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ABSTRACT. Let G be a connected reductive algebraic group defined over R. In ,
Arthur conjectured the existence of certain packets of irreducible admissible representations of G(R)
satisfying various remarkable properties. These packets were given a precise definition in [ABV92)
in terms of microlocal geometry on a space of Langlands parameters. A longstanding conjecture,
originating in , is that all Arthur packets consist of unitary representations. In this paper,
we prove this conjecture in general. The main new idea is a ‘Jordan decomposition’ for Arthur
packets: a canonical two-step process for realizing an arbitrary Arthur packet via real parabolic
and cohomological induction from a unipotent Arthur packet for a certain Levi subgroup. This
process is analogous to the decomposition of an element of a complex algebraic group as a (unique)
commuting product of elliptic, hyperbolic, and unipotent parts. Using this decomposition, we
reduce the question of unitarity to the case of unipotent Arthur packets, where the answer is already
known (by work of Adams-Arancibia-Mezo, Adams-van Leeuwen-Miller-Vogan, Arthur, Barbasch,
Barbasch-Ma-Sun-Zhu, and Davis-Mason-Brown). As an application of the same methods, we also
give a proof of Jiang’s conjecture for real reductive groups, which gives an upper bound on the
associated varieties of the members of an Arthur packet in terms of the Barbasch-Vogan dual of
the Arthur SL2(C).
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1. INTRODUCTION

Let G(R) be the real points of a connected reductive algebraic group defined over R and let ¥ G"
be the associated L-group. The Langlands classification gives a parameterization of the set II(G)
of irreducible admissible representations of inner twists of G(R) in terms of conjugacy classes in
VGFH In more detail, a Langlands parameter for ¥ G is a continuous homomorphism

0: Wgp — VG
from the Weil group W of R into ¥ G' such that
o the image of ¢ consists of semisimple elements;
e ¢ is compatible with the projections Wg — I' and VG — T
We write ®(¥GT) for the set of ¥ G-conjugacy classes of Langlands parameters for ¥G'. Here is a
simple formulation of the Langlands classification.

Theorem 1.0.1 ([Lan79],]ABV92]). For each Langlands parameter ¢ € ®(¥ GY), there is an asso-
ciated set 11(Q), = II(G), called an ‘L-packet’. As ¢ ranges over ®(¥G"), the L-packets partition
I(G).

A more precise version of this result, including a definition of L-packets and a parameterization
of their members will be given in Section

In , Arthur introduced another set of parameters for irreducible representations. An
Arthur parameter for VG' is a continuous homomorphism

1/)1 WR X SLQ(C) —> VGF
such that

e 1|y, is a Langlands parameter for ¥G'';
e ¢)(Wg) is bounded;
* |sr,(c) is algebraic.
We write W(VGT) for the set of ¥ G-conjugacy classes of Arthur parameters for ¥ GT.
To each Arthur parameter 1), one can associate a Langlands parameter ¢, according to the
formula 12
0
R o (] |
Pt WR ) pp(w) = P(w, ( 0 ||w||_1/2 )

This defines an injection
T(VGh) — (v ah).

IMuch of this discussion applies, with some modification, to connected reductive groups over arbitrary local fields.
However, we will restrict our attention in this paper to the real case.
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In [Art83; |Art89], Arthur conjectured that W(¥GT) should parameterize a large (but incomplete)
portion of the irreducible unitary representations of inner twists of G(R) (and all of the unitary
representations of interest for global applications). A bit more precisely

Conjecture 1.0.2 (Arthur’s Conjectures for Real Reductive Groups, [Art83; Art89], see also
[ABV92, Chapter 1, Problems A-F]). For each Arthur parameter 1) € U(¥YG), there is

e a set II(G)y < II(G), and
e a function

Xy : II(G)y — {nonzero finite-dimensional representations of Ay := Com(Stabvg(1))}

(‘Com’ denotes the component group)
such that the following are true:

(i) There is an inclusion

(ii) The virtual representation

(1.0.1) ) = S elm) dim(y ()
mell(G)y

is stable in the sense of Langlands and Shelstad ([LS87]) (here, e(7) is a sign which is also
to be defined). Note that we can also define virtual representations

(1.0.2) ne(s) = D) e(mTr(xy(m)(s))m

WEH(G)w

for each s € Ay (although these are not typically stable for s # 1).
(iii) The members of II(G)y are unitary.

In [ABV92]|, Adams, Barbasch, and Vogan gave a construction of the sets II(G), and functions
Xy in terms of microlocal geometry on a space of Langlands parameters (in Sections [3| and (4] we
will denote them by H(G)g”'c and XZ”C, respectively, to emphasize their connections to microlo-
cal geometry and to make a clearer distinction with the notation for L-packets). They proved in
[ABV92| that their definitions satisfy most of Arthur’s predictions, including (i) and (ii) of Conjec-
ture above. However, they were not able to prove that the members of II(G),, are unitary. In
this paper, we give a general proof of this fact, thus completing the proof of Arthur’s conjectures
in the Archimedean case.

Theorem 1.0.3 (See Corollary below). All Arthur packets consist of unitary representations.

We will now briefly summarize the structure of our proof. There is an important class of basic
Arthur parameters, called ‘unipotent’ by Arthur.

Definition 1.0.4 ([Art89], see also [ABV92, Definition 27.1]). An Arthur parameter ¢ is said to
be unipotent if

»(C*) < Z(V Q).

Thanks to the work of many mathematicians over several decades, Theorem [1.0.3|is now known
to be true in the unipotent case.

Theorem 1.0.5 (Adams-Arancibia-Mezo ([AAM24]), Adams-van Leeuwen-Miller-Vogan (JAMLV]),
Arthur (|Art13]), Barbasch ([Bar89]), Barbasch-Ma-Sun-Zhu ([BMSZ23]), Davis-Mason-Brown ([DM25])).
For each unipotent Arthur parameter v, the Arthur packet II(G)y, consists of unitary representa-

tions.
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Proof. 1t is sufficient to prove the theorem under the following assumptions: G is almost simple and
t|cx = 1. A representation belongs to some such II(G), if and only if it is special unipotent (cf.
[ABV92, Corollary 27.13]). Thus, it is sufficient to prove that all special unipotent representations
of almost simple groups are unitary. This is proved

for real exceptional groups in [AMLV];

for quasisplit symplectic and special orthogonal groups in [Art13; |AAM?24];

for complex classical groups in [Bar89];

for all classical groups in [BMSZ23];

for all complex groups (and for arbitrary groups, provided the Barbasch-Vogan dual of the
Arthur SLy(C) is a rigid nilpotent orbit) in [DM25].

0

Our strategy for proving Theorem in general is to show that every Arthur packet can
be obtained in an essentially canonical fashion from a unipotent Arthur packet for a suitable
Levi subgroup by means of several unitarity-preserving constructions, namely real parabolic and
cohomological induction. The recipe for this induction is in some sense encoded in the structure of
the Arthur parameter. Given an Arthur parameter ¢ : Wg x SLy(C) — VG, the image under v
of Ry < Wrg defines a Levi subgroup of ¥G

(103) le = ng(w(R+))

Since Ry commutes with S* = Wg, the image of S* belongs to ¥ M;. The co-character |g1: St —
v My defines a Z-grading of Ymy

Ymy = (—B Ymy o, Ymy, i={X e Vm | Ad(¢(2))X = 2"X, Vze Sy,
and hence a parabolic subalgebra

(1.0.4) Vg = Ymo @ Yug, Ymg = Ymyg = Zvm, (¥(SY)), Yug = @ Ymy .

n>0
Let ¥ My (resp. YQ2) denote the connected subgroup of ¥ M; corresponding to ¥Ymgy (resp. Yqg).
Since j normalizes C* < Wg, t(j) normalizes ¥ M. Thus, the subgroup ¥ M < VG' generated
by ¥ My and ¥(j) is a Z/2Z-extension of ¥ My (a ‘weak E-group’ in the language of [ABV92]). By
construction, this subgroup contains the image of ). The resulting Arthur parameter

Yo: Wi x SLy(C) — ¥ MY

is unipotent.

The subgroups ¥ M3 < vV M} = VG' determine subgroups My © M; < G as well as inner classes
of real forms of My and M;. Moreover, the parabolic subgroup ¥ Qo < ¥ M; determines a parabolic
subgroup Q2 < M; with Levi factor Ms. By construction, Q2 is 6-stable in the following sense:
every involution of M restricting to an involution of Ms in the specified inner class takes Q2 to
its opposite. Choose any parabolic subgroup ()1 < G with Levi factor M; which is real in the
corresponding sense. Then we can define real parabolic induction from M; to G and cohomological
induction from My to M. We can regard these as maps between the relevant Grothendieck groups
(of representations of real forms of My, My, and G):

(1.0.5) R3, : KII(My) — KII(G), Rg)': KII(Mz) — KII(My).
The precise definitions will be given in Section We prove the following theorem.

Theorem 1.0.6 (Jordan Decomposition for Arthur Packets, see Theorem [£.5.1v) below). Let
¥: Wr x SLa(C) — VG be an Arthur parameter and fiz all of the notation introduced in the
paragraphs above. Then for any s € Ay,, there is an identity in KII(G)

(1.0.6) My (s) = K1Y R 1y, (5)
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where ny(s) and ny,(s) are the virtual representations defined in and K 1s a certain explicitly
determined sign (see Proposition[{.3.9(iii)).

We note that a similar result was obtained, using rather different methods, by Moeglin and
Renard ([MR18]) in the following special case: G(R) is a quasisplit symplectic or special orthogonal
group and 1 is of ‘good parity’.

Setting s = 1 in Theorem [1.0.6] we obtain the following result.

Corollary 1.0.7 (See Theorem M(u) below). Let 1: Wg x SLo(C) — VG be an Arthur pa-
rameter and fix all of the motation introduced in the paragraphs preceding Theorem [1.0.6| For
every m € II(G)y, there is some ma € II(Ma)y, such that w is an irreducible composition factor of
R, R™ .

The inductions appearing in Corollary are known to preserve unitarity, at least when
applied to elements of the unipotent Arthur packet II(M3)y,. Thus, Arthur’s unitarity conjecture
(Theorem follows from Corollary combined with Theorem [1.0.5]

We note that Corollary also implies a form of Jiang’s conjecture [Jial4d, Conjecture 4.2],
which posits an upper bound on the associated varieties (equivalently, wavefront sets) of the mem-
bers of Arthur packets in terms of the Barbasch-Vogan dual of the Arthur SLs(C). See Corollary
for a precise statement.

In the statements above, the Levi subgroups VM2F c "er c VGY and parabolic subgroups
Q2 < My, Q1 < G are constructed in a very specific fashion from the Arthur parameter .
However, many of our results hold in a much more general setting. In Section we introduce
the notion of a ‘decomposition’ of . This is a complicated collection of Lie-theoretic structures,
including Levi subgroups ¥ Mi < ¥ M{ < vYG' containing the image of ¢ and parabolic subgroups
Q2 < My, Q1 < G satisfying various conditions. Given any decomposition, one can define induction
maps as in as well as virtual characters 7y (s), ny,(s). In this more general setting, we are
not able to establish all of the identities of Theorem [1.0.6] However, we do get an identity for
s = 1. Thus, Corollary holds in the setting of a general decomposition. This is useful for
the following reason: using general decompositions, it is often possible to realize even unipotent
Arthur packets via real parabolic and cohomological induction from unipotent Arthur packets for
proper Levi subgroups of G. This allows us to reduce the study of general Arthur packets (and in
particular, questions of unitarity) to an even smaller class of unipotent Arthur packets for which
special arguments may be available (see Remark .

There are several (interrelated) technical complications which we have so far largely ignored.
First, if we replace L-groups with the more general E-groups of [ABV92] (as we must, in the case
of v]\/[2F ), L-packets (and Arthur packets) consist not of representations of real forms of G, but
rather of certain algebraic covers of real forms of G. A second issue is that the refined version
of the Langlands classification (which is required for the formulation of our results) is not quite
canonical, as it requires a certain auxiliary choice (namely, the choice of a Whittaker datum for the
quasisplit inner form of G). We have not explained above how to make such choices consistently.
Finally, it is technically very important to consider strong real forms of G (and its Levi subgroups
My and M) rather than ordinary real forms in order to make the statements above precise. These
issues (and a few others) are carefully addressed in Sections |3| and

Now we will describe the structure of the paper. In Section [2] we will recall some representa-
tion theory preliminaries, including extended groups, strong real forms, E-groups and L-groups,
cohomological induction, and coherent continuation. Much of this material is from [ABV92]. We
will also introduce a generalization of coherent continuation which we call ‘L-coherent continua-
tion’, depending on a Levi subgroup L. This is an important ingredient in the proof of our main
theorem. In Section [3] we will recall the Langlands classification and definition of Arthur packets
as formulated in [ABV92]. We will also define some convolution functors between categories of
sheaves on spaces of Langlands parameters and explain their relation to coherent continuation. In
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Section [], we will prove our main theorems. We first consider the case of ‘good range’ decomposi-
tions (i.e., decompositions for which the infinitesimal character of the unipotent Arthur parameter
g : Wr x SLy(C) — v MJ is in the good range for q2). Then we reduce to this case using L-coherent
continuation and convolution functors. The reduction step requires a fairly involved Lie-theoretic
calculation, which we have relegated to an appendix.

