabilizer in _K of each point in _R0
_P {_P Ă _R{_P belongs to _K0.

But every such stabilizer is contained in

_K X _R0
_P,

and by Lemma 4.3.4, we have that _R0
_P “ _QX _R. So

_K X _R0
_P “ _K X _QX _R “ _K X _R0 “ _K0.

This proves (i).
For (ii), we must show that the image of (4.3.1), namely _K_R0

_P {_P is an open subset of
_R{_P . By part (i), this subset is the image of an injective map from an irreducible variety, and
hence locally closed and irreducible. So it suffices to show that

dimp_K0
_R0

_P {_P q “ dimp_R{_P q.

This follows by comparing tangent spaces at the point _P {_P . The tangent space in _R{_P is
_r{_p, whereas the tangent space in _K_R0

_P {_P is

p_k `_ r0 `_ pq {_p “ p_k ` p_q X_ rqq {_p.

Thus, it suffices to check
_k ` p_q X_ rq “_ r.

This follows from the fact that the parabolic _q X_ r Ă _r is real, i.e. taken to its opposite by the
Cartan involution defining _k. □

Proposition 4.3.6. Let I be a θ-stable induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq, and let
ψ0 : WR ˆ SL2pCq Ñ _MΓ be an Arthur parameter. Assume that λpφψ0q is in the good range for

q. Let ψ :“ ϵ ˝ ψ0, an Arthur parameter for _GΓ. Then the following are true:

(i) ϵ induces an isomorphism of Arthur component groups

Amicϵ : Amicψ0

„
ÝÑ Amicψ

(ii) For any s P Amicψ0
, there is an identity in KΠzpGΓq

ηmicψ pAmicϵ psqq “ ϵ˚η
mic
ψ0

psq.

(iii) For any s P Amicψ0
, there is an identity in KΠzpGΓq

ηmicψ pAmicϵ psqq “ κRg
qη
mic
ψ0

psq,

where κ is the sign of Proposition 4.3.3(iii).

Proof. In view of Lemmas 4.3.3(iii) and 4.3.5, the proof is basically identical to that of Proposition
4.2.9. □

We now consider the case of weakly fair range Arthur parameters.

Proposition 4.3.7. Let I be a θ-stable induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq, and let
ψ0 :WR ˆ SL2pCq Ñ _MΓ be a unipotent Arthur parameter. Assume that λpφψ0q is in the weakly

fair range for q. Let ψ :“ ϵ ˝ ψ0, an Arthur parameter for _GΓ. Then the following are true:

(i) ϵ induces an isomorphism of Arthur component groups

Amicϵ : Amicψ0

„
ÝÑ Amicψ



40 JEFFREY ADAMS, ANDREI IONOV, LUCAS MASON-BROWN, AND DAVID VOGAN

(ii) For any s P Amicψ0
, there is an identity in KΠzpGΓq

ηmicψ pAmicϵ psqq “ κRg
qη
mic
ψ0

psq.

Here, Rg
q is cohomological induction in the weakly fair range and κ is the sign defined in

Proposition 4.3.3(iii).

Proof. Let 2ρu denote the algebraic co-character Cˆ Ñ Zp_Mq or algebraic character M Ñ Cˆ

corresponding to the sum of the roots in u. For any integer N , we obtain an Arthur parameter
ψN0 : WR ˆ SL2pCq Ñ _MΓ according to the formula

ψN0 pjq “ ψ0pjq, ψN0 |SL2pCq “ ψ0|SL2pCq, ψN0 pzq “ ψ0pzqp2ρuqpz{zq2N z P Cˆ

The Arthur packets and s-stable sums for ψN0 and ψ0 are related by the formulas

(4.3.2) ΠzzpρuqpMΓqmic
ψN0

“ ΠzzpρuqpMΓqmicψ0
b p2ρuq2N , ηmic

ψN0
psq “ ηmicψ0

psq b p2ρuq2N .

Define an Arthur parameter ψN : WR ˆ SL2pCq Ñ _GΓ for _GΓ by ψN :“ ϵ ˝ ψN0 .
Let zf P Zp_mq denote the holomorphic part of the differential of ψ0|Cˆ and let h P _m denote

the image of diagp1,´1q under dψ|sl2pCq. Let zg “ zf`4Nρu, the holomorphic part of the differential

of ψN0 |Cˆ . Then

λf :“ λpφψq “
1

2
h` zf , λg :“ λpφψN q “

1

2
h` zg.

(notation as in Proposition 3.1.2). Now choose N ąą 0 so that λg is strictly dominant for u (this is
possible by Lemma 2.5.4). This means that ψN is in the good range for I. So by Proposition 4.3.6(i),

we have Amic
ψN0

„
ÝÑ Amic

ψN
. On the other hand, by Proposition 3.7.3, we have natural identifications

Amicψ0
» CompZ_Kalg

M
peqq » Amic

ψN0
, Amicψ » CompZ_Kalgpeqq » AmicψN .

Thus, all four component groups Amicψ0
, Amic

ψN0
, Amic

ψN
, and Amicψ are canonically identified (with each

other, and with CompZ_Kalgpeqq). This proves (i).
We proceed to proving (ii). Since ψN is in the good range for I, Proposition 4.3.6(iii) implies

that for each s P Amicψ0
, there is an identity in KΠzpGΓq

(4.3.3) ηmicψN pAmicϵ psqq “ κRg
qη
mic
ψN0

psq

Since λg is good and λf ´ λg P X˚pMq, there is a well-defined M -coherent continuation homomor-
phism (Definition 2.10.3)

TM pλg Ñ λf q : KΠzλgpGΓq Ñ KΠzλf pGΓq

To prove the identity in (ii), we will apply this homomorphism to both sides of (4.3.3). By Propo-
sition 2.10.4 and (4.3.2), we have

(4.3.4) TM pλg Ñ λf qκRg
qη
mic
ψN0

psq “ κRg
qη
mic
ψ0

psq.

Thus, it suffices to show that

TM pλg Ñ λf qηmicψN pAmicϵ psqq “ ηmicψ pAmicϵ psqq.

In view of Theorem 3.6.3 and Lemma 3.7.6, this is equivalent to the following identity inK
_GalgXp_GΓ, Y,Of q˚

mmic
ppy,Λgq,eqpA

mic
ϵ psqq ˝ IpΛf Ñ Λgq “ mmic

ppy,Λf q,eqpA
mic
ϵ psqq,

where Λf “ Fpλf q and Λg “ Fpλgq. This is immediate from the following lemma.

Lemma 4.3.8. Let G P P
_GalgXp_GΓ, Y,Of q. Then there is an isomorphism of Amicψ -representations

χmicppy,Λgq,eqIpΛf Ñ ΛgqpGq » χmicppy,Λf q,eqpGq.
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Proof. Let _R “ _Rpyq, _Pg “ _P pΛgq, _Pf “ _P pΛf q, and consider the correspondence

_R{p_Pg X _Pf q

_R{_Pg
_R{_Pf

qg

qf

Recall that after identifying P
_GalgXp_GΓ, Y,Ogq » P

_Kalg
p_R{_Pgq and P

_GalgXp_GΓ, Y,Of q »

P
_Kalg

p_R{_Pf q, the convolution functor IpΛf Ñ Λgq is given by pqgq! ˝ q˚
f .