1.1. Acknowledgments. We would like to thank Chi-Heng Lo for suggesting a connection between
our main result and Jiang’s Conjecture. We would also like to thank Jorg Schiirmann for pointing
out an error in an earlier version of this article.

2. REPRESENTATION THEORY PRELIMINARIES

In this section, we will recall some preliminary facts and definitions related to admissible rep-
resentations of real reductive groups, e.g. extended groups, E-groups, strong real forms, weakly
unipotent representations, (cohomological) parabolic induction, and coherent continuation. The
only new idea in this section is the notion of ‘L-coherent continuation’ (for a Levi subgroup L),
which generalizes the classical notion of coherent continuation.

2.1. Extended groups and strong real forms. Let G be a complex connected reductive alge-
braic group.

Definition 2.1.1 ([ABV92, Definition 2.13]). A weak extended group for G is a Lie group G
subject to the following conditions:

(i) GV contains G as an index-two subgroup, and
(ii) Every element of GF'\G acts on G by an anti-holomorphic automorphism.

Every weak extended group admits a canonical surjective homomorphism G — I' := Gal(C, R),
giving rise to a short exact sequence of Lie groups

1G>G T > 1.

Note that conjugation by an element § € G'\G determines a well-defined involution of the based
root datum of G, see [ABV92, Corollary 2.16], and hence an inner class of real forms of G, see
[ABV92, Proposition 2.12]. Conjugation by ¢ also determines a well-defined involution oz of Z(G)
(which is in fact determined by the root datum involution).

Definition 2.1.2 ([ABV92, Definition 2.13]). Let G' be a weak extended group. A strong real
form of GU is an element 6 € GY'\G such that 6 is a finite-order element of Z(G). The real form
associated to & is the anti-holomorphic involution Ad(d) of G defined by conjugation by §. The
group of real points of § is the real reductive group G(R,¢) := GAI®) . Two strong real forms are
equivalent if they are conjugate under G.

Definition 2.1.3 ([ABV92, Definition 1.12]). An extended group for G is a pair (G*', W), subject
to the following conditions.

(i) G' is a weak extended group for G.
(ii) W is a conjugacy class of triples (6, N, x), where
(a) 6 € GP'\G is a strong real form of G'.
(b) N c G is a mazimal unipotent subgroup, normalized by & (write N(R) = NAd(©)),
(c) x is a one-dimensional non-degenerate unitary character of N(R) (‘non-degenerate’
means non-trivial on each restricted simple root subgroup of N(R)).

Here is what ‘restricted simple root subgroup’ means. The group N(R) is normalized by a real
Cartan subgroup H(R) = T'A, with T' compact and A a vector group. The weights of Lie(A) on
g are called ‘restricted roots’; they form a (possibly non-reduced) root system. The weights in
Lie(N(R)) are a set of positive roots, so some of these are simple.
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2.2. L-groups and FE-groups. Let G be a complex connected reductive algebraic group and let
®o(G) be the associated based root datum. Let ¥ ®y(G) denote the dual based root datum. A
dual group for G is a complex connected reductive algebraic group ¥ G equipped with a based root

datum isomorphism ®y(¥G) — Y ®(G). Note that any two dual groups for G are isomorphic; the
isomorphism is canonical up to inner automorphisms.

Definition 2.2.1 ([ABV92, Definition 4.3]). A weak E-group for G is a complex algebraic group
VGT containing a dual group ¥ G as an indez-two subgroup.

Every weak E-group admits a canonical surjective homomorphism ¥ GT' — T' := Gal(C, R), giving
rise to a short exact sequence of algebraic groups

1->VG -G -1 —>1.

Note that conjugation by an element V6§ € ¥G'\V G determines a well-defined involution of the
based root datum of G, see [ABV92, Proposition 4.4], and hence an inner class of real forms of G.
We say that a weak E-group YG' corresponds to a weak extended group G' if VG' and G' give
rise to the same involution of the based root datum of G' (or equivalently, the same inner class of
real forms). Conjugation by V¢ also determines a well-defined involution 0z of Z(¥G) (which is in
fact determined by the root datum involution).

Suppose 6 is an algebraic involution of G preserving a Borel subgroup B. Choose a #-stable
maximal torus T' < B. We say that the pair (0, B) is large (or that B is large for 6) if 6 acts by
—1 on every #-stable simple root space (this definition is independent of the choice of T" in B).

Definition 2.2.2 ([ABV92, Definition 4.14]). An E-group for G is a pair (YG',S) subject to the
following conditions:
(i) VG' is a weak E-group.
(ii) S is a conjugacy class of pairs (¥ 8, B), where V6 is a finite-order element in ¥ G*\ G and
V' B is a Borel subgroup of VG.
(iii) Suppose (Y0, B) € S. Then conjugation by ¥ § defines an involution 6 of ¥ G preserving
VB, and the pair (0, B) is large.

Choose a Borel subgroup ¥ B < YG and a maximal torus Y H < vV B. Write
2p: C* - VH
for the sum of the positive co-roots of ¥(G. Consider the order-2 element
z(p) :=2p(=1) € Z(¥ G).

This element is independent of the choice of ¥ B and ¥ H, and is fixed by 67. The second invariant
of (VG',S8) is the element z(p)(Vd)? € Z(VG)%2, for any choice of V& such that (V6,VB) e S.

Definition 2.2.3. An L-group for G is an E-group (YG',S) with second invariant 1.
This is equivalent to the original definition of an L-group (see for example [Bor79, page 29]).
2.3. Langlands parameters and Arthur parameters.

Definition 2.3.1 (see [Bor79|,[Lan89]). The Weil group of R is the Lie group Wgr generated by
C* and a single element j, subject to the relations

j2=—-1eC*, jzj~l=2 zeCX*.

There is a surjective Lie group homomorphism W — I' := Gal(C,R) taking C* to the identity
and j to complex conjugation. This gives rise to a short exact sequence of Lie groups

1-C* ->Wr -1 —1.
Now let YG' be a weak E-group for G.
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Definition 2.3.2 (see [Bor79],|[Lan89]). A Langlands parameter for VG' is a continuous homo-
morphism

©: Wg — VGY
such that

(i) The image of ¢ consists of semisimple elements;
(ii) @ is compatible with the projections Wg — I' and ¥G' — T.

Let P(¥G"Y) denote the set of Langlands parameters for ¥G'. Note that ¥ G acts on P(¥G') by
conjugation. Two Langlands parameters are said to be equivalent if they are conjugate under this
action. Let ®(VGY) denote the set of equivalence classes of Langlands parameters for ¥V G'.

Definition 2.3.3 (|Art89, Section 6]). An Arthur parameter for ¥ G' is a continuous homomor-
phism
¥: Wg x SLy(C) — VGY
such that
(i) Y|wy ts a Langlands parameter for ¥ G
(i1) Y(Wr) is bounded;
(iii) )|g1,(c) 5 algebraic.
We say that 1 is
(iv) unipotent if »(C*) < Z(VG);
(v) distinguished if 1(SL2(C)) does not belong to a proper Levi subgroup of ¥V G.

r.
’

If 4 (C*) is not contained in Z(V G), then Zv (¢ (C*)) < Y G is a proper Levi subgroup containing
(SLy(C)). Thus, all distinguished Arthur parameters are unipotent.

Note that ¥ G acts by conjugation on the set of Arthur parameters. Two Arthur parameters
are said to be equivalent if they are conjugate under this action. We write W(¥G') for the set of
equivalence classes of Arthur parameters for ¥ GT.

To each Arthur parameter 1v: Wr x SL2(C) — YGT, we can associate a Langlands parameter
¢y according to the formula

v wl|[V/2 0
(2.3.1) op: Wr = YG",  py(w) = 1p(w, (” (|)| ||w||_1/2>~

This defines a one-to-one map

T(VGY) — (v ah).
2.4. Projective representations. Let G' be a weak extended group. Associated to GT is a
certain pro-algebraic group G called the canonical covering of G, see [ABV92, Definition 10.1].
This group comes equipped with a surjective homomorphism G — (. The kernel of this homo-

morphism is a pro-finite group, denoted 71(G)“*". The definitions are arranged so that there is a
natural isomorphism

{finite-order elements in Z(¥G)%?} = {continuous characters of w1 (G)“"}.

If H is a subgroup of G, we write H%" (or simply H", if G is understood) for the preimage
of H under G — G.

Definition 2.4.1 (JABV92, Definition 10.3]). Let G' be a weak extended group and let G(R) be a
real form of G in the inner class defined by G. There is a short exact sequence

1 - m(G)“" - G(R)%“" - G(R) — 1.

An irreducible projective representation of G(R) is an irreducible admissible representation m of
G(R)Gcan  Suppose z is a finite-order element in Z(¥G)%. We say that 7 is of type z if the
restriction of w to w1 (G) is a multiple of the character parameterized by z. Write II*(G(R)) for
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the set of infinitesimal equivalence classes of irreducible type z projective representations of G(R)
and KII*(G(R)) for the free Z-module with basis II*(G(R)).

Definition 2.4.2. Let G' be a weak extended group. An irreducible projective representation of a
strong real form of G is a pair (6,7) subject to the following conditions:

(i) & is a strong real form of G".

(i) 7 is an irreducible projective representation of G(R,§).
Two such representations (0,7) and (§',7') are infinitesimally equivalent if there is an element
g € G such that g5g~' = & and mo Ad(g™') is infinitesimally equivalent to ©'. Suppose z is a
finite-order element in Z (¥ G)%. We say that (§,7) is of type z if 7 is of type z. Write TI*(GT) for
the set of infinitesimal equivalence classes of irreducible type z projective representations of strong
real forms of G* and KII*(GV) for the free Z-module with basis 11*(G").

Definition 2.4.3. Let G' be a weak extended group, let G(R) be a real form of G in the inner
class defined by G¥, and let K(R) = G(R) be a mazimal compact subgroup with complezification
K. There is a short exact sequence

IHWI(G)can_)KG,can_)K_)L

A projective (g, K)-module is a (g, K&°™)-module (i.c. a U(g)-module with a compatible rational
K& _qction). Suppose z is a finite-order element in Z(¥ G)%2. We say that a projective (g, K)-
module is of type z if its restriction to w1 (G)" is a multiple of the character parameterized by z.
Write M*(g, K) for the category of type-z projective (g, K)-modules, M7 (g, K) for the subcategory
of finite-length modules, and KMJ%Z(g, K) for the Grothendieck group of Mjfl(g, K).

If we fix a real form G(R) of G and a maximal compact subgroup K(R) < G(R), there is natural
identification
KII*(G(R)) = KMj(g, K).
Also, if we choose a set A of equivalence classes of strong real forms of G, then there is a natural
identification
| | T (G(R, 6)) = T*(GT).
LISAN
and hence a natural identification
@ KII*(G(R,§)) = KII*(G")
deA
2.5. Parabolic induction. Let G(R) be a real form of G. Choose a maximal compact subgroup
K(R) € G(R) and let 0 be the corresponding Cartan involution of g. Choose a parabolic subalgebra
q < g with Levi decomposition ¢ = [@ u. Let L (resp. Q) denote the connected subgroup of G
corresponding to [ (resp. q). Assume throughout this section that [ is #-stable.
Let 2p, denote the determinant character of u:

2pu(l) = det(Ad()|y),  l€L.
Consider the fibered product

I — CX

| |

L -2, ¢~

The left vertical map L — L is a 2-fold cover of L and the top horizontal map L—>Cxisa genuine
character of I~/, which we will denote by p,. By the construction of L™, there is a natural covering
map L¢" — L. By pullback along this covering map, we can regard p, as a one-dimensional
projective (I, L n K)-module.
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Dually, we can consider the algebraic co-character corresponding to the sum of roots in u

(2.5.1) (2py)Y: C* - VL
and the order-2 element
(25.2) 2(pa) = (2p0)" (—1) € Z(¥ L)

Note that z(p,) depends only on [ (i.e., it is independent of the choice of q) and that the projective
(I, L n K)-module p, is of type z(py).