Factor qg as qg “ pg ˝ ι, where

ι : _R{p_Pg X _Pf q Ñ _R{_Pg ˆ _R{_Pf

is the diagonal embedding, and

pg :
_R{_Pg ˆ _R{_Pf Ñ _R{_Pg

is the first projection. Regard G as an object in P
_Kalg

p_R{_Pf q and let F “ q˚
fG. We wish to

show that there is an isomorphism

(4.3.5) χmicp1_Pg ,eqppgq!ι!F » χmicp1_Pf ,eqG

of representations of Amicψ . By the general properties of microlocalization functors under pullbacks

and pushforwards ([KS06, Proposition 4.3.4, Proposition 4.3.5]) there is a natural morphism of
Amicψ -representations

χmicp1_Pg ,eqppgq!ι!F Ñ χmicp1_Pf ,eqG.
It remains to show that this morphism is an isomorphism of vector spaces.

For a _K-orbit S on _R{_Pf and a _R-orbit T on _R{_Pg ˆ_ R{_Pf , let

SS,T “ p_R{_Pg ˆ Sq X T.

Then tSS,T u is a stratification of _R{_Pg ˆ_ R{_Pf by smooth locally closed subsets. Note that ι
is simply an inclusion of a union of strata and F is constructible with respect to this stratification.
Thus, so is ι!F . In particular,

(4.3.6) SSpι!Fq Ă
ď

S, TĂ_R¨p1_Pg ,1_Pf q

T ˚
SS,T p_R{_Pg ˆ_ R{_Pf q ,

where the union runs over all _R-orbits T in the closure of _R ¨ p1_Pg, 1
_Pf q and all _K-orbits S

on _R{_Pf .
Let us study the conormal bundle T ˚

SS,T p_R{_Pg ˆ_ R{_Pf q in more detail. Choose a point

pg_Pg, h
_Pf q P SS,T . The conormal space of _R{_Pg ˆ S Ă _R{_Pg ˆ_ R{_Pf at the point

pg_Pg, h
_Pf q is given by

(4.3.7) t0u ‘ pAdphq_uf q´_θ

(after identifying the cotangent space p_r{Adpgq_pgq˚ ‘ p_r{Adphq_pf q˚ with Adpgqug ‘Adphquf
using an invariant bilinear form as in Proposition 3.7.1). On the other hand, the conormal space
of T Ă _R{_Pg ˆ_ R{_Pf at pg_Pg, h

_Pf q is given by

(4.3.8) tpx,´xq | x P Adpgq_ug X Adphq_ufu

Since SS,T “ p_R{_Pg ˆ Sq X T , the conormal space to SS,T at pg_Pg, h
_Pf q is the sum of the

subspaces (4.3.7) and (4.3.8):

(4.3.9) tpx, yq | x P Adpgq_ug X Adphq_uf , x` y P pAdphq_uf q´_θu.
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Let F be a complex analytic function on _R{_Pg such that F |_K_Pg “ 0 and dF p1_Pgq “ e.
Recall, Remark 3.7.4, that there is a natural isomorphism

(4.3.10) χmicp1_Pg ,eqppgq!ι!F » pΦF ˝ ppgq!ι!Fq1_Pg
.

where ΦF denotes the vanishing cycles functor. Since pg is proper, [KS06, Exercise 8.15] implies
that there is an isomorphism of vector spaces

(4.3.11) pΦF ˝ ppgq!ι!Fq1_Pg
» ppg|t1_Pguˆ_R{_Pf q!ΦF˝pg |t1_Pguˆ_R{_Pf pι!Fq.

We claim that ΦF˝pg |t1_Pguˆ_R{_Pf pι!Fq is a skyscraper sheaf supported at the point p1_Pg, 1
_Pf q.

Indeed, suppose the stalk ΦF˝pgpι!Fqp1_Pg ,h_Pf q is nonzero for some point p1_Pg, h
_Pf q P Supppι!Fq.

Then there must be a cotangent vector of the form pe, 0q at the point p1_Pg, h
_Pf q, which is also

contained in SSpι!Fq. By (4.3.6) and (4.3.9) this implies that e “ e ` 0 P p_ug X Adphq_uf q´_θ.

Recall, Section 3.7, that e P p_ugq´_θ. So this condition is equivalent to e P Adphq_uf . On the

other hand, since p1_Pg, h
_Pf q P Supppι!Fq we must have that h P _Pg_Pf . In summary, h must

belong to the set

th P _Pg_Pf | e P Adphq_ufu “ th´1 P _Pf_Pg | Adph´1qe P _ufu.

But Theorem A.2.1 tells us that this set is equal to _Pf . Thus, p1_Pg, h
_Pf q “ p1_Pg, 1

_Pf q, as
asserted above.

Since ΦF˝pg |t1_Pguˆ_R{_Pf pι!Fq is a skyscraper sheaf supported at the point p1_Pg, 1
_Pf q, there

is an isomorphism of vector spaces

(4.3.12) ppg|t1_Pguˆ_R{_Pf q!ΦF˝pg |t1_Pguˆ_R{_Pf pι!Fq » ΦF˝pgpι!Fqp1_Pg ,1_Pf q.

But ιp1p_Pg X_ Pf qq “ p1_Pg, 1
_Pf q, so

(4.3.13) ΦF˝pgpι!Fqp1_Pg ,1_Pf q »
`

ΦF˝pg˝ιF
˘

1p_PgX_Pf q
.

Finally, using the compatibility of microlocalization with smooth pullbacks ([KS06, Proposition
4.3.5]) we have an isomorphism

(4.3.14)
`

ΦF˝pg˝ιF
˘

1p_PgX_Pf q
» χmicp1_Pf ,eqpGq.

Now (4.3.5) follows by combining the isomorphisms (4.3.10),(4.3.11), (4.3.12), (4.3.13), and (4.3.14).
□

□

Finally, we address the question of existence of θ-stable induction data.

Lemma 4.3.9. Let
I “ pMΓ,_MΓ, Qq

be a weak induction datum for the pair pGΓ,_GΓq such that Q Ă G is θ-stable (Lemma 2.6.1).
Then there is an extended group structure W0 on MΓ and an E-group structure S0 on _MΓ such
that

I “ ppMΓ,W0q, p_MΓ,S0q, Qq

is a θ-stable induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq.

Proof. Let HΓ Ă MΓ be a fundamental Cartan subgroup. Since Q is θ-stable, HΓ is also a funda-
mental Cartan subgroup of GΓ. By [ABV92, Proposition 13.6], there is a based Cartan subgroup
pHΓ,WpHΓq,∆`

iR,∆
`
R q of pGΓ,Wq. Choose any strong real form δ1 P WpHΓq. By definition,

Adpδ1q is a quasi-split real form of G and there is a Whittaker datum pN 1, χ1q for GpR, δ1q such
that pδ1, N 1, χ1q P W. Choose (as is possible), a Cartan involution θ1 of G, corresponding to
Adpδ1q, preserving H. Note that θ1 “ ´Adpδ1q on ∆pg, hq. In particular, M and Q are θ1-stable
subgroups. Choose a large θ1-stable Borel subgroup B1 Ă G corresponding to pN 1, χ1q under the
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bijection of Proposition B.0.2. After possibly replacing B1 with a Gθ
1

-conjugate, we may assume
that B1 Ą H. Since Q is θ1-stable, we can find a θ1-stable Borel subgroup B Ă Q containing H.
Choose w P W pG,Hq such that w∆pB1q “ ∆pBq. Since both B and B1 are θ1-stable, we have that

w P W θ1

“ WAdpδ1q. Let 9w P NGpHq be any lift of w, so that B “ 9wB1 9w´1. Consider the strong
real form δ :“ 9wδ1 9w´1 of GΓ and its Cartan involution θ :“ Adp 9wq ˝ θ1 ˝ Adp 9wq´1. Since w is
δ1-fixed, Adpδq “ Adpδ1q as involutions of H. Hence, δ P Hδ1 Ă HΓ Ă MΓ. For the same reason, θ
preserves the subgroups H Ă M Ă G. Since B is a large θ-stable Borel subgroup of Q, B0 :“ BXM
is a large θ-stable Borel subgroup of M . Let pN,χq (resp. pN0, χ0q) be the Whittaker datum for
GpR, δq (resp. MpR, δq), corresponding to B (resp. B0) under the bijection of Proposition B.0.2.
Define

W0 :“ M ¨ pδ,N0, χ0q.

To construct S0, we choose any Cartan subgroup _HΓ Ă _MΓ. By [ABV92, Proposition 13.8],
there is a based Cartan subgroup p_HΓ,Sp_HΓq,_∆`

iR,
_∆`

R q. Choose any strong involution _δ P

Sp_HΓq. By definition, there is a large _δ-stable Borel subgroup _B Ă _G such that p_δ,_Bq P S.
Choose (as is possible) a real form σ of _G, corresponding to Adp_δq, and preserving _M Ă _G.
Note that σ is quasi-split and _Q “ _M_U is σ-stable. Let p_N,χq be a Whittaker datum for
_GpR, σq corresponding to _B under the bijection of Proposition B.0.2. After replacing p_N,χq

with a _GpR, σq-conjugate, we may assume that _M is standard with respect to _N . Thus,
_N0 :“ _N X _M is a σ-stable maximal unipotent subgroup of _M and χ0 :“ χ|_N0pRq is a non-
degenerate unitary character. Let _B0 Ă _M be a large _δ-stable Borel subgroup corresponding
to p_N0, χ0q under the bijection of Proposition B.0.2, and let

S0 :“
_M ¨ p_δ,_B0q.

By construction, the induction datum I “ ppGΓ,Wq, pMΓ,W0q, p_GΓ,Sq, p_MΓ,S0q, Qq satisfies
properties paθq and pbθq of Definition 4.3.1, and is therefore θ-stable. □

4.4. Decompositions of Arthur parameters. Let pGΓ,Wq be an extended group and let p_GΓ,Sq

be a corresponding E-group with second invariant z. Let ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur
parameter. In this section, we will introduce the notion of a decomposition of ψ. One should
think of this as the minimal structure required to realize the associated Arthur packet via real
parabolic and (weakly fair range) cohomological induction from a unipotent Arthur packet for a
Levi subgroup of GΓ. Here is the definition.

Definition 4.4.1. Let ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur parameter. A decomposition of ψ
is a sextuple

D “ ppMΓ
1 ,W1q, pMΓ

2 ,W2q, p_MΓ
1 ,S1q, p_MΓ

2 ,S2q, Q1, Q2q

where

‚ ppMΓ
1 ,W1q, p_MΓ

1 ,S1q, Q1q is a real induction datum for the pair ppGΓ,Wq, p_GΓ,Sqq (Def-
inition 4.2.1);

‚ ppMΓ
2 ,W2q, p_MΓ

2 ,S2q, Q2q is a θ-stable induction datum for the pair ppMΓ
1 ,W1q, p_MΓ

1 ,S1qq

(Definition 4.3.1),

subject to the conditions

(i) The image of ψ is contained in _MΓ
2 . We write ψ1 (resp. ψ2) for ψ, when regarded as an

Arthur parameter for _MΓ
1 (resp. _MΓ

2 ).
(ii) ψ2 is unipotent, i.e. ψpCˆq Ă Zp_M2q.
(iii) λpφψ2q is in the weakly fair range for q2 (Definition 2.5.3(ii)).

We say that D is a Jordan decomposition if

(iv) _M1 “ Z_GpψpR`qq and _M2 “ Z_GpψpCˆqq.

We say that D is distinguished if
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(v) ψpSL2pCqq is not contained in a proper Levi subgroup of _M2.

It is not immediately obvious that (Jordan, resp. distinguished) decompositions exist. We now
show that they do.

Proposition 4.4.2. Let ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur parameter. Then ψ admits a
Jordan decomposition.

Proof. Define Levi subgroups

_MΓ
1 :“ Z_GpψpR`qq, _M2 :“ Z_GpψpCˆqq “ Z_M1pψpS1qq.

Since j normalizes the subgroups R` and Cˆ of WR, ψpjq normalizes the subgroups _M1 and _M2

of _G. Thus, we obtain weak E-groups

_MΓ
1 :“ x_M1, ψpjqy, _MΓ

2 :“ x_M2, ψpjqy.

Clearly, ψ factors through a unipotent Arthur parameter ψ2 :WR ˆ SL2pCq Ñ _MΓ
2 .

Consider the Z-grading of _m1 defined by the co-character ψ|S1 : S1 Ñ _M1

_m1 “
à

n

_m1,n,
_m1,n “ tξ P _m1 | Adpψpzqqξ “ znξ, z P S1u,

Define the parabolic subalgebra _q2 Ă _m1 by

_q2 :“
_m2 ‘ _u2,

_m2 “ _m1,0,
_u2 :“

à

ną0

_m1,n,

and let _Q2 “ _M2
_U2 denote the corresponding parabolic subgroup of _M1. To define _Q1,

choose a regular element x P dψpR`q and consider the corresponding eigenspace decomposition of
_g

_g “
à

z

_gz,
_gz “ tξ P _g | rx, ξs “ zξu.

Choose an R-linear functional ν : C Ñ R such that νpzq ‰ 0 for every nonzero z appearing in this
decomposition. Let

_q1 :“
_m1 ‘ _u1,

_m1 “ _g0,
_u1 :“

à

νpzqą0

_gz,

and let _Q1 “ _M1
_U1 denote the corresponding parabolic subgroup of _G. Since j acts by the

identity (resp. inversion) on R` (resp. S1), _Q1 (resp. _Q2) is preserved (resp. taken to its
opposite) by Adpψpjqq.

Now, choose a Cartan subgroup dHΓ Ă _GΓ containing ψpWRq. Choose any positive systems
d∆`

R and d∆`
iR of real and imaginary roots. Then by [ABV92, Proposition 13.8], there is a unique E-

group structure SpdHΓq on dHΓ such that pdHΓ,SpdHΓq, d∆`
iR,

d∆`
R q is a based Cartan subgroup of

p_GΓ,Sq. Choose a based Cartan subgroup pHΓ,WpHΓq,∆`
iR,∆

`
R q of pGΓ,Wq and an identification

ζ : _H Ñ dH as in [ABV92, Definition 13.9] (it is possible to do so by [ABV92, Proposition 13.10]).
Let

M2 Ă M1 Ă G

be the Levi subgroups whose roots correspond under ζ to the co-roots of _M2 Ă _M1 Ă _G, and
let

Q1 “ M1U1 Ă G, Q2 “ M2U2 Ă M1

be the parabolic subgroups corresponding under ζ to _Q1,
_Q2. Choose a strong real form δ P

WpHΓq. Since the action of δ on the roots of H in G is the transpose of the action of _δ on the
roots of dH in _G, it is clear that M1 and M2 are preserved by δ. Thus, we obtain weak extended
groups

MΓ
1 “ xM1, δy, MΓ

2 “ xM2, δy.
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Moreover, since _Q1 (resp. _Q2) is preserved (resp. taken to its opposite) by Adpψpjqq, Q1 is real
(resp. θ-stable) in the sense of Lemma 2.6.1.