Now fix a finite-order element z € Z(¥ G)%. We can regard z also as an element of Z(¥ L)?7 via
the natural inclusion Z(¥G)% < Z(¥ L)?. We will define a functor called parabolic induction

R M*P)(IL A K) — M*(g, K).
This functor is built out of several ingredients:
o Let (o)#: M**() (I, L n K) — M*(I, L n K) denote the functor given by tensoring with p,.
o Let F: M*(I,L n K) — M?*(q,L n K) denote the forgetful functor corresponding to the

quotient map (q, L n K) — ([, L n K).
e Let P: M*(q,L n K) — M?*(g, L n K) denote the algebraic induction functor, i.e.

P(m) = U(g) ®u(qor) T-
e Let IT: M*(g,L n K) — M?(g, K) denote the Bernstein functor, see [KV95, Chapter 4.4].
Now we define
RE:=1loPoFo(e)#: M*P)( L nK)— Mg, K)
Note that (e)# and F are exact and IT and P are right exact. Thus, R is right exact. Since the
categories M#*(P) (I L n K) and M?(g, K) have enough projective objects, there are left-derived

functors
LiRS: M#P)(I,L n K) — M*(g, K).

Theorem 2.5.1 ([Vog81|, Chapter 6.3]). The functors
LiRS: M#P)(I,L n K) — M*(g,K)
preserve infinitesimal character and take finite-length modules to finite-length modules. Moreover,
LiRg =0 foriv>>0.
Thanks to Theorem [2.5.1] we can define a group homomorphism
R§: KME (Lo K) = KMf(9, ), [m] = Y (=1 [LR§(m)],
7
and hence a group homomorphism
RE: K1) (L(R)) — KII*(G(R)).

2.5.1. Real parabolic induction. Suppose now that q is the complexified Lie algebra of a real para-
bolic subgroup Q(R) = L(R)U(R) (it is equivalent to assume that q is taken to its opposite by ).
The character 2p,, when restricted to the subgroup L(R) c L, takes values in R. Let |p,| denote
the positive square-root of the absolute value of this character. Then |py|/py is a one-dimensional
type-z(pu) projective (I, K)-module of infinitesimal character 0. Define the functor

G(R z z G(R
Indg ) MA(LL A K) — M*(g,K),  Tnd§E)(n) = RY(x ® |pul /pu)-

Proposition 2.5.2 ([Vog81, Proposition 6.3.5]). Suppose that q is the complexified Lie algebra of
a real parabolic subgroup Q(R) = L(R)U(R). Then Indgégg coincides (after passing to Harish-

Chandra modules) with normalized real parabolic induction. It has the following properties:

(i) Indg%ﬁ; preserves infinitesimal character.
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(iii) Tndg,
(iv) Indggﬁ) is conservative: that is, if f is a morphism in M*([,L n K) and Ind(f) is an

takes unitary modules to unitary modules.

isomorphism, then f is an isomorphism.

2.5.2. Cohomological induction. There is a canonical decomposition
(2.5.3) b =~ (b/z(N)" @3N, Am A+ A
Definition 2.5.3. Let A € h*. We say that A is in
(i) the good range for q if
Re(\, a¥) > 0, Va e A(u, b);
(ii) the weakly fair range for q if
Re\,,aY) =0, Va e Ay, h).
We say that A is in the good range (resp. weakly fair range) for [ if there exists a parabolic subalgebra

q' < g with Levi factor | such that X is in the good range (resp. weakly fair range) for q'.

Note that if A € h* is in the good range (resp. weakly fair range) for q (or [), then so is wA,
for any w € Wy. So these are properties which can be ascribed to Wp-orbits in h*, and hence to
infinitesimal characters for U(l). If 7 is an irreducible projective type-zz(py) (I, K n L)-module, we
say that 7 is in the good range (resp. weakly fair range) for g (or [) if its infinitesimal character
has this property. We will occasionally use the following elementary lemma.

Lemma 2.5.4. Let N € b*. Then, for N >> 0, the element N + Np, is in the good range for q.

Proof. Choose a positive system AT (I, ) for [. Then A*(g,h) = AT([,h) U A(u,b) is a positive
system for g. Let o be a simple root for g in A(u,h). Then (1 > A*(g,b),0") =1 and (B,a¥) >0
for every 8 € AT([,h). In particular

1 1
<pu7av> = <§2A+(gu h)7 a\/> - <§ Z A+([a b)v a\/> = 1.
The lemma follows. OJ

For the next definition, choose a positive-definite W-invariant symmetric bilinear form (—, —)
on X*(H)®zR.

Definition 2.5.5 (J[KV95, Definition 12.3]). Let 7 be an irreducible projective type-zz(py) (I, LnK)-
module of infinitesimal character A\ € X*(H)®z R. Then 7 is weakly unipotent if for every finite-
dimensional algebraic L*-representation F and infinitesimal character N appearing in 7 ® F, we
have the following inequality

X1 = (1Al

where \g and N, are defined as in .

Proposition 2.5.6 ([KV95, Theorems 8.2 and 12.4]). Suppose that q is 0-stable, and let = be an
irreducible type-zz(py) projective (I, L n K)-module. Let
N :=dim(u n &)
Then the following are true:
o If m is weakly unipotent in the weakly fair range, then L;R§(w) = 0 for i # N. If 7 is
unitary, then LyRY(w) is unitary.
e If 7 is in the good range, then LiRg(w) = 0 for i # N, and LNR(r) is irreducible (and
nonzero). If w is unitary, then LyR§(w) is unitary.
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In the setting of Proposition we say that the representation LNRg(W) is cohomologically
induced.

2.6. Parabolic induction in the extended group setting. It will be convenient to define a
version of parabolic induction in a setting which permits various real forms of L and G at once.
This is easy to do using the language of extended groups.

Let G' be a weak extended group and let L' be a Levi subgroup of G (this means that L is a
weak extended group equipped with an inclusion L' < G'', compatible with the projections to T,
such that L < G is a Levi subgroup). Choose a parabolic subgroup @ c G with Levi decomposition
@ = LU. Even though we have not fixed a real form of G, it is reasonable to say that @ is ‘real’
or ‘G-stable’ with respect to the inclusion L' < G'. This is justified by the following lemma.

Lemma 2.6.1. The following are equivalent:

(ia) The involution oz of Z(L) determined by L' fizes the element p, € Z(1).
(iia) There is a strong real form 6 € LY\ L with §° € Z(G) such that Ad(6)Q = Q.
(iiia) Every strong real form § € L'\ L with 6% € Z(G) has Ad(6)Q = Q.
Also, the following are equivalent:
(ib) oz(pu) = —pu.
(iib) There is a strong real form 6 € LY\L with 6* € Z(G) such that Ad(6)Q = Q°P.
(iiib) Every strong real form 6 € L'\ L with 6% € Z(G) has Ad(6)Q = Q°P.
In the case of (ia)-(iiia), we say that Q is ‘real’. In the case of (ib)-(iiib), we say that Q is ‘O-stable’.

Proof. We will prove the equivalence of conditions (ia)-(iiia). The equivalence of conditions (ib)-
(iiib) is proved by a similar argument.

Let 6 € L'\ L be a strong real form of L with 62 € Z(G). Then Ad(6)Q is a parabolic subgroup
of G with Levi decomposition L Ad(§)U. Clearly, paq(syu = Ad(6)py = 0zpy. On the other hand,
since Ad(d)Q is a parabolic subgroup, it is determined by the element paq(sy, (it is the connected
subgroup of G corresponding to the nonnegative weights for paq(s).). So Ad(6)Q = Q if and only
if 07(pu) = pu. This proves the equivalence of (ia)-(iiia). O

(2.5.2). Form the Grothendieck groups KTI*(G') and KTI?*()(LT') as in Definition In this
setting, we define

Now fix a finite-order element z € Z(¥YG)% and recall the order-2 element z(pui e Z(VL)~

(2.6.1) RY: KII7(P) LTy & KT1#(GY), RY
0 else

(6om) = {(5, Rin) if 6% € Z(G)

The expression (6, Rim) in the formula above requires a bit of explanation. If § € L'\ L is a strong
real form of L' with 62 € Z(G), then § can be regarded as a strong real form of G'. In particular,
conjugation by d is a real form of G preserving L. Write L(R) < G(R) for the corresponding
groups of real points. Now we are in the setting described in the beginning of Section 2.5 In
particular, for 7 € KTI?*(P«)(L(R)) we can define the induced representation R{m € KII*(G(R)),
and (8, R§m) € KII*(GT).

We now reexamine the issue of unitarity in the setting of extended groups. There are three cases
that will concern us.

Corollary 2.6.2. Let 7 € Kﬂiz(p“)(LF) be a linear combination of unitary irreducible projective
type-zz(py) representations of strong real forms of LY of infinitesimal character \ € b*. Then the
following are true:
(i) If Q is real, then Rim € KII*(G') is a linear combination of unitary irreducible projective
type-z representations of strong real forms of GF.
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(i1) If Q is 0-stable and X is in the good range for q (Definition m, then Rim € KII*(GV) is
a linear combination of unitary irreducible projective type-z representations of strong real
forms of G*.

(i) If Q is 0-stable, X is in the weakly fair range for q (Definition[2.5.3), and 7 is weakly unipo-
tent (Definition , then Rym € KII#(GY) is a linear combination of unitary irreducible
projective type-z representations of strong real forms of G* (or 0).

Proof. This follows immediately from Lemma and Propositions iii) and 0

2.7. The Langlands classification via standard limit characters. In this section, we will
recall the classification of irreducible admissible representations in terms of standard limit characters
of Cartan subgroups. This formulation of the Langlands classification does not involve the dual

group.
Definition 2.7.1 (|JABV92, Definition 11.13]). Let G' be a weak extended group, and let G(R) be
a real form of G in the inner class defined by G*. A limit character for G(R) is a quadruple

A= (H(R),A“" Af, Af)
subject to the following conditions
(i) H(R) is the group of real points of a mazximal torus H of G.

(i) A is an irreducible projective representation H(R).

(i) Afy < A(g,h) is a system of positive imaginary roots.

(iv) Af < A(g,h) is a system of positive real Toots.
Suppose z is a finite-order element in Z(¥ G)%%. We can regard z as an element of (¥ H)%# wia the
natural inclusion Z(¥ G)%2 < (YH)%2. We say that A is of type z if A°™ is of type zz(p). There
are various additional conditions which we may choose to impose on A:

(v) We say that A is standard if
{dA“™ oY) =0, Vae AL.
(vi) We say that A is nonzero if the following condition is satisfied: let a be a simple root in
A;ﬁ{ such that
{dA“™ Yy = 0.
Then o is noncompact.
(vii) We say that A is final if the following condition is satisfied: let o be a real root such that

{dA“™ Yy = 0.
Then o does not satisfy the parity condition for A (see [ABV92, Definition 11.10]).

There is a notion of equivalence of limit characters for G(R), see [ABV92, Definition 11.6]. Write
L*(G(R)) for the set of equivalence classes of final nonzero standard type-z limit characters for

G(R).

Definition 2.7.2. Let G be a weak extended group. A limit character for G' is a pair (§,A)
subject to the following conditions

(i) 6 is a strong real form of GT.

(ii) A is a limit character for G(R, ).
Two such pairs (5, A) and (§',A") are equivalent if there is an element g € G such that gog=' = &'
and Ad(g)A is equivalent to A'. Suppose z is a finite-order element in Z(¥G)%2. We say that (6, A)
is of type z (resp. final, resp. nonzero, resp. standard) if A is of type z (resp. final, resp. nonzero,
resp. standard). Write L*(GV) for the set of equivalence classes of final nonzero standard type-z
limit characters for GT.
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The idea (made precise in Remark below) is that a standard limit character is exactly
what is needed to specify a cuspidal parabolic subgroup Q(R) = MAN(R) of G(R), a limit of
discrete series representation my; of M, and a character v of A. An induced representation like

Indf/[(f;v(m (mp ® v ®1) is the starting point for the original Langlands classification. The nonzero
condition is the same as the requirement that 7 # 0; the final condition eliminates representations
like the reducible unitary principal series of SLy(R).

We will now explain how to attach representations to standard limit characters. Suppose A =

(H(R), A", A, Af) is a standard type-z limit character for G(R). Choose a Cartan involution 6
of G(R) which preserves H(R), and a system of positive roots AT < A(g, h) satisfying the following

conditions
(1) A € A*.
(2) AL, € AT,
(3) If a € AT and (dA““™ V) € Z, then
Re(OdA“™ — dA““", o) = 0.
(4) AT\AS is —6-stable.
Let b = h @ n be the Borel subalgebra of g corresponding to A™. Form the modules
LiRy(A“™) e M*(g, K), 1= 0.

as in Section Then LiR(A“™) = 0 unless ¢ = dim(n n €) (this is [AV92, Lemma 8.19]; It
follows easily from the transitivity of induction and Propositions [2.5.2| and [2.5.6). The standard
limit representation attached to A is the type-z projective (g, K)-module

M(A) = Ldim(nm?)’R’g (Acan) € MZ(Q? K)

Let m(A) denote the co-socle of M(A), i.e. the largest completely reducible quotient of M(A). We
note that M(A) (and hence m(A)) is independent of the choice of AT (this is [AV92, Proposition
8.20]). Here is one version of the Langlands classification of irreducible representations.