By Lemma 4.2.10, there is an extended group structure W1 on MΓ
1 and an E-group struc-

ture S1 on _MΓ
1 such that ppMΓ

1 ,W1q, p_MΓ
1 ,S1q, Q1q is a real induction datum for the pair

ppGΓ,Wq, p_GΓ,Sqq. Then by Lemma 4.3.9, there is an extended group structure W2 on MΓ
2

and an E-group structure S2 on _MΓ
2 such that ppMΓ

2 ,W2q, p_MΓ
2 ,S2q, Q2q is a θ-stable induction

datum for the pair ppMΓ
1 ,W1q, p_MΓ

1 ,S1qq. It is clear from definitions that the sextuple

D “ ppMΓ
1 ,W1q, pMΓ

2 ,W2q, p_MΓ
1 ,S1q, p_MΓ

2 ,S2q, Q1, Q2q

is a decomposition of ψ. □

Proposition 4.4.3. Let ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur parameter. Then ψ admits a
distinguished decomposition.

Proof. Let
_E “ Z_GpψpSL2pCqqq,

a (disconnected) reductive subgroup of _G, normalized by ψpjq. Choose (as is possible) a ψpjq-
stable maximal torus _T Ă _E containing ψpCˆq. Define Levi subgroup

_M1 :“ Z_Gp_Tψpjqq, _M2 :“ Z_Gp_T q.

Since ψpjq normalizes the subgroups _T,_Tψpjq Ă _G, it also normalizes their centralizers _M1,
_M2 Ă

_G. Thus, we obtain weak E-groups

_MΓ
1 :“ x_M1, ψpjqy, _MΓ

2 :“ x_M2, ψpjqy.

Choose a parabolic subgroup _Q1 “ _M1
_U1 Ă _G preserved by Adpψpjqq and a parabolic _Q2 “

_M2
_U2 Ă _M1 sent to its opposite by Adpψpjqq. We may choose _Q2 so that λpφψqz P Zp_m2q is

(weakly) dominant for _u2. Define the structures S1, S2, pMΓ
1 ,W1q, pMΓ

2 ,W2q, Q1, and Q2 exactly
as in the proof of Proposition 4.4.2. It is clear from definitions that the sextuple

D “ ppMΓ
1 ,W1q, pMΓ

2 ,W2q, p_MΓ
1 ,S1q, p_MΓ

2 ,S2q, Q1, Q2q

is a decomposition of ψ. Moreover, it is distinguished: if _L is a Levi subgroup of _M2 containing
ψpSL2pCqq, then Zp_Lq is a torus in _E containing _T . Since _T is maximal, we have Zp_Lq “ _T
and hence _L “ Z_GpZp_Lqq “ Z_Gp_T q “ _M2. □

4.5. Decompositions of Arthur packets. Let pGΓ,Wq be an extended group and let p_GΓ,Sq

be a corresponding E-group with second invariant z. Let ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur
parameter. In this section, we prove that every decomposition of ψ gives a realization of the
Arthur packet ΠzpGΓqmicψ via real parabolic and (weakly fair range) cohomological induction from

a unipotent Arthur packet of a Levi subgroup of GΓ. The proof follows easily from the results of
Sections 4.2 and 4.3. It is convenient to introduce a bit of extra notation. For a virtual repre-
sentation η P KΠzpGΓq, let rηs Ă ΠzpGΓq denote the set of irreducible representations appearing
(with nonzero multiplicity) in the formula for η as a linear combination of irreducibles. For a set
S Ă KΠzpGΓq, let rSs “

Ť

ηPSrηs.

Theorem 4.5.1. Let ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur parameter with decomposition D.
Then

(i) There is an identity in KΠzpGΓq

ηmicψ p1q “ κRg
q1R

m1
q2 η

mic
ψ2

p1q

Here, Rg
q1 is (normalized) real parabolic induction, Rm1

q2 is (normalized) cohomological in-
duction in the weakly fair range, and κ is the sign of Proposition 4.3.3(iii).
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(ii) There is an inclusion of subsets of ΠzpGΓq

ΠzpGΓqmicψ Ď rRg
q1R

m1
q2 Π

zzpρu1 qzpρu2 qpMΓ
2 qmicψ2

s.

(iii) The map Rg
q1R

m1
q2 takes unitary irreducibles in Πzzpρu1 qzpρu2 qpMΓ

2 qmicψ2
to (linear combinations

of) unitary irreducibles. In particular

Πzzpρu1 qzpρu2 qpMΓ
2 qmicψ2

is unitary ùñ ΠzpGΓqmicψ is unitary

If D is moreover a Jordan decomposition, then we also have

(iv) ϵ induces an isomorphism of Arthur component groups

Amicϵ : Amicψ2

„
ÝÑ Amicψ .

(v) For any s P Amicψ2
, there is an identity in KΠzpGΓq

ηmicψ pAmicϵ psqq “ κRg
q1R

m1
q2 η

mic
ψ2

psq

Proof. (i) follows from Propositions 4.2.6(ii) and 4.3.7(ii). Since ηmicψ p1q is a linear combination

of the members of ΠzpGΓqmicψ , each appearing with nonzero multiplicity, (ii) follows from (i). (iii)

follows from (ii) and Corollary 2.6.2. (iv) follows from Propositions 4.2.9(i) and 4.3.6(i). (v) follows
from Propositions 4.2.9(iii) and 4.3.7(ii). □

4.6. Some applications. We now highlight two applications of Theorem 4.5.1. The first is a proof
of the unitarity of Arthur representations for real reductive groups.

Corollary 4.6.1. Let pGΓ,Wq be an extended group and let p_GΓ,Sq be a corresponding E-group
with second invariant z. Let ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur parameter. Then the members
of the Arthur packet ΠzpGΓqmicψ are unitary.

Proof. By Proposition 4.4.2, ψ admits a Jordan decomposition

D “ ppMΓ
1 ,W1q, pMΓ

2 ,W2q, p_MΓ
1 ,S1q, p_MΓ

2 ,S2q, Q1, Q2q.

Then by Theorem 4.5.1(iii), we have

Πzzpρu1 qzpρu2 qpMΓ
2 qmicψ2

is unitary ùñ ΠzpGΓqmicψ is unitary

Since ψ2 is a unipotent Arthur parameter, Πzzpρu1 qzpρu2 qpMΓ
2 qmicψ2

is unitary by Theorem 1.0.5. □

Remark 4.6.2. Here is another approach to Corollary 4.6.1. By Proposition 4.4.3, ψ admits a
distinguished decomposition. Thus by Theorem 4.5.1(iii), we can reduce to the case when ψ is a
distinguished (unipotent) Arthur parameter (Definition 2.3.3(v)). It is known that the members of
a distinguished Arthur packet have irreducible associated cycles (in classical types, this follows from
[BMSZ23]. In exceptional types, it is verified in [Yu26] with the assistance of atlas). Thus, they
are unitary by [DM25, Theorem 5.22].

Our second application of Theorem 4.5.1 is a proof of Jiang’s conjecture, which gives an upper
bound on the wavefront sets of the members of an Arthur packet.

Corollary 4.6.3 (Jiang’s Conjecture for Real Groups, [Jia14, Conjecture 4.2]). Let pGΓ,Wq be
an extended group and let p_GΓ,Sq be a corresponding E-group with second invariant z. Let
ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur parameter and let O be the Barbasch-Vogan dual of the
nilpotent adjoint _G-orbit corresponding to ψ|SL2pCq. Then every representation in the Arthur

packet ΠzpGΓqmicψ has associated variety contained in O.
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Proof. Let π P ΠzpGΓqmicψ . By Theorem 4.5.1(ii), there is a representation π2 P Πzzpρu1 qzpρu2 qpMΓ
2 qmicψ2

such that π is a summand of Rg
q1R

m1
q2 π2. Let O2 denote the Barbasch-Vogan dual of the nilpotent

_M2-orbit corresponding to ψ2|SL2pCq. Then O and O2 are related by parabolic induction, i.e.