Theorem 2.7.3 (|[ABV92, Theorem 11.14]). Let G' be a weak extended group and let G(R) be a
real form of G in the inner class defined by GT. Suppose z is a finite-order element in Z(¥ G)%2.
Then the following are true:

(i) If A € L*(G(R)) is a final nonzero type-z standard limit character, then the corresponding
representation w(A) is irreducible.
(ii) The map A — mw(A) defines a bijection
m: L*(G(R)) = IF*(G(R))

from equivalence classes of final nonzero type-z standard limit characters for G(R) to equiv-
alence classes of irreducible type-z projective representations of G(R).
(iii) If A is a standard type-z limit character (not necessarily final or nonzero), then there is a
finite (possibly empty) set
final(A) ¢ L*(G(R))
such that
M(A) = @ M(A) and w(A) = @ m(A).
A’efinal(A) A’efinal(A)
(iv) The bijections in (ii) induce a bijection
m: LF(G) S TG, 7(8,A) = (5,7(A))
from equivalence classes of final nonzero type-z standard limit characters for G to equiva-
lence classes of irreducible type-z projective representations of strong real forms of G.
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Remark 2.7.4. It is helpful to recall the relationship between construction described above and
Langlands’ construction in [Lan79]. Suppose A is a final nonzero standard type-1 limit character
for G(R). Let L ¢ G denote the Levi subgroup corresponding to the imaginary roots in G. Let
Q@ = LU denote the (unique) parabolic subgroup containing the Borel subgroup B constructed above.
Since the roots in u are stable under —0, @ is defined over R; Q(R) is the cuspidal parabolic
mentioned after Deﬁnitz’on and L(R) = M A. By the transitivity of induction

RO(A“™) ~ RE(R, A"
~ RI((Rinp (A" @ pu/lpul) ® |pul/pu)
= Indgﬁ; (R{mb(AC(m ® pu/lpul))

The inner module R}, (A" ® py/|pul) is the relative limit of discrete series representation of L(R)
with Harish-Chandra parameter (Afy, A" @ py/|pul).

2.8. Coherent families. Fix all of the notation of Section 2.5l Choose a maximal torus H ¢ G
and let X = X*(H) < b* denote the character lattice. If A € b*, let KM5(g, K) denote the
Grothendieck group of finite-length projective type-z (g, K)-modules of infinitesimal character .

Definition 2.8.1 ([Duf79|, see also [Vog81, Definition 7.2.5]). Let A € h*. A coherent family of
projective type-z (g, K)-modules based on X\ + X is a function
©: A+ X > KM*(g,K)

such that

(i) For each N e A+ X, ©(\) e KM$ (g, K), and

(i1) For each N € A+ X and finite-dimensional algebraic G-representation F, there is an identity

in KM?*(g, K)
ON)@F = Y m(p, F)O(u+X)

peX
where m(p, F') denotes the multiplicity of p in F.

We will need several basic results about coherent families. The first is a uniqueness theorem.

Theorem 2.8.2 ([Vog81, Theorem 7.2.27]). Let A € b* and let M € KM3(g, K). Then there is a
coherent family

©: A+ X > KM?*(g,K)
such that ©(N) = M. If X is reqular, then © is unique.

This allows us to define
Definition 2.8.3. Suppose X € b* is reqular and let N € A\ + X. Then
TA— X): KM{(g,K) - KM;3/(g,K)
is the Z-linear map defined by
T\ —N)M =M\,  MeKM(g,K),
where OM : X + X — KM?*(g, K) is the unique coherent family such that ©M(\) = M.

The second fact we will need is that coherent families are preserved under parabolic induction.
Fix the notation of Section ie. g, Rg, and so on.

Proposition 2.8.4 ([Vog81, Lemma 7.2.9]). Let ©g: A + X — KM ([, K ~ L) be a coherent
family of projective type-zz(py) (I, K n L)-modules. Then Ryo®y is a coherent family of projective
type-z (g, K)-modules.
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2.9. Action of the Weyl group. Choose a maximal torus H < G, and let X = X*(H) < bh*
denote the character lattice. For each A\ € h*, we obtain a system of A-integral roots

A = {ae Alg,h) | \a¥) ez,
We denote by W (A) the Weyl group of A(\). Note that
W(A) ={weW | w\— \is asum of roots in A(g, h)}.
We also define
Ay =faeAdgh) | a¥y =0} Aso(h) = {aeAlgb) [ A a¥)e Zsoh.

Note that A>g(\) is a parabolic subsystem of A(A) with Levi subsystem Ay. We denote by W)y
the Weyl group of Aj.

If X is regular, it belongs to a unique Weyl chamber. If A’ € A + X is a (possibly singular) weight
belonging to this Weyl chamber, then we get a natural positive system for Ay:

Aj\_, = {Oé € AX | <)\,Oév> > O},

and hence a set of simple reflections in W)y,. Note that the positive system A;r\, and the associated
simple reflections in W), depend on the choice of A (more precisely, on its Weyl chamber), although
this is not reflected in our notation.

Definition 2.9.1 ([Vog81) Definition 7.2.8]). Suppose X € b* is reqular. For each we W (\), let
TN =T\ - w™t)),

a Z-linear automorphism of K M3 (g, K). The map w — Ty defines a representation of W(X) on
KM;(g,K), called coherent continuation (at X).

Sometimes, when the base point is understood, we will suppress the superscript A from the
notation 77,

Proposition 2.9.2 ([Vog81), Proposition 7.3.7 and Corollary 7.3.19]). Let A € h*. Choose A\, € A+X
reqular with A contained in its (closed) Weyl chamber. Consider the operator

T(Ar — A): KM (g, K) — KMZ(g, K).
(Definition m) Then the following are true:
(i) If m e 1§ (9, K), then T(\ — A\)m is either irreducible or 0.
(ii) T(A\ — A) induces a bijection
{m eI} (9, K) [ T(Ar — M7 # 0} = TI3(g, K).

(iii) If = € 115 (g, K), then T(A, — \)m = 0 if and only if there is a simple reflection s € Wy
such that T)rm = —.
(iv) Let m € 115 (g, K) and suppose that T} # —m for some simple reflection s € Wy. Then

Ts’\Tﬂ = 7w+ Usn, where Usw is a Z=o-linear combination of irreducibles ' such that Ts)‘Tﬂ'/ =

—7’.

From (iii) and (iv) of Proposition we deduce the following lemma.

Lemma 2.9.3. Let A\ € h*. Choose A\, € A + X regular with \ contained in its (closed) Weyl
chamber. Then for any simple reflection s € W, we have

ker (1 4+ T27) < ker T(\, — \).
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Proof. Suppose M € K M5 (g, K) lies in the kernel of 1 + T, A Write M as a linear combination of
irreducibles:
M = Z CpT, cqx € 7.
ﬂEHiT (g,K)

Then by Proposition iii) and (iv), we have
0=1+TMM= > c(1+Td)r= >  cam+ Y cxlUs(m),
(L+T57 )0 (14T )m#0 (14T )m#0

where each U,(m) is a linear combination of irreducibles 7 such that (1 4+ T2")7’ = 0. It follows
that

0= Z ¢ + (linear combination of other irreducibles).
(1+T27 Ym0
Hence, ¢, = 0 whenever (1 + T2")m # 0 and therefore T(\, — A\)M = 0, as desired. O

We will also need the following elementary facts about coherent continuation.

Lemma 2.9.4. Let A\, € b* be reqular and let A € A\, + X. Then the following are true:

(i) for any regular X, € \, + X, we have

T\ = X)) =T\, > XN oT(\ — \);
(ii) for any we W(X), we have
T\ — A) = T(wA, = wA).

Proof. Given M € KM3, (g, K), let ©* denote the unique coherent family based on A, + X such
that @ (\,) = M. Let N = ©*(\.) = T(\, — N.)M and let ©* denote the unique coherent

family based on \. + X = A, + X such that ©*(\.) = N. Since O (X.) = N = ©*().), the
uniqueness of coherent families implies that @ = ©**. Thus

T(A — NM =0 (\) = 0N (\) = T(N. - A)N = T(X. > NT(Ag — X.)M.

This proves (i).

For (ii), we argue similarly. For any M € A+ X, let @ ()\) = @ (w™1)\). Since the weights of
any finite-dimensional G-representation are W (\)-invariant, the map ©¥*: A + X — K M?(g, K)
is a coherent family. On the other hand, ©%*r (w),) = ©*(\,) = M, so by definition T'(w\, —
wA)M = 0% (w)) = ©* (). It follows that

T\ — \M = 0 ()\) = T(w, — w\) M.
This proves (ii). O

2.10. L-coherent families. Choose a Levi subgroup L < G and a maximal torus H < L. Write
X*(L) for the lattice of one-dimensional representations of L, a sublattice of X = X*(H).

Definition 2.10.1. Let A € h*. An L-coherent family of projective type-z (g, K)-modules based on
A+ X*(L) is a function
Or: A+ X*(L) > KM*(g, K)
which is the restriction to A + X*(L) of a (classical) coherent family based on X\ + X.
The following is an analog of Theorem [2.8.2

Proposition 2.10.2. Let A € b* and let M € KM3(g, K). Then there is an L-coherent family
Or: A+ X*(L) — KM*(g, K)
such that ©p(X\) = M. If X is in the good range for | (Definition [2.5.5), then Oy is unique.
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Proof. By Theorem there is a (classical) coherent family ©: A + X — KM (g, K') such that
©(A) = M. Its restriction to A + X*(L) is an L-coherent family with the desired property.

Now suppose that A is in the good range for a parabolic subalgebra q < g with Levi factor [.
Choose any N € A + X*(L) and A, € A + X regular with \ in its chamber. For the uniqueness
claim, it suffices to show that

ker T'(A, — A) € ker T(\, — ).

Write Wr, v = WrnW)y,, where Wy, ¢ W is the Weyl group of L. Note that Wy, y/ is a Levi subgroup
of Wy. Since A is in the good range for q, we have that Wy y = W), and since A — X' € X*(L), we
have that Wy, = W, ». Hence, W) is a Levi subgroup of Wy,. Now choose an element w € W ()
such that A, contains w\’ in its (closed) Weyl chamber, and let s1, ..., s, be the simple reflections in
W), (corresponding to the positive system determined by A,.). Then wsjw™!, ..., ws,w™! are a set of
(possibly nonstandard) simple reflections for wWyw™!, a Levi subgroup of wWyw™' = W. To
make them standard, choose an element wg € W, such that wowWAw_lwa lis a standard Levi
subgroup of W, with simple reflections wowslw_lwo_l, ...,wowsnw_lwo_l, and let w; = wow.
Note that w1\ = wgw\ = wN\.

By Proposition ker T(\, — \) is spanned by irreducibles m such that T}*m = —r for a
simple reflection s € W). Fix some such pair (m,s) and let s’ = wlswfl, a simple reflection in
Wi, v by the construction of w;. By Lemma we have that

T\ — N)m = T(wi' A = X)T(\ = wi A7 = T\ — wiN) Ty
On the other hand,

Arde e — A A A
T fl’wlﬂ'—fl’wlswl_lwlw—TwlTS m= =Ty

Thus, T is contained in ker T'(A, — wi\') by Lemma And so T(\, = N)m = T(\ —
wiN)Tprm = 0, as desired. This completes the proof. O

This allows us to define

Definition 2.10.3. Suppose A € h* is in the good range for | (Definition and let N €
A+ X*(L). Then
T\ — X)s KM (g, K) — KM (g, K)
is the Z-linear map defined by
Tr(A — X)M = e/ (X),
where OM X\ + X*(L) — KM?(g, K) is the unique L-coherent family such that © ()\) = M.

We conclude by mentioning an important construction of L-coherent families. Assume that L is
f-stable. Then there is a group homomorphism

RS: KM#P)( L n K) — KM*(g, K).

Proposition 2.10.4. Let A € b* and let My € KM;Z(p“)([,L N K). Then the function
Or: A+ X*(L) > KM*(g,K), Or(A + p) = RY (M, ® p)
is an L-coherent family.
Proof. By the existence claim in Theorem there is a (classical) coherent family for L
Op: A+ X —» KM**P)([ L A K)
such that ©g(\) = M. For any u € X*(L), we have (by the definition of coherent family)
Oo(A + 1) = O9(A) ® p.
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Now let © := R§ 0 ©g. By Proposition this is a coherent family for G, so its restriction to
A+ X*(L) is an L-coherent family. But for any p € X*(L) we have

O+ p) = RiOo(A + p) = R§(ML @ p) = O (A + ).
This completes the proof. ]

3. THE LANGLANDS CLASSIFICATION VIA GEOMETRIC PARAMETERS

In this section, we will recall the ABV formulation of the Langlands classification and the defini-
tion of Arthur packets. We will also define in Section [3.5] some convolution functors on categories
of sheaves on spaces of Langlands parameters. We will show in Section that these functors are
dual, in a certain precise sense, to coherent continuation.

3.1. Geometric parameters. In this subsection, we will recall the definition of the ABV param-
eter space. It is helpful to introduce some general notation for reductive groups. Suppose A is a
complex reductive group with Lie algebra a and let A € a be a semisimple element. For each z € C,
let a, denote the z-eigenspace of the operator ad()\). Consider the nilpotent subalgebra

nN)= P aca
ne€Zso
The canonical flat through X is the affine subspace of a defined by
FA) =X +n(N).
If O c ais a semisimple A-orbit, we write
F(O)={F(\) | AeO}.

It is easy to see that the set F(Q) is a partition of @. Moreover, the map e : a — A given by
e(A) = exp(2mi\) is constant on canonical flats. So if A is a canonical flat, we can write e(A)
without ambiguity.

Definition 3.1.1. Let VG be a weak E-group. A geometric parameter for ¥ G' is a pair (y,\)
consisting of a semisimple element y € ¥G' — VG and a canonical flat A = Vg such that y*> = e(A).

The set of geometric parameters for ¥ G is denoted X (¥ GT). Note that ¥ G acts by conjugation
on X (YG"). Two geometric parameters are said to be equivalent if they are conjugate under this
action.

The relation between geometric and classical Langlands parameters (Deﬁnition is described
in the following proposition.

Proposition 3.1.2 ([ABV92, Corollary 5.9]). For any Langlands parameter ¢ € P(YG"), there is
a (unique) semisimple element X = () € Vg (called the ‘infinitesimal character’ of ¢) such that

p(exp(t)) = exp(tA + t Ad(e(4))N), teC.
The ¥ G-equivariant map
P(YG") = X(YGY), @~ (exp(miN)e()), F(A).
induces a bijection on ¥ G-orbits
o(VGh) = P(YGN)/YG = X(YGN)/VG.
Next, we recall some facts from [ABV92, Section 6] about the local geometry of X (VG'). Fix a
semisimple ¥ G-orbit O < Vg, and consider the sets
X('G",0) = {(y,A) e X('GT) [Ae FO)},  Y(0) = {ye "G VG |y e c(0)}.
There are Y G-equivariant surjections

(¢)2: Y(0) — e(0), e: F(O) - e(0),



20 JEFFREY ADAMS, ANDREI IONOV, LUCAS MASON-BROWN, AND DAVID VOGAN

and hence a v G-equivariant isomorphism
X(YG",0) ~ Y(0) xq) F(O).
By [ABV92, Proposition 6.13], the set Y(Q) decomposes into finitely many ¥ G-orbits, denoted
Yl, YQ, ceey Yk c Y(@)

(of course, the integer k£ and the sets Y; depend on the choice of @, even though this is not reflected
in the notation). Fix one such ¥ G-orbit Y; < Y(0), and consider the subset

(3.1.1) X(VG"0,Y) = {(yi,N) e X(VG") | yi € Vi, Ae F(O)} < X(VG",0).
There is a ¥ G-equivariant surjection
(¢)%:Y; = e(0),
and hence a vV G-equivariant isomorphism
X(YG",0,Y;) ~ Y; x,0) F(O).
Now choose an element (y;, A) € X(VG',Q,Y;). Define the following subgroups of ¥ G:
VR = Zvq(e(A))°, VK; = Zvg(yi), VP = Stabvr(A).

Note that ¥ R is (the identity component of) a pseudo-Levi subgroup of ¥G and v K; (resp. ¥ P) is
a symmetric (resp. parabolic) subgroup of ¥ R. Sometimes we will write

“R="R(A), VKi="K(y), YP=7YP()

to indicate the dependence of these subgroups on the geometric parameter (y;, A).
There are ¥ G-equivariant isomorphisms

Y ~VG/VK;, F(O) ~VG/VP, e(0) ~VG/R
and the maps ()%: Y; — ¢(Q) and e: F(Q) — e(0) correspond to the inclusions ¥ K; = ¥R and
VP c YR. Thus
X(YG',0,Y) = (VG/VK) X vy "G/ P)
~ VG xvi, (YR/'P)
In particular, there is an equivalence of categories (restrition to the fiber)

(3.1.2) DOV X (VG 0,Y;) = DY KN (YR/Y P)

3.2. Complete geometric parameters. Let ¥ G be a weak E-group. Fix a semisimple ¥ G-orbit
0 < Vg and a vVG-orbit ¥; < Y(Q). Form the algebraic variety X (¥G',0,Y;) as in , and
let YG9 denote the algebraic universal covering group of ¥ G, i.e., the projective limit of all finite
coverings of VG.

Definition 3.2.1 (JABV92| Definition 7.1]). A complete geometric parameter for (VG',0,Y;) is a
pair (z,7) consisting of a geometric parameter x € X(VG',Q,Y;) and an irreducible representation
T of the profinite group

Alec .= Com(Stab. gaie ().

Note that ¥ G acts by conjugation on the set of complete geometric parameters for (¥ GT,Q, Y;).
Two complete geometric parameters are said to be equivalent if they are conjugate under this
action. Write Z(¥GT,0,Y;) for the set of equivalence classes of complete geometric parameters for
(VG',0,Y;). Note that an element of Z(¥ G, 0,Y;) can be regarded as a pair (.S, 7) consisting of a
VG-orbit S < X(VGT,0,Y;) (i.e. an equivalence class of geometric parameters) and an irreducible
Y G¥9-equivariant local system 7 on S.
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Write
c e x (VGY,0,Y;) = category of ¥ G%-equivariant constructible sheaves on X (¥G',0,Y;)
PvGang(VGF, 0,Y;) = category of ¥ G9-equivariant perverse sheaves on X (¥G',0,Y;)

Denote by K Gl y (VG',0,Y;) the shared Grothendieck group of these two categories. To each
complete geometric parameter (S, 7) € Z(VGL,0,Y;), we can associate two natural extensions:

w(S,7) = jire C X (VG",0,Y))
P(s,7) = jur[dim(S)] e P79 X (¥G",0,Y;)

(here, j denotes the inclusion of S in its closure and j; (resp. ji.) denotes the extension-byzero
(resp. intermediate extension)). For details, we refer the reader to the discussion following [ABV92,
Theorem 7.9]. The sets

{u(S,7) | (8,7) € E(VGH,0,Y3)},  {P(S,7) | (S,7) € E(¥GT,0,Y;)}

form two natural Z-bases, in canonical bijection, for KvGang(VGF, 0,Y;).
It is convenient to introduce some analogous notation for X (¥ G',Q):

¢ X (A 0) = PO X(V G 0,Y)

P X (V@R 0) = @ P CX(VGN0,Y)

KVG“Z“’X(VGF,@) — (—BKVGM"X(VGF,@,K)
E(VGF,0) = |_Z|E(VGF,<O>,Y1-)

3.3. The Langlands classification via geometric parameters. In this section, we will re-

call the statement of the Langlands classification of irreducible representations, as formulated in
[ABV92].

Theorem 3.3.1 (JABV92, Theorem 10.4]). Let (G',W) be an extended group for G and let
(VGY,S) be a corresponding E-group with second invariant z. Fiz an orbit O Vg of semisimple
elements. Then there is a natural bijection

(3.3.1) =(VGY,0) 5 Li(Gh)

from complete geometric parameters to equivalence classes of nonzero final type-z standard limit
characters. Composing with the bijection of Theorem (z'v), we obtain a further bijection

7 Z2(VGY,0) 5 I3(GY)

from complete geometric parameters to equivalence classes of irreducible type-z representations of
strong real forms of G.

Remark 3.3.2. Let p: Wg — VG be a Langlands parameter (Definition . Then the L-
packet corresponding to ¢ is the set of irreducible projective type-z representations

I*(G1)y = {m(,7)}

where = is the geometric parameter corresponding to ¢ (Proposition and T runs over all
irreducible representations of ALC.
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For each complete geometric parameter & € Z(Y G, 0), let M (&) € K113 (G") denote the standard
representation with Langlands quotient 7(&). Note that the set
{M(&) | €e=E(VGh,0)}
is a basis for KII3(G"). Also define d(¢) := dim(S), where £ = (S, 7).

Theorem 3.3.3 ([ABV92, Theorem 1.24]). Let (G',W) be an estended group for G and let
(VG',S) be a corresponding E-group with second invariant z. Fiz an infinitesimal character
O < Vg. Then there is a unique perfect pairing

(—, =5 KTI5(G") x KX ¢ (VG',0) > Z
such that

<M(E)7:u’(£l)> = 6(5)55,5’7 575/ € E(VGF)
and

(m(€), P(E) = e(©)(-1)"deer, €6 €E(VG).

Here e(&) € {£1} is the Kottwitz sign associated to the real form of G represented by 7(§), see
[Kot83|] or |ABV92, Definition 15.8].

Since {M (&)} (resp. {u(€)}) is a basis for KII5(GT) (resp. K'G"X(¥G',0)), the uniqueness
of the pairing defined by one of the two properties is obvious. The content of the theorem is that
the pairings defined by both conditions coincide.

3.4. Langlands functoriality. In this section, we will review the general formalism of Langlands
functoriality, as developed in [ABV92]. Suppose (G, W) and (H", Wy) are extended groups. Let
(VGY,S) and (VH",Sy) be corresponding E-groups with second invariants z and zj, respectively.
Suppose we are given an L-homomorphism e: ¥ H' — VG'. Then there is a natural map

(34.1) e: X(VHY) - X(VGh), e(ym, Ar) = (e(y),e(Ag)).

Here, ¢(Ap) denotes the unique canonical flat in Vg containing de(Ag). This map is clearly ¥ H-
equivariant. Now fix

Og = semisimple ¥ H-orbit on v, Yy = semisimple ¥ H-conjugacy class in ¥ H" \VH

so that Yﬁ, = e(0f). Let O = VG -0y and Y := VG - Yy. Then (3.4.1) restricts to a closed
v H-equivariant morphism of algebraic varieties

(3.4.2) e: X(YHY,Yy,0p) - X(YGY,Y,0).
Choose an element (yg,Ay) € X(VHY,Yy,Qg) and let (y,A) = e(yg,Ay) € X(VG',Y,0).

Define

YRy = Zvu(e(An)), YKg=Zvg(yn), “Pu =Stabvy(Apy)
and

R=Z.6(e(N), VK = Zeglelyn)), ¥P = Stab.g(A).
As explained in Section there are natural identifications
X(VHY,Yy,0y) ~ VH xvg, (YRy/"Py),  X(YG',Y,0)~ "G xvg (YR/VP).
Under these identifications, (3.4.2)) corresponds to the ¥ H-equivariant morphism
e: "H xviy, (YRu/"Ppy) —» "G xvg (YR/P)

induced by the maps e: YVH — VG, e: YRy — YR, and so on.
Restriction along € defines a functor

¢*: DPC X (YGL,Y,0) — DPCTHY X (Y HY Vi, Op)
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of bounded derived categories of equivariant constructible sheaves, and hence a group homomor-
phism

& K CYX(YGLY,0) > K HY X (YHY, Yy, Op)

of Grothendieck groups. Assembling these homomorphisms over the various Yz and O, we get a
group homomorphism

e K X(YGY) > KTHY X (Y HY)

Taking transpose, we get a group homomorphism in the opposite direction
(3.4.3) et KTHY X (YHD) - K76 X (VGD)*,
(here, (e)* stands for Z-linear dual). Theorem [3.3.3] provides identifications

FHZH(HF) ~ KVHGZQX(\/HF)*’ FHZ(GF) ~ KVGGZQX(\/GF>*
of these dual spaces with formal virtual representations of strong real forms for H and G respectively.
Under these identifications, the map corresponds to a group homomorphism
(3.4.4) ex: KII*H (HY) — KII*(GY)

from formal virtual representations of strong real forms of H to formal virtual representations of
strong real forms of G. This final map is called Langlands functoriality. 1t is easy to describe its
behavior on standard representations.