O “ IndGM2
O2 (see [BV85, Proposition A2]). By [ABV92, Corollary 27.13], the associated variety

of π2 is contained in O2. Thus it suffices to show that

M1 ¨ AVpRm1
q2 π2q Ď IndM1

M2
pM2 ¨ AVpπ2qq, G ¨ AVpRg

q1π1q Ď IndGM1
pM1 ¨ AVpπ1qq

where π1 is a constituent of Rm1
q2 π2. These inclusions are well-known. The first inclusion (involving

cohomological induction) follows from Proposition B.0.3. A reference for the second inclusion
(involving real parabolic induction) is [BV80, Theorem 3.5]. □

We conclude by describing a conjectural refinement of Theorem 4.5.1 in the Jordan case.

Conjecture 4.6.4. Let pGΓ,Wq be an extended group and let p_GΓ,Sq be a corresponding E-
group with second invariant z. Let ψ : WR ˆ SL2pCq Ñ _GΓ be an Arthur parameter, and let D be
a Jordan decomposition of ψ. Then

ΠzpGΓqmicψ “ rRg
q1R

m1
q2 Π

zzpρu1 qzpρu2 qpMΓ
2 qmicψ2

s.

Because of the signs appearing in the formulas for ηmicψ2
psq, this does not seem to follow in an

obvious way from the character identities in Theorem 4.5.1(v). However, we have verified that it
is true in numerous low-rank examples using the atlas software.

Appendix A. A Lie theory calculation

A.1. Recollections on prehomogeneous vector spaces. Recall that a prehomogeneous vector
space (PVS) is a pair pL, V q consisting of a complex algebraic group L and a finite-dimensional
rational L-representation V containing an open dense L-orbit O.

Definition A.1.1. A relative invariant of pL, V q is a nonzero rational function f on V such that

fpl ¨ vq “ χplqfpvq, @l P L, v P V,

for some character χ : L Ñ Cˆ.

We note that a relative invariant is determined by its character, up to multiplication by Cˆ

([SK77, Proposition 3]). In particular, every relative invariant is a homogeneous function.
Let S1, ..., Sn denote the codimension one irreducible components of V zO. Then each Si is the

zero set of an irreducible polynomial fi P CrV s, unique up to nonzero scalar multiplication. We
will need the following fundamental fact about relative invariants.

Proposition A.1.2 ([SK77, Proposition 5]). The polynomials fi are algebraically independent
relative invariants of pL, V q. Moreover, every relative invariant f of pL, V q can be written in the
form

f “ c
n

ź

i“1

fmii ,

for c P Cˆ and m1, ...,mn P Z.

Let us now consider a very special kind of PVS which arises in this paper and in other Lie theory
contexts. Let G be a complex connected reductive algebraic group, and let pe, f, hq be an sl2-triple
in g. The semisimple operator adphq defines a Z-grading of g

g “
à

kPZ
gk, gk “ tX P g | rh,Xs “ kXu.
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Let G0 “ ZGphq, a Levi subgroup of G with Lie algebra g0. Clearly AdpG0q preserves gi, for all
i P Z. It is a theorem of Kostant ([Kos59]) that pG0, g2q is a PVS with open dense orbit AdpG0qe.
In fact, more is true.

Proposition A.1.3 ([Rub82, Proposition 11.2.9]). The complement g2zAdpG0qe is of pure codi-
mension one, i.e. it is the union of its codimension one irreducible components.

Fix a non-degenerate invariant symmetric bilinear form x´,´y on g with the following property:
for any maximal torus T Ă G, x´,´y is positive definite on the co-character lattice X˚pT q. Note
that if g is semisimple, then the Killing form has this property (and is the unique such form, up to
positive real scaling on each simple factor).

Proposition A.1.4. Let χ1, ..., χn be the characters of G0 corresponding to the irreducible polyno-
mials f1, ..., fn defining the components of g2zAdpG0qe. Then there are nonnegative real numbers
c1, ..., cn such that

xh, xy “

n
ÿ

i“1

cidχipxq, x P g0.

Proof. We can easily reduce to the case when g is a simple Lie algebra and x´,´y is the Killing
form

xx, yy “ Trpadpxq ˝ adpyqq.

We begin by constructing an explicit polynomial relative invariant p on g2 which transforms accord-

ing to xh,´y. Choose a basis te1k, ..., e
lk
k u of gk, for each k P Z (this choice of basis will not matter

significantly, but is useful for definitions). For each k ď ´1, we define a matrix-valued polynomial
Mk on g2 by the formula

Mkpvqij “ xadpvq´keik, e
j
ky, v P g2.

Let pk be the polynomial on g2 defined by taking the determinant of Mk

pkpvq “ detpMkpvqq, v P g2,

and let
p “

ź

kď´1

pkpvq´k.

We claim that p is a relative invariant of pG0, g2q and that the corresponding character τ : G0 Ñ Cˆ

satisfies
dτpxq “ xh, xy, x P g0.

For g P G, let Ckpgq denote the matrix of Adpg´1q|gk with respect to the basis te1k, ..., e
lk
k u. Then

for any k ď ´1 and v P g2 we have

MkpAdpgqvqij “ xadpAdpgqvq´keik, e
j
ky

“ xAdpgq adpvq´k Adpgq´1eik, e
j
ky

“ xadpvq´k Adpgq´1eik,Adpgq´1ejky

“ pCkpgqtMkpvqCkpgqqij

Hence, MkpAdpgqvq “ CkpgqtMkpvqCkpgq and so

pkpAdpgqvq “ detpMkpAdpgqvqq

“ detpCkpgqq2pkpvq

“ detpAdpg´2q|gkqpkpvq

This shows that pk is a relative invariant of pG0, g2q, corresponding to the character

τk : G0 Ñ Cˆ, τkpgq “ detpAdpg´2qq|gk .
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It follows that p is a relative invariant, corresponding to the character

τ : G0 Ñ Cˆ, τpgq “
ź

kď´1

τkpgq´k.

Note that for each k P Z, we have the relation detpAdpgq|gkq “ detpAdpgq´1|g´k
q. Thus,

τpgq “
ź

k

detpAdpgq|gkqk, g P G0.

Taking differentials, we get

dτpXq “
ÿ

k

kTrpadpXq|gkq

“
ÿ

k

Trpadphq ˝ adpXq|gkq

“ Trpadphq ˝ adpXqq

“ xh,Xy

Since p is a relative invariant, Proposition A.1.2 implies that

p “ c
n

ź

i“1

fmii

for c P Cˆ and m1, ...,mn P Z. Hence

dτ “

n
ÿ

i“1

midχi.