If Sip < X(VHY) is a ¥ H-orbit (of geometric parameters for H) and S = VG - €(Sg), there is a
natural homomorphism of local component groups

Aleoc: A{SO; N Aloc’
(notation from [3.2.1)). Thus, for each complete geometric parameter (Sy,7y) € Z(¥ H') there is
an associated subset e, (Sw, 7H) < Z(¥G') of complete geometric parameters for G, defined by
(3.4.5) ex«(Su, ) = {(VG-Su,7) | €T =11}

Proposition 3.4.1 ([ABV92, Proposition 23.7)). Let (Sy,7r) € Z(YHY) be a complete geometric
parameter for H. Recall from Theorem the corresponding (extension by zero) constructible
sheaf p(Sg,7H); the corresponding standard representation M (Sg,TH); and the Kottwitz sign
e(Su, 7). Suppose that (S,7) € €x(Su, TH) is a complete geometric parameter for G. Then

€ (M(Sa T)) = N(SHa TO AlEoc)
(Here T o AY¢ is a one-dimensional character of Alé’;) Equivalently,
xM(Su, i) = e(Su, i) Y, e(S,T)M(S,7).
(S,r)eex(SH,TH)
The first formula is the content of [ABV92| Proposition 23.7]. The second follows from the first
and the definition of duality in Theorem [3.3.3

3.5. Convolution functors. Let VG' be a weak E-group. Fix a semisimple ¥ G-orbit O c Vg
and a ¥ G-orbit Y < Y(0Q). Form the algebraic variety X (YGT,0,Y) as in (3.1.1)).

Definition 3.5.1. Suppose Q' < Vg is a semisimple ¥ G-orbit. A translation datum from O to O/
is a pair (A, \") such that

(i) A< @ and N' < Q' are canonical flats, and

(i1) e(A) = e(A); this condition ensures that ¥ R(A) = Y R(A") =: VR.

Two translation data are equivalent if they are conjugate under ¥ G.



24 JEFFREY ADAMS, ANDREI IONOV, LUCAS MASON-BROWN, AND DAVID VOGAN

Remark 3.5.2. If we have a fized maximal torus H < G, then an equivalence class of translation
data determines, and is determined by, a W (G, H)-orbit of pairs (A, ') in b* such that A — N €
X*(H). Given such a pair (\,\'), we obtain a translation datum (A,A\’) by identifying h* = bV
and setting A = F(X) and A = F(XN'). Conversely, given a translation datum (A, A"), we obtain a
pair (N, X') by identifying b* = Y and choosing A € A N h* and N € A’ n h*.

Now fix a translation datum (A, A’) from O to @' and an element (y,A) € X(YG',0,Y). Below
we will define a functor

IA—N): K¢ X(YGY,0,Y) > K¢ X(VG",0/,Y).
First, form the subgroups
VK="K(y)cYR, YP=YP(A)c“YR, VP =VP(N)c "R
as in Section [3.1] There are natural maps
q: YR/(YPnYP)— YR/VP, ¢:YR/(VPnVP)—YR/VP.
Consider the ‘convolution’ functor
I(A — A') := qi¢": D*C(¥R/"P) — D'C(YR/"P')

(the direct image ¢| preserves constructibility by [KS06, Exercise VIII.4]). This functor is compat-
ible with left ¥ K“9-actions. Thus it induces a functor

I(A — A'): DPC™ K (Y R/¥ P) — DPC K™ (Y R/Y P').
Composing with the equivalences , this induces a functor
I(A > A): DPC " X(¥GF,0,Y) — D'C " X (VGT, 0, Y),
and hence a homomorphism (by taking Euler characteristics)
IA—N): K¢ X(YGY,0,Y) > K @YX (VG',0,Y).
The next lemma establishes a composition property for such homomorphisms.

Lemma 3.5.3. Let O, O, and O, be semisimple ¥ G-orbits such that Q, regular and let (A, A;)
and (A, \") be translation data from O to O, and Q, to Q', respectively. Suppose in addition that

VP, =YP(A,) S VP(A) ="P.
Then on the level of Grothendieck groups, the following are true:
X(("P Y P)/(Y P Y P)IA — A) = I(Ar —> N) o I(A — Ay)
and
NP oY PYJ(Y P VPN — A) = I(A, — A) o I(A' — A,),
where x denotes the Fuler characteristic, which is moreover a positive integer.

Proof. We have the following commutative diagram

VR/\/PT ¢ q \/R/(\/PT e} \/P/)

qu ﬁ“
!

v v v v v 4q v v
R/VP «—— VR/("P VP —Ls YR/V P
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Note that by definition I(A — A,) = ¢ and I(A, — A) = (g, )1. So
I(Ay = A) o I(A = Ar) = qi(@)1(@) " ar = qi(@)1(3)"q"
and

I(Ay = A) o I(A — Ap) ~ (ge)i1(Gr)1(3)"(¢)* =~ ar(@)i(G)* (d)*

Moreover, by the projection formula

(qr) (qr) ((j;)!(QVR/(vprﬁvp/))@—.

Note that ¢, is a fibration with fiber (VP nY P")/(¥ P, nY P’), which is itself an affine fibration
over a flag variety of VP nV P’. Hence, the constant sheaf C. R/(¥ P,~v Py 1S quasi-isomorphic to
its cohomology sheaf, which is concentrated in even degrees and forms a trivial local system over
VR/(YP nY P’) with stalk H*((VP nv P")/(YP. n¥ P')). The claim follows. O

Now assume that O, < Y g is a regular semisimple ¥ G-orbit. Choose a maximal torus VH c VR
and a Weyl group element w € W(0,) = Nvr(¥VH)/YH. Let w be a lift of w to Nvr(¥H) and
let A = Ad(w)A, < Op. Then VP = VB and VP’ = VB’ are Borel subgroups of ¥R satisfying
VB’ = Ad(w)" B. Consider the functor

(3.5.1) I,: D'C" K™ (YR/¥ B) — DbC K" (VY R/¥ B)
obtained by composing the convolution functor

I(A, — N): D'C" K" (YR/¥B) — D'C K™ (VR/V B
with the equivalence

DbCVKalg(vR/vB/) N DvaKalg(vR/vB)

obtained by pullback along the isomorphism ¥ R/Y B’ — YR/Y B, rVB' s r¥B'w = rw" B. It is
well known that the functors {I,, | w € W(Q)} define an action of W (Q) on KVK&ZQ(VR/VB) and
hence on KvGang(VGF,@), Y).

Lemma 3.5.4. Let O and O, be semisimple ¥ G-orbits such that Q, is regular and let (A, A,) be a
translation datum from O to Q,. Then on the level of Grothendieck groups we have

I(A—A)oI(Ay > A) = ) I,

weWp
where Wy is the singular Weyl group of A, a subgroup of W (Q0).

Proof. Consider the Bruhat decomposition ¥ P/¥ B = [ |y, ¥ Bw" B/"B. Note that ¥ Bw" B/Y B ~
B/(¥B n Ad(w)" B) as ¥ B-spaces. Thus the functor I(A — A,) o I(A, — A) admits a filtration
with adjoint quotients I,,. The claim follows. O

3.6. Convolution is dual to coherent continuation. Let (G', W) be an extended group for G
and let (YG',S) be a corresponding E-group with second invariant z. Let (A, A’) be a translation
datum from O to @’. As explained in Section there is a convolution map

(3.6.1) I(A—A): K9 X (VG ,0) - K¢ X (¥G', 0.

Choose a maximal torus H < G. Recall, Remark that (A, A’) corresponds to a pair (A, \') of
elements of h*, well-defined up to simultaneous W (Q)-conjugacy, such that A — X € X*(T'). Let us
assume that H belongs to a Levi subgroup L such that

(GR1) X is in the good range for [ (Definition [2.5.3]), and
(GR2) X — A e X*(L).
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Under these conditions, there is an L-coherent continuation map
(3.6.2) Tr(N — \): KTI5,(GY) — KT (GY)

see Definition [2.10.3] In this section, we will show that the maps (3.6.1)) and (3.6.2)) are dual under
the Vogan duality pairings

(3.6.3) KIE(GY) x K'¢""X(YGY,0) > 2,  KIL(G") x K ¢ X(VG",0) - Z,

We begin with some special cases. The simplest case is when both @ and Q" are regular. In this
case, the duality is well known.

Proposition 3.6.1 ([ABV92, Proposition 17.16], see also [Vog82, Lemma 14.5]). Assume O and
Q' are regular and let w € W(X) be the relative position of the Borel subgroups ¥ B = ¥ P(A) and
VB = YP(A') of VR. Then the operators T(N' — ) and I(A — A’) are dual under the Vogan

duality pairings .
The next simplest case is when there is an inclusion of parabolics ¥ P(A") € Y P(A).
Lemma 3.6.2. In the setting described in the beginning of this section (in particular, assuming
conditions (GR1) and (GR2)), the following are true:
(i) Suppose that
VP = VP(A') S VP(A) = VP
Then the operators Tp(N — X) and I(A — A') are dual under the Vogan duality pairings

:

(ii) Suppose in addition that ¥ P’ is a Borel. Let u € KIIZ,(GY) be invariant under T, for all
we Wy and let v e KXVGalg(VGF, Q') be arbitrary. Then

(TN = N, I(N — M)y = [W[u, ),
where, recall, W 1is the singular Weyl group of A.

Proof. By Proposition m Tr,(N — )) takes irreducibles in K1I3,(GY) to irreducibles or 0. On
the other hand, I(A — A’) is just the pullback along the fiber bundle X (¥G', Q') — X(VG', Q)
(with fiber ¥ P/ P’). This functor takes irreducible perverse sheaves (shifted by the dimension of
their support) to irreducible perverse sheaves (shifted by the dimension of their support). This
proves (i).

Using part (i), Lemma and Proposition we get:
(TN — Nu, I(A — Ay = (u, I(A — AYI(A — A)v)
= (u, Z I,v)

weWp

= Z Twu,v)

weWy

= [WilCu, v).
This proves (ii). O

Theorem 3.6.3. In the setting described in the beginning of this section (in particular, assuming
conditions (GR1) and (GR2)), the operators Tr,(N' — X) and I(A — A') are dual under the Vogan

duality pairings . That is, for any v e KII%,(GY) and ve KX ¢ (YGY,0), we have
(TN — Nu,v) = (u, [(A — A)v).



THE UNITARITY OF ARTHUR PACKETS FOR REAL REDUCTIVE GROUPS 27

Proof. Choose conjugacy classes O,, Q). c Vg of regular semisimple elements and translation data
(A, A;) and (A, A]) from O to O, and @ to Q). respectively, such that ¥P. = ¥ B is a Borel
subgroup contained in YP and YP. = VB’ is a Borel subgroup contained in ¥ P. Also choose
u, € K11Z, (G"), invariant under {T, | w € Wy}, such that u = Ty, (A, — X)u, (such a u, exists by
Pl"OpOSitiOTIl .
Note that
X("PnY B)/(YBn¥ B)) =x(("Bn" P)/("Bn" B') =1,

since in both cases the numerator and denominator are solvable groups sharing a common maximal
torus, and so the quotients are affine spaces. Moreover,

X("P Y P)/(YP Y B)) =x(("P Y P)/(YBnY P')) =|Wyl.
To see this, note that both quotients are affine fibrations over the flag variety of the Levi factor
of VP nY P’  and conditions (GR1) and (GR2) guarantee that this Levi factor coincides with the

Levi factor of P’, which has Weyl group W).
Now we Compute

lu, I(N — A)v)y = |<TL()\' — Nup, I(A. > A)I(Ay — A )I(A — A,)v)  (Lemma [3.5.3)

\W
_ }%AI@ I(Ay — ADI(A — Ao (Lemma [3.6.2{ii))
=T\, = A\)up, [(A — A )v) (Proposmon
={Tr,(A\r = NT (AL — N\, v) (Lemma [3.6.2)(i))
=(Tr,(\. = Nu,,v) (Lemma [2.
=(Tr,(N — Nu,v) (Proposmon 2.10.2)).

0

3.7. Arthur packets. Let (G, W) be an extended group for G and let (¥ G',S) be a correspond-
ing E-group with second invariant z. Fix an Arthur parameter ¢: Wg x SLy(C) — ¥ G' (Definition
2.3.3)). Recall that ¢ determines a Langlands parameter ¢y, which in turn determines a point
(y,A) € X(¥VG") (Proposition . This point can be described a bit more explicitly as follows.

Let 91 denote the restriction of ¢ to Wg, a tempered Langlands parameter, and let (yi, A1)
denote the corresponding pair as in Proposition Next, let 9o denote the restriction of v to
SLs(C), an algebraic homomorphism into ¥G. Define the elements

c=ava(y o). san(] ). w-dn(p N) wmew(p f)

Then the point (y,A) € X(YGT) is given by the formulas
1
Y = y1y2, A=A+ 5h A =F(N).