Since p is a polynomial, we have mi ě 0 for all i. This completes the proof. □

A.2. Three parabolics. In this section, we will consider the following situation. Let G be a
complex connected reductive algebraic group with Borel subgroup B Ă G and maximal torus
T Ă B. Let Q “ LU be a standard parabolic subgroup of G (in our application, Q will arise as
the parabolic dual to our ‘inducing’ parabolic). Denote the roots for T in g and l by ∆pgq, ∆plq,
and the positive roots by ∆`pgq, ∆`plq. Let pe, f, hq be an sl2-triple in l with h P t, dominant for
∆`plq. We will also assume that pe, f, hq is ‘even’ in l, in that

(i) h has even weights on l

Choose zf , zg P X˚pT q bZ R such that

αpzf q “ αpzgq “ 0, @α P ∆plq

(the subscripts ‘f’ and ‘g’ stand for ‘fair’ and ‘good’, respectively), and consider the elements

λf :“
1

2
h` zf , λg “

1

2
h` zg

(in our application, these elements will arise as the infinitesimal characters of Arthur packets with
a common SL2pCq). We will impose the following additional conditions on h, zf , and zg:

(ii) λf and λg have integral weights on g.
(iii) zf has nonnegative weights on u (this is the ‘weakly fair range’ assumption).
(iv) λg has strictly positive weights on u (this is the ‘good range’ assumption).

Because of condition (ii), the semisimple operators adpλf q and adpλgq define Z-gradings of g,
and hence parabolic subgroups

Pf “ LfUf , Pg “ LgUg.
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Here, Lf (resp. Lg) is the centralizer of λf (resp. λg), and Uf (resp. Ug) is the unipotent subgroup
corresponding to the strictly positive (integral) weight spaces for λf (resp. λg). Because of condition
(iv), we have inclusions

(A.2.1) Lg Ď L, U Ď Ug, Pg Ď Q.

Note that in general, there are no simple relations between Pf and Q, or between Pf and Pg, except
that

Pf X L “ Pg X L

(since λf ´ λg is central in l).

Consider the constructible subset PfPg Ă G and its Zariski closure PfPg. The main result of
this section is

Theorem A.2.1. In the setting described above, we have

tg P PfPg | Adpgqe P ufu “ Pf .

The proof of Theorem A.2.1 will occupy the remainder of this section. First, we will prove the
corresponding statement for the ‘open’ Bruhat cell PfPg Ă PfPg.

Proposition A.2.2. In the setting described above, we have

tg P PfPg | Adpgqe P ufu “ Pf .

Proof. The proof has several steps.
Step 1. Note that rλf , es “ r12h, es ` rzf , es “ e. So e P uf . The inclusion Pf Ď tg P PfPg |

Adpgqe P ufu follows immediately. It remains to prove the reverse inclusion tg P PfPg | Adpgqe P

ufu Ď Pf . Since tg P PfPg | Adpgqe P ufu is stable under left-multiplication by Pf , it suffices to
show that tg P Pg | Adpgqe P ufu Ď Pf .

Step 2. By the inclusions in (A.2.1), there is a decomposition

(A.2.2) Pg “ pLX PgqU.

Since U Ă G is unipotent subgroup of G, it is a product of its root groups (multiplied in any order).
Hence

(A.2.3) U “
ź

αP∆puq

Uα “ p
ź

αP∆puXpf q

Uαqp
ź

αP∆puXuopf q

Uαq “ pU X Pf qpU X Uopf q.

Combining (A.2.2) and (A.2.3), we arrive at the decomposition

(A.2.4) Pg “ pLX PgqpU X Pf qpU X Uopf q.

Since tg P Pg | Adpgqe P ufu is stable under left-multiplication by Pg X Pf and pL X PgqpUXPf q Ă

Pg X Pf , it in fact suffices to show that

tg P U X Uopf | Adpgqe P ufu “ t1u.

Step 3. Suppose, for contradiction, that g is a nontrivial element in U XUopf such that Adpgqe P uf .

Since U XUopf is a unipotent group, the exponential map exp: uX uopf Ñ U XUopf is a bijection. In

particular, g “ exppY q for some nonzero element Y P u X uopf .

Let t denote the sum of the positive co-roots in u, so that l “ zgptq and u is the sum of the
positive weight spaces for t. Consider the Z3-grading of g defined by the (commuting) semisimple
operators adpλf q, adphq, and adptq:

(A.2.5) g “
à

k,l,m

gk,l,m, gk,l,m “ tξ P g | rλf , ξs “ kξ, rh, ξs “ lξ, rt, ξs “ mξu.

Consider the decomposition of Y with respect to this grading:

Y “
ÿ

Yk,l,m, Yk,l,m P gk,l,m.
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Since Y P u X uopf , we have that k ď ´1 and m ě 1 whenever Yk,l,m ‰ 0. Let

k0 “ maxtk P Z | gk,l,m ‰ t0u for some l,mu.

Since k0 ` 1 ď 0 and Adpgqe P uf , we have that

(A.2.6) pAdpgqeqk0`1,l,m “ 0, @l,m P Z.
On the other hand

Adpgqe “
ÿ

ně0

1

n!
adpY qne “

ÿ

k1,...,kn,l1,...,ln,m1,...,mn

1

n!
adpYk1,l1,m1q... adpYkn,ln,mnqe

(this sum is finite since adpY q is nilpotent). Since e P g1,2,0, we have that

adpYk1,l1,m1q... adpYkn,ln,mnqe P g1`
ř

ki,2`
ř

li,
ř

mi .

So

(A.2.7) pAdpgqeqk0`1,l,m “
ÿ

l,mPZ
rYk0,l,m, es.

Combining (A.2.6) and (A.2.7), we deduce

rYk0,l,m, es “ 0, @l,m P Z.
Choose l,m P Z so that Yk0,l,m ‰ 0 (such l and m exist by the definition of k0). Since rYk0,l,m, es “ 0
and rh, Yk0,l,ms “ lYk0,l,m, we have by the representation theory of sl2pCq that l ě 0. On the other

hand, Yk0,l,m is a weight vector for z0 of weight k0 ´ 1
2 l:

rz0, Yk0,l,ms “ rλf ´
1

2
h, Yk0,l,ms “ k0Yk0,l,m ´

1

2
lYk0,l,m “ pk0 ´

1

2
lqYk0,l,m.

Thus, since Yk0,l,m P u, our assumption on z0 implies that k0 ´ 1
2 l ě 0. Hence k0 ě 1

2 l ě 0. This is
a contradiction. □

Next, we will show that there are no contributions to tg P PfPg | Adpgqe P ufu coming from the

boundary BPfPg “ PfPgzPfPg. Let W “ NGpT q{T denote the Weyl group of G. Let ℓ : W Ñ Zě0

denote the length function and let ď denote the Bruhat order. The following lemma gives an
explicit description of BPfPg as a union of Bruhat cells.

Lemma A.2.3. Let v P W denote the (unique) minimal-length element such that vλf is dominant,
and let

WB :“ tw P W | vw ă vu.

Then
BPfPg “

ď

wPWB

Pf 9wPg,

where, for each w P W , 9w denotes a lift of w to NGpT q.

Proof. Since vλf is dominant, the parabolic subgroup P 1
f :“ 9wPf 9w´1 contains the Borel subgroup

B. So by the Bruhat decomposition, we have, for elements w1, w2 P W

P 1
f 9w1Pg Ę P 1

f 9w2Pg ðñ wmin1 ă wmin2 ,

where wmin denotes the (unique) minimal-length element in the double-coset W 1
fwWg. Hence

Pf 9wPg Ď BPfPg ðñ 9vPf 9wPg Ď Bp 9vPfPgq

ðñ P 1
f 9vwPg Ď BpP 1

f 9vPgq

ðñ vw ă vmin “ v.

This completes the proof. □
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For the next proposition, we will use the following notation. For any x P g, there is a unique
decomposition

x “ t`
ÿ

αP∆pgq

xα, t P t, xα P gα.

We write
Supppxq :“ tα P ∆pgq | xα ‰ 0u.

Proposition A.2.4. In the setting described in the beginning of Section A.2, we have

tg P BPfPg | Adpgqe P ufu “ H.

Proof. The proof has several steps.
Step 1. By Lemma A.2.3, it suffices to show that

w P WB ùñ AdpPf 9wPgqeX uf “ H.

Since uf is preserved by AdpPf q, this is equivalent to the claim that

(A.2.8) w P WB ùñ Adp 9wPgqeX uf “ H.

Suppose Adp 9wLgqeX uf “ H for some w P W and let p P Pg be arbitrary. Write p “ ul for u P Ug
and l P Lg. Let e

1 “ Adplqe, and u “ exppY q with Y P ug. Then

Adp 9wpqe “ Adp 9wqAdpuqe1 “ Adp 9wqe1 ` Adp 9wq
ÿ

ně1

1

n!
adpY qne1

Since l centralizes λg and e has λg-weight 1, e1 must also have λg-weight 1. On the other hand,
since Y P ug, each term 1

n! adpY qne1 is a sum of weight vectors for λg of weight strictly greater than

1. Thus, Supppe1q is disjoint from Suppp
ř

ně1
1
n! adpY qne1q. Since Adp 9wq permutes the root spaces,

this implies that SupppAdp 9we1q is disjoint from SupppAdp 9wq
ř

ně1
1
n! adpY qne1q. It follows that

SupppAdp 9wpqeq “ SupppAdp 9wqe1q \ SupppAdp 9wq
ÿ

ně1

1

n!
adpY qne1q.

Since Adp 9we1q X uf “ H, we know that SupppAdp 9we1qq contains a root α such that αpλf q ď 0. It
follows from the above that SupppAdp 9wpqeq must also contain this root and hence that Adp 9wpqe R

uf . So in fact (A.2.8) is equivalent to the implication

(A.2.9) w P WB ùñ Adp 9wLgqeX uf “ H.

This is what we will prove in Steps 2-4.
Step 2. Recall that if λ P t is integral and dominant for ∆`pgq and w1 ă w2, then w1λ´ w2λ is

a sum of positive co-roots for g. Applying this fact to the Weyl group elements pvwq´1 ă v´1 and
the integral dominant coweight vλf P t, we see that γ :“ w´1λf ´ λf is a sum of positive co-roots
for g (a nonzero sum, as v is of minimal-length and vw ă v). Fix a positive-definite W -invariant
symmetric bilinear form x´,´y on X˚pT q bZ R. Condition (iii) on zf implies that zf is dominant
for g. So xzf , γy ě 0. This implies that xh, γy ă 0 by the following calculation:

xh, γy “ 2xλf , γy ´ 2xzf , γy

“ p||λf ` γ||2 ´ ||λf ||2 ´ ||γ||2q ´ 2xzf , γy

“ p||w´1λf ||2 ´ ||λf ||2 ´ ||γ||2q ´ 2xzf , γy

“ ´||γ||2 ´ 2xzf , γy

ă 0.

Step 3. Now let V denote the 2-eigenspace of adphq on l. Recall from Section A.1 that pLg, V q is
a prehomogeneous vector space with open dense orbit AdpLgqe. Moreover, by Proposition A.1.3,
V zAdpLgqe is the union of its codimension one irreducible components S1, ..., Sn. Let f1, ..., fn be
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irreducible polynomials defining these components. These are relative invariants by Proposition
A.1.2. Denote the corresponding characters of Lg by χ1, ..., χn. By Proposition A.1.4, there are
nonnegative real numbers c1, ..., cn such that

xh, γy “

n
ÿ

i“1

cidχipγq.

Since xh, γy ă 0, we must therefore have dχipγq ă 0 for some χi. Substituting w´1λf ´ λf for γ

and 1
2h` zf for λf , we get the following inequality:

(A.2.10) dχipw
´1λf q ă dχipλf q “

1

2
dχiphq ` dχipzf q “

1

2
dχiphq.

Step 4. Let ∆pV q “ tα P ∆plq | αphq “ 2u, the set of roots in V , and choose a basis of nonzero
root vectors tEαuαP∆pV q. Recall that fi is a nonzero homogeneous polynomial on V . Let di denote
its homogeneous degree. Then fipxq is of the following form:

fipxq “
ÿ

|S|“di

cS
ź

αPS

xpαq, x “
ÿ

αP∆pV q

xpαqEα.

where the sum runs over all order-di multisets of roots in ∆pV q “ tα P ∆plq | αphq “ 2u and
the coefficients cS are complex numbers (not all 0). Moreover, since fi is a relative invariant with
character χi, we have

(A.2.11) dχi “
ÿ

S,

for any order-di multiset S Ă ∆pV q with cS ‰ 0.
Suppose that x P AdpLgqe. Then in particular fipxq ‰ 0. This means that there is an order-di

multiset S Ă ∆pV q such that cS ‰ 0 and
ś

αPS xpαq ‰ 0. In particular S Ď Supppxq and so

(A.2.12) wS Ď wSupppxq “ SupppAdp 9wqxq.

Evaluating (A.2.11) at the element h P t, we obtain the equation

dχiphq “ p
ÿ

Sqphq “ 2di.

Combining with (A.2.10), we get a strict inequality
ÿ

αPS

αpw´1λf q ă di.

Since the sum on the left consists of di terms, there must be some α P S such that αpw´1λf q ă 1.
Since λf , and hence w´1λf , has integral weights on g, this implies that αpw´1λf q ď 0, i.e. that
wα R ∆puf q. But by (A.2.12), wα P SupppAdp 9wqxq. We conclude that Adp 9wqx R uf . This
completes the proof. □

Now, Theorem A.2.1 follows immediately from Propositions A.2.2 and A.2.4.

Appendix B. Whittaker data and special positive systems

Let G be a complex connected reductive algebraic group equipped with a real form σ and a
corresponding Cartan involution θ. Let GpRq “ Gσ and K “ Gθ.

Proposition B.0.1 ([AA24, Lemma A.5]). There is a canonical bijection between the following
two sets:

‚ GpRq-conjugacy classes of pairs pN,χq consisting of a σ-stable maximal unipotent subgroup
N and a non-degenerate unitary character χ of NpRq “ Nσ.

‚ K-conjugacy classes of large θ-stable Borel subgroups B of G.

This bijection is defined as follows: pN,χq corresponds to B if and only if a fundamental series
pg,Kq-module corresponding to B admits a Whittaker model of type pN,χq.
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Recall that every finitely-generated pg,Kq-module X has an associated variety AVpXq Ă pg{kq˚

(see [Vog91]).

Proposition B.0.2 ([AA24, Lemma A.6]). Let X be a finite-length pg,Kq-module. Let pN,χq be
a Whittaker datum for GpRq and let B Ă G be a large θ-stable Borel corresponding to pN,χq under
the bijection of Proposition B.0.1. Then X admits a Whittaker model of type pN,χq if and only if

pg{b ` kq˚ Ă AVpXq.

Now let Q Ă G be a parabolic subgroup with Levi decomposition Q “ MU . We assume that M
is both σ- and θ-stable. Also fix a finite-order element z P Zp_GqθZ and recall the order-2 element
zpρuq P Zp_MqθZ (2.5.2). Parabolic induction is a right exact functor

Rg
q :M

zzpρuqpm,M XKq Ñ M zpg,Kq

with left-derived functors

LiRg
q :M

zzpρuqpm,M XKq Ñ M zpg,Kq, i ě 0.