Now use (y,A) to define the subgroups YR ¢ VG, YK < YR, and YP < YR and the algebraic
variety X (VG',0,Y) as in Section Let V6 = Ad(y), an involution of Yt with fixed points “&.
It is easy to see that e belongs to the subspace

nil(Vp)~ ¥ < Ve
Proposition 3.7.1 (JABV92, Proposition 21.3)). In the setting described above, let S = X (¥ G, 0,Y)
denote the ¥ G-orbit of (y,A). Then the co-normal space T% N (Y GT.0Y), (A )S to S < X(VG',0,Y)

at the point (y, A) is canonically identified with the subspace
( t/\/p + VE) \ *
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If we fix a non-degenerate ¥ GY -invariant symmetric bilinear form on vg, then the induced isomor-
phism

restricts to an isomorphism
(Ve/Yp+ Ve S mil(Vp) Tl

—Vg

In this way, the element e € nil(Vp) corresponds to a vector in T)”z( S. This vector

vGT,0,Y),(y,A)
s generic, in that its ¥ G-orbit is open and dense in T)”‘((VGF OX).(y A)S.

Definition 3.7.2 ([ABV92, Definition 22.4]). The Arthur component group of v is the pro-finite
group
A .= Com(Staby gatg (1))

Proposition 3.7.3 (JABV92, Proposition 22.9]). In the setting described above, the inclusion
StavaaZg ('lp) C Zv Galg (e)
mduces an isomorphism
A$ic = Com(Z, cag (€)).
Moreover,
Com(Z. gaig(€)) = Com(Z. qaig(€)).
Thus, there is a canonical isomorphism

AP = Com(Zy gata(€)).-

If Pe PVGang(VGF,(O),Y), then we can define the microstalk of P at the cotangent vector
((y,A),e) e T*X(¥G"Y,0,Y). This is a finite-dimensional representation of A}, and defines an
exact functor

e PTE X (VG 0,Y) - Rep(Aj).
from the category of equivariant perverse sheaves on X (VGF, 0,Y) to finite-dimensional represen-
tations of Aﬁic, see [ABV92, Theorem 24.8]. For any P € PvGang(VGF,@,Y), the cotangent
vector ((y,A),e) belongs to the singular support of P if and only if XZ“(P) # 0.

Remark 3.7.4. Below, we will need an alternative description of the wvector space Xgic(P) mn
terms of the vanishing cycles functor. Let F' be a complex analytic function defined on an open

neighborhood of (y,A) € X(VG',0,Y) such that

e F wvanishes on the ¥ G-orbit of (y,A) , and
L dF|(y7A) = €.

Then there is a vanishing cycles functor
drp: PX(VGY,0,Y) — P(F~10)),

see e.g. [Gin86, Section 6] and [KS06, Section 8.6]. For any P € PX(VG',0,Y), there is an
isomorphism of vector spaces

X C(P) = @5 (P)(yn),
where ®p(P)(y ) denotes the stalk of ®r(P) at (y, A). In particular, we see that ((y,A),e) € SS(P)
if and only if ®(P)(ya) # 0.

For any s € A’J}ic, we get a linear functional

m(s): K CUX(VGN0Y) = 2 mp(s)(P) = Tr((P)(s)-
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Definition 3.7.5 (|JABV92, Definition 22.6]). Let ¢: Wg x SLo(C) — VG be an Arthur parameter.
The Arthur packet attached to 1 is the set of irreducible projective type-z representations of strong
real forms of G* given by

IF(G) o= {m (&) | X °(P(€)) # 0}

For an element s € AZ”"", the s-stable sum associated to 1 is the virtual representation

mpe(s) = Y, @) EImre(s) (P(€)w (€)
¢e=(VGLLY,0)
in KI5 (GY).
The following is immediate from Theorem [3.3.3

Lemma 3.7.6. Let ¢: Wy x SLy(C) — VG be an Arthur parameter and let s € AZ‘“. Then
the s-stable sum 7717}”‘3(3) € KII3(G") corresponds to the functional m?c(s) € KvGang(VGF7®)*
under the Vogan duality pairing

(—, = KTI5(GY) x K¢ X (VGT,0) > Z

Proposition 3.7.7. Let ¢: Wg x SLo(C) — VGV be a unipotent Arthur parameter. Then the
members of Hz(GF)$ZC are weakly unipotent (Definition .

Proof. Definition allows us to reduce the case when g is semisimple. In this case, by [ABV92,
Corollary 27.13], a representation 7 € IT*(G") belongs to a unipotent Arthur packet if and only if

1

Anng ) (7) = Imax(ih),

where h is the semisimple element of an slp-triple (e, f, h) in Vg and Imaw(%h) is the unique maximal

ideal in U(g) of infinitesimal character 3h € Vh/W = h*/W. By [BV85, Corollary 5.18], all such
representations are weakly unipotent. ]

4. DECOMPOSITIONS OF GENERAL ARTHUR PACKETS

Let (GF',W) be an extended group and let (YG',S) be a corresponding E-group with second
invariant z. Fix an Arthur parameter : Wr x SLy(C) — VGY. In this section, we will explain
how to realize the Arthur packet HZ(GF)Z”C via real parabolic and cohomological induction from a

unipotent Arthur packet for a Levi subgroup of GI'. The structure which facilitates this realization
is called a decomposition of 1. Formally, this is a sextuple

D= ((er7 Wl)v (Mgv WZ)? (Vera 31)7 (VM2F7 82)7 Q1, QQ)

where
(MF, W) and (M3, Ws) are extended groups;
(VMTF,8;1) and (Y ML, Ss) are corresponding E-groups;
MY e M] < GY and Y MY < YM} < VG are Levi subgroups;
Q1 < G (resp. Q2 = M) is a real parabolic subgroup (resp. #-stable parabolic subgroup)
with Levi factor M; (resp. Ma),
subject to the conditions

(i) The image of 1 belongs to ¥ MY. We write ¢g : Wg x SLa(C) — ¥V ML and ¢y : Wy x

SLy(C) — v M/ for the resulting Arthur parameters;
(i) 12 is unipotent, i.e., ¥2(C*) < Z (¥ Ma);
(iii) the infinitesimal character A := A(¢y) is in the weakly fair range for qo (Definition [2.5.3));

(iv) the structures W, W; and Wy (resp. S, &1, and S2) are compatible in a certain precise
sense which we will not describe here (see Definitions and [4.3.1)).



30 JEFFREY ADAMS, ANDREI IONOV, LUCAS MASON-BROWN, AND DAVID VOGAN

Given such a structure, we can define maps (normalized real parabolic and cohomological induc-
tion)

RS, KU () = KIR(G), Ry s KOO0 0 )y — K ),
(see Section as well as maps (Langlands functoriality)

(€1>* . KHiZ(pul)(er) N KH';(GF), (62)* : KHiz(Pm)z(Puz) (M2I‘> N KHiZ(qu) (er)a
(see Section . In section we show that

(4.0.1) RE = (e1)«

We also establish an identity in KTI*(GV)

(40.2) ML) = (e)wne().
Combining (4.0.1) and (4.0.2), we deduce

(4.0.3) mpe(1) = RE niie(1).

Under an additional condition on the decomposition (namely, that ¥ M; = Zvg(¢¥(Ry))), we get
analogous identities for every s € Agjc.

The situation for Ry is considerably more subtle. In general, there is no simple relation between
R and (e2)x. However, in Section [4.3) we show that

(4.0.4) Ry = k(e2)x

for an explicitly determined sign x € {£1}, provided the infinitesimal character A is in the good
range for q2. Under the same condition on A, we also get identities in K sz(pul)(er )

(4.0.5) mc(s) = (e2)sminc(s),  se AR°
Combining (4.0.4) and (4.0.5)), we deduce that
(4.0.6) me(s) = kRginfic(s), s e Api©.

For an arbitrary decomposition (i.e., without the assumption that A is good range), both (4.0.4])
and (4.0.5)) are false. However, miraculously, we find that the identities (4.0.6)) still hold. The proof
of this fact relies on a somewhat delicate Lie theory calculation, which is carried out in Appendix

(Al
Combining (4.0.3) and (4.0.6|), we finally arrive at the following identity:

(+0.7) ML) = RS, RE(1)

Under the aforementioned condition on the decomposition (i.e., that ¥ M; = Zvg(¢(R4))), we also
have the identities

ng‘ic(s) = ngle‘;nZ?c(s), s€ Z;ic.
Recall that 77:;‘“3(1) (resp. 771772“3(1)) is a linear combination over HZ(GF)WC (resp. T172(Pu1)2(puy) (MQF)%ZC),
each member appearing with nonzero multiplicity. Thus, the identity (4.0.7)) implies the following
relation on the level of Arthur packets

I (GR)Je < (R, R Tt 2(0) (M ) ),
where, for S ¢ KII*(G"), [S] < II*(GT) denotes the set of irreducibles appearing in the elements

of S when expanded in the basis of I1*(GT). This is the sense in which a decomposition of 1/ gives
a realization of HZ(GF)Z”C via parabolic induction from a unipotent Arthur packet.
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4.1. Induction data: general definitions. Let (G', ) be an extended group and let (¥ G, S)
be a corresponding E-group with second invariant z.

Definition 4.1.1. A weak induction datum (for the pair (G',vGV)) is a triple
I=(M" "M, Q)
where

o MU is a weak extended group;

o VMYV is a corresponding weak E-group;

o MV is a Levi subgroup of G'. This means that there is an inclusion MY < GV, compatible
with the projections M',GY' — T, such that M c G is a Levi subgroup (in the ordinary
sense).

e VMV is a Levi subgroup of ¥GY. This means that there is an inclusion e: ¥ M’ < VG©,
compatible with the projections ¥ MY,V GY — T, such that VM < VG is a Levi subgroup (in
the ordinary sense).

e () < G is a parabolic subgroup with Levi factor M. We write U < G for its unipotent radical
and ¥Q =Y MYU for the dual parabolic subgroup of ¥G.

An induction datum (for the pair (G*, W), (Y GY,S))) is a triple
7= ((MF7WO)7 (VMF7SO)7Q)

where

o (M, W) is an extended group;
o (VM 8y) is an E-group;
o (MY, VM, Q) is a weak induction datum (for the pair (G*,vGV)).

Often, we will have a (weak) induction datum Z and an Arthur parameter ¢ : Wg x SLa(C) —
VMY, In this setting, we can introduce all of the structure defined in Section We repeat
the definitions here in the present notation. The L-embedding e: YM' < VGT induces a v M-
equivariant embedding of geometric parameter spaces

(4.1.1) e: X(YMY) < x(vGh).

Let (yo,Ag) € X(¥YM") denote the geometric parameter corresponding to the Langlands parameter

@y, (Proposition [3.1.2)), and let
(y,A) = €(yo, Mo).

Also let

Qg ="M - Ao, 0O="G-A,
and

Yo ="M -y, Y="G y.
The embedding restricts to a closed ¥ M-equivariant embedding of algebraic varieties
(4.1.2) e: X(YM"Yy,00) € X(VGT,Y,0).

Form the subgroups YRy < VM, YVR< VG, VKyc YRy, K € VR, VPhc VM, and YP € VG as
in Section Then the embedding (4.1.2)) corresponds to the natural map

€: "M xvi, (YRo/" Fy) = YG xvi (YR/YP)

induced by the inclusions VM < VG, YRy < YR, and so on.
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4.2. Real induction data. Let (G, W) be an extended group and let (¥ G, S) be a corresponding
FE-group with second invariant z.

Definition 4.2.1. Let Z be an induction datum for the pair (G*, W), (¥G',S)) (Deﬁnition.
We say that T s ‘real’ if the following conditions are satisfied

(ar) for some (equivalently, every) (6, No, x0) € Wh, there is a (6, N, x) € W such that Ny ¢ N

and xo = X|ny(r)-

(br) for some (equivalently, every) (¥4, By) € Sy, there is a (V6,VB) € S such that VB =

VByvU.

We note that condition (bg) of Definition implies that @ is real (in the sense of Lemma
and that (Y M, Sp) is of type zz(py). Thus, we obtain two homomorphisms with the same
source and target

ex, RY: K0P (M) — KTI*(GT).
The homomorphism e, is Langlands functoriality (Section. The homomorphism R§ is (normal-
ized) real parabolic induction (Section [2.6). Our first task is to show that these homomorphisms
coincide.

For the following lemma, we work in the setting of [ABV92, Chapter 13].

Lemma 4.2.2. Let T be a real induction datum for the pair (G¥', W), (VG',S)).