Recall that there are two special cases of particular interest: if Q is σ-stable, then Rg
q is exact and

coincides with (normalized) real parabolic induction. If Q is θ-stable, the functors LiRg
q are called

‘cohomological induction’. In this case, if X0 P Mpl, L X Kq is in the good range for q (Definition
2.5.3(i)), then LiRg

qX0 “ 0 for i ‰ dimpuXkq; if X0 is irreducible, then so is LdimpuXkqR
g
qX0. We will

need at various points a formula for the associated variety of a cohomologically induced module.
For this, we consider the restriction map

ppq,θq : pg{u ` kq˚ Ñ pl{l X kq˚

Proposition B.0.3. Assume Q is θ-stable and let X0 be a finite-length pl, L X Kq-module. Then
for every i ě 0, we have an inclusion

AVpLiRg
qX0q Ď K ¨ p´1

pq,θq
AVpX0q.

If X0 is in the good range for Q, then this inclusion is an equality for i “ dimpu X kq.

Proof. This follows from the D-modules description of cohomological induction ([HMSW87]), the
relation between the associated variety of a pg,Kq-module and the singular support of its localiza-
tion over the flag variety ([BB82]), and the behavior of singular support under pushforward by a
closed embedding ([HTT08, Lemma 2.3.5]). We leave the details to the reader. □

Proposition B.0.4 ([ABV92]). Let pN0, χ0q and pN,χq be Whittaker data for MpRq and GpRq,
respectively, and let B0 Ă M and B Ă G be corresponding large θ-stable Borels. Suppose that
X0 P M zzpρuqpm,M XKq admits a Whittaker model of type pN0, χ0q.

(i) Assume that Q is σ-stable, N0 Ă N , and χ0 “ χ|N0pRq. Then the parabolically induced

module Rg
qX0 admits a Whittaker model of type pN,χq.

(ii) Assume that B “ B0U (this condition implies that Q is θ-stable) and that X0 is in the good
range for Q (Definition 2.5.3). Then the cohomologically induced module LdimpuXkqR

g
qX0

admits a Whittaker model of type pN,χq.

Proof. (i) is [ABV92, Lemma 4.11]. (ii) follows from Propositions B.0.2 and B.0.3. □

We will also need some facts about ‘special positive systems’, which play a role in [ABV92]. Let
H Ă G be a σ- and θ-stable maximal torus.

Definition B.0.5 ([AV92, Definition 6.29]). Let B Ă G be a large θ-stable Borel subgroup and
let Σ be a positive system for the set of imaginary roots ∆iRpg, hq. We say that Σ is special with
respect to B if there is a θ-stable parabolic subgroup P Ă G such that

(i) L :“ ZGphθq is a Levi factor of P ;
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(ii) Σ is a subset of the roots of H in the unipotent radical of P ;
(iii) P contains a K-conjugate of B.

We will need the following alternative characterization of special systems.

Proposition B.0.6 ([AV92, Theorem A.10]). Let B Ă G be a large θ-stable Borel subgroup and let
Σ be a positive system for ∆iRpg, hq. Choose a σ-stable parabolic subgroup P 1 Ă G with Levi factor
L1 :“ ZGph´θq and let X0 be a relative discrete series pl1, L1 XKq-module corresponding to Σ. Then
Σ is special with respect to B if and only if

pg{b ` kq˚ Ă AVpRg
p1X0q

Now, let us assume that H Ă M .

Proposition B.0.7. (i) Let B0 Ă M and B Ă G be large θ-stable Borel subgroups such
that B “ B0U (this condition implies that Q is θ-stable). Let Σ be a positive system
for ∆iRpm, hq. Assume that Σ is special with respect to B0. Then Σ\∆iRpuq is special with
respect to B.

(ii) Let pN0, χ0q and pN,χq be Whittaker data for MpRq and GpRq and let B0 Ă M and B Ă

G be corresponding large θ-stable Borels. Assume that N0 Ă N and χ0 “ χ|N0pRq (this
condition implies that Q is σ-stable). Let Σ be a positive system for the set of imaginary
roots ∆iRpg, hq “ ∆iRpm, hq. Suppose that Σ is special with respect to B0. Then Σ is special
with respect to B.

Proof. (i) Let L0 “ ZM pHθq “ ZGpHθq. Since Σ is special with respect to B0, there is a θ-stable
parabolic P0 with Levi factor L0 containing the imaginary roots Σ in its unipotent radical such
that P0 contains a K X M -conjugate of B0, say kpB0qk´1 for k P K X M . Let P “ P0U . Then
P is a θ-stable parabolic subgroup of G with Levi factor L0 “ ZGpHθq containing the imaginary
roots Σ \ ∆iRpuq in its unipotent radical. Moreover, P “ P0U clearly contains pkB0k

´1qU “

kpB0Uqk´1 “ kBk´1, a K-conjugate of B. Thus, Σ \ ∆iRpuq is special with respect to B.
(ii) Choose a regular element γ P X˚pHq´θ. Let P 1 Ă G and P 1

0 Ă M be the corresponding
σ-stable parabolic subgroups. Note that P 1 and P 1

0 share a common Levi factor L1 “ ZGph´θq “

ZM ph´θq and P 1 “ P 1
0U . Let X0 be a relative discrete series pl1, L1 X Kq-module corresponding to

Σ. Since Σ is special with respect to B0, Proposition B.0.6 implies that

pm{b0 ` k X mq˚ Ă AVpRm
p1
0
X0q

Hence by Proposition B.0.2, Rm
p1
0
X0 admits a Whittaker model of type pN0, χ0q. So by Proposition

B.0.4 and transitivity of induction Rg
p1X0 “ Rg

qRm
p1
0
X0 admits a Whittaker model of type pN,χq.

Applying Proposition B.0.2 once again, we deduce that

pg{b ` kq˚ Ă AVpRg
p1X0q.

Hence, Σ is special with respect to B by Proposition B.0.6. □
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[Art13] J. Arthur. The Endoscopic Classification of Representations Orthogonal and Symplec-
tic Groups. Vol. 61. American Mathematical Soc. Colloquium Publications. 2013.

[Bar89] D. Barbasch. “The unitary dual for complex classical Lie groups”. In: Invent. Math.
96 (1989), pp. 103–176.

[BMSZ23] D. Barbasch, J. Ma, B. Sun, and C. Zhu. Special unipotent representations of real
classical groups: construction and unitarity. 2023. arXiv: 1712.05552 [math.RT].

[BV80] D. Barbasch and D. Vogan. “The Local Structure of Characters”. In: Journal of Func-
tional Analysis (1980).

[BV85] D. Barbasch and D. Vogan. “Unipotent representations of complex semisimple
groups”. In: Ann. of Math. (2) 121.1 (1985), pp. 41–110.

[Bor79] A. Borel. “Automorphic L-functions”. In: Automorphic forms, representations and
L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977),
Part 2. Vol. XXXIII. Proc. Sympos. Pure Math. Amer. Math. Soc., Providence, RI,
1979, pp. 27–61.

[BB82] W. Borho and J-L. Brylisnki. “Differential operators on homogeneous spaces I”. In:
Invent. Math. (1982).

[DM25] D. Davis and L. Mason-Brown. Hodge theory, intertwining functors, and the Orbit
Method for real reductive groups. 2025. arXiv: 2503.14794 [math.RT].

[Duf79] M. Duflo. “Polynomes de Vogan pour SLpn,Cq”. In: Non-commutative Harmonic
Analysis. Lecture Notes in Mathematics. Springer-Verlag, 1979.

[Gin86] V. Ginsburg. “Characteristic varieties and vanishing cycles”. In: Invent. Math. (1986).
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