(i) Let (H", Wo(H"), AL, AL) be a based Cartan subgroup of (M",Wy) ([ABV92, Definition
138.5]). Then (HY, Wo(H"'), Al U Ar(u),A%) is a based Cartan subgroup of (G*,W).

(ii) Let (VHY,So(YHY), VAR, VAL) be a based Cartan subgroup of (¥ MY, Sy) ([ABV92, Defi-
nition 13.7]). Then (¥ HY,So(VHY), VAR, VAL 1 Ajr(Yu)) is a based Cartan subgroup of
(VGh,S).

Proof. For (i), choose § € Wo(H"). By the definition of a based Cartan subgroup, there is
some (d, Nog, x0) € Wy and hence by (ar) some (4, N,x) € W such that Ny € N and xo =
X|No(r)- Choose a final limit character (6, A) = (6, (H (R), A", A%, Af L Ar(u))) € L*(G"). Then
(6, (H(R), A A, Af)) € L#*(P)(MT). Write (6, X) € KII*(GT) and (6, Xo) € KTI7(P«) (MT) for
the corresponding standard modules. By the transitivity of induction, we have X = RgXo. On
the other hand, since (H", Wy(H"), Aﬁg, A;ﬂ%) is a based Cartan subgroup of (M, W), we know
that Xy has a Whittaker model of type (No, xo). Thus, by Proposition m(l), X = R{Xj has
a Whittaker model of type (N, x). This proves that (H', Wo(H"), A} U Ar(u), A%) is a based
Cartan subgroup of (G, W).

For (ii), choose V& € So(¥H'). By the definition of a based Cartan subgroup, there is some
(V6,Y By) € So and hence by (bgr) some (¥4, B) € S such that VB = YByVU. Let YKy = VM "°
and VK = VG"9. Since (VH",So(¥HY), VAL, VALY is a based Cartan subgroup of (VM",Sy),
we know that YA, is special with respect to ¥ By. Thus by Proposition (i), VAL U AR(VY)
is special with respect to ¥ B. This proves that (YH",So(YH"), VAL, VAL U Ajr(Yu)) is a based
Cartan subgroup of (VGT,S). O

Definition 4.2.3. Suppose o is a real form of G and let Q = MU < G be a parabolic subgroup
such that M is o-stable. If

A = (H(R),A“", AL, Af) e L) (M(R))

we define
AT = (H(R),Amn, A:ﬁ{ v Ai]R(u)v Al?{g v AR(u))'

This is a (possibly non-standard, non-final) limit character for G*.

Proposition 4.2.4. Let T be a real induction datum for the pair (G*, W), (¥ GT,S)). Then:
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(i) For each final limit character (8, A) € L#*) (M), we have
M6, A7) if 6% e Z(Q)

0 else

exM(5,A) = {

In this formula, (6,A) is a (possibly non-final) non-zero standard type-z limit character for
G".
(ii) Real parabolic induction Rg satisfies an identical formula.
(iii) Consequently,
ex = RS K1) (A1) — KTI*(G).
Proof. (ii) is immediate from the definition of Rg (Equation [2.6.1)), the construction of standard

modules from standard limit characters, and transitivity of induction. (iii) follows from (i) and (ii)
since the set {M(d,A) | (6,A) € L#P)(MT)} forms a basis for K M=*(«)(M"). We concentrate on

(i)
Write
ag: 2(VGY) 5 LF(GY)
for the bijection of Theorem @ with respect to the pair (GY,W),(YGY,S). Write ays for
the corresponding bijection for (M, W), (Y M',Sy). Tracing through the construction of ag in
[ABV92, Chapter 13], and using Lemma to match based Cartan subgroups, we see that
{(6,A") | A" € final(A7)} if 6% € Z(G)

0 else

ag(ex(ay (6,4))) = {

where e, (a/ (5,A)) = Z(VGT) is the subset defined in (3.4.5) and final(A#) is as defined in
Theorem [2.7.3] So by Proposition [3.4.1] we have

exM(5,A) = {e(M(]R, 0))e(G(R,9)) ZA’efinal(A#) M(5,A") if 6% € Z(G)

0 else
Since M (R, §) is the Levi subgroup of a real parabolic subgroup of G(R, §), we have that e(M (R, §)) =
e(G(R,6)) by [Kot83| (6) of Corollary on p. 295]. And by Theorem [2.7.3iii), we have
D1 M5, A) = M(5,A%)
Aefinal (A#)
This completes the proof of (i).
(]

Our next task is to analyze the behavior of €, with respect to Arthur packets.

Lemma 4.2.5. Let I be a weak induction datum for the pair (G*,YG") such that Q < G is real,
and let g : Wg x SLy(C) — Y M"Y be an Arthur parameter. Then there is a semisimple element s
in the identity component of Zv pr(1g) such that

MY = Z,or(s).

Proof. For each t € R, let s(t) := exp(tp,) € Z(¥M). Choose any element V§ € ¥ M'\VM such
that V6% € Z(V@). Since Q is real, p, € Z(¥m) is Vd-fixed. Hence

(4.2.1) VMY € Zugr(s(t))
for every t € R. Moreover, since ¥ M = Zvg(py), we have
(4.2.2) VM = Zva(s(to))

for to € R generic. (4.2.1) and (4.2.2)) imply
VMF = ZvGF(S(tO)).
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Finally, note that {s(t)} is a one parameter subgroup in Z(¥M") c Zv (1) and hence belongs to
the identity component of Zvg(v)). O

Proposition 4.2.6. Let T be a real induction datum for the pair ((GY,W),(¥G',S)), and let
Yo : Wg x SLo(C) — Y MYV be an Arthur parameter. Let 1) = e o, an Arthur parameter for ¥ GT.
Then

(i) There is an identity in KI17(GT)

M (1) = exni(1);
(ii) There is an identity in KI1*(GT)

(1) = R§mje©(1).

0

Proof. Choose s as in Lemma m Then (¥ MY, Sp,s) is an endoscopic datum for (VG',S) in
the sense of [ABV92, Definition 26.15]. Now (i) follows from [ABV92, Theorem 26.25]. (ii) follows
from (i) together with Proposition [4.2.4((iii). O

Under an additional condition on Z, we can prove a slightly stronger result. Recall the notation
of Section e.g., VR, YRy, VK, VKo, X(YM",Yy,0p), X(YGT,Y,0), and so on.

Lemma 4.2.7. Let I be a weak induction datum for the pair (G¥,VG") such that Q < G is real,
and let g : Wg x SLa(C) — Y M"Y be an Arthur parameter. Assume that ¥ M = Z.q(o(Ry)).
Then ¥Ry = Y R.

Proof. Write ¢ = ¥o|wy, a tempered Langlands parameter, and ¢2 = vy|g Lo(C)- Choose a maximal
torus VT < V@G containing both 11 (C*) and the image under 9 of the diagonal torus in SLy(C).
The restriction of ¥ to C* is a continuous group homomorphism C* — YT, which is necessarily
of the form
P1(z) = 2M M, zeCx,
for A1, u1 € Yt satisfying Ay — p1 € X*(T') (since the homomorphism C* — VT is restricted from a
Langlands parameter 1, we in fact have that g1 = Ad(¢1(j))A1, but we will not use this fact). If
z e R4, we have
¢1(Z) = Mz At
Since v is tempered, 91 (R4 ) is bounded. Hence, A\; + p1 € iRX, (Y T).
Next, let h denote the image of diag(1, —1) under di). Then
1
A= )\(QOI/,) =)\ + ih eVt
By definition v R is the connected subgroup of ¥ G with Lie algebra
Ve=P Yan, Van ={X e Vgl [\ X] =nX}.

nez

On the other hand, ¥ Ry is the connected subgroup of VG with Lie algebra
v = Zyy ) (70)-
Thus, it suffices to show that
aeAlVg, T), aN) € Z — a(t1(Ry)) = {1}.
Write . ) )
A= Ayre + AMjim + 5’% Mye = 5()\1 — ), AMyim = 5(/\1 + p1).
Since A\; — p1 € Xy (VT), we have

1 1
a(Aire) = a(i()\l — 1)) € §Z’ Vae A(Vg, V).
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Since A\ + p1 € iIRX,(YT), we have
1 )
a(Mim) = a(i()\l + p1)) € iR, Vae A(Vg, V).

Finally, by the representation theory of sly(C)

1 1

e =

a(2 )€ 5

So if a(A) € Z, then a(A1,im) = 0. Since 91 (Ry) = exp(RAqim), this implies that a(¢q(Ry)) =

{1}. O

Lemma 4.2.8. Let I be a weak induction datum for the pair (G¥,VG) such that Q < G is real,

and let 1o : Wg x SLy(C) — Y MY be an Arthur parameter. Assume that ¥ M = Z.q(o(Ry)).
Then € induces a ¥ G-equivariant isomorphism

€: VG xvy X(VMY, Yy, 0p) = X (VGL,Y,0).
Proof. By Lemma[4.2.7, we have that ¥Ry = ¥ R and hence Y Py = VP, YKy = VK. Thus, € is the

map

Z, VYaeA(Yg VY.

e: VM XvEK (VR/VP) -G XvVvEK (VR/VP)
induced by the inclusion ¥ M < VY G. The claim follows. U

Proposition 4.2.9. Let T be a real induction datum for the pair ((GY, W), (VGY,S)), and let
Yo : Wr x SLa(C) — Y MY be an Arthur parameter. Let 1 := eog, an Arthur parameter for ¥ G'.
Assume that ¥ M = Zvg(¢o(Ry)). Then the following are true:

(i) € induces an isomorphism of Arthur component groups

ATV A — A

(ii) For any s € A%c, there is an identity in KII*(G")
1" (A (s)) = exny“(s).

(iii) For any s € A;Z)ic, there is an identity in KII*(G")
WE(AT(5)) = REnie(s).

Proof. By Proposition A™i€ is the natural map
Com(Z (e)) = Com(Z. gaig(€)),

v Kglg

But by Lemma VKglg = VK9 5o this map is an isomorphism. We note that (i) is also
immediate from Lemma and the genericity of e (Proposition [3.7.1).
(i

In view of Lemma ) is equivalent to the following identity in K Gl x (VGL,Y,0)*:
(4.2.3) m%c(s) o€* = mgic(s)
By Lemma the functor
¢ DPCT O X (VGL,Y,0) — DO MM X (Y MY, Yo, Op)
is an equivalence, with inverse the functor
p*: DM X (Y MY, Yy, 09) — D'CT X (VGTLY, 0),
where p: X(YGY,Y,0) — X (¥ M"Yy, Qp) is the fiber bundle (with fiber ¥G/¥ M). Thus (4.2.3)
is equivalent to the identity in KM X (¥ MT, Yy, Qp)*
mzlolc(s) = m$ic(s) o p*.
Since p is a smooth morphism, this is immediate from [KS06, Proposition 4.3.5].
(iii) follows from (ii) together with Proposition [4.2.4|iii). O
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Finally, we address the question of existence of real induction data.
Lemma 4.2.10. Let
I=(M","M", Q)

be a weak induction datum for the pair (G, G") such that Q < G real (Lemma:,?. 6.1). Then there
is an extended group structure Wy on MU and an E-group structure Sy on ¥ M" such that

1= ((MF7W0)5 (VMrvso)vQ)
is a real induction datum for the pair (G*, W), (VG',S)).

Proof. Choose any Cartan subgroup H' < M. By [ABV92, Proposition 13.6], there is a based
Cartan subgroup (H', W(H"), AL Af) of (G',W). Choose any strong real form § € W(H").
Then by definition, Ad(d) is a (quasi-split) real form of G and there is a Whittaker datum (N, x)
for G(R,0) such that (0, N,x) € W. After possibly replacing (N, ) with a G(R, §)-conjugate, we
may assume that M is standard with respect to N. Then, Ny := N n M is a maximal unipotent
subgroup of M, normalized by ¢, and xo := X|n,(r) i3 @ non-degenerate unitary character. Define

Wy := M - (8, No, xo)-

To construct Sy, choose a fundamental Cartan subgroup YH' < VM. Since VQ is 6-stable,
VHT' is also a fundamental Cartan subgroup of YG'. By |ABV92, Proposition 13.8], there is a
based Cartan subgroup (YH',S(VHY), VAL, VAY) of (YG',S). Choose any strong involution
Ve’ e S(YHY). By definition, there is a large ¥ d&'-stable Borel subgroup ¥ B’ < VG such that
(V4,vVB) € S. Choose (as is possible) a v¢'-stable Borel subgroup ¥ B < Y@ containing ¥ H and
a Weyl group element w € W(G, H) such that wA(YB’) = A(YB). Since both ¥ B and ¥ B’ are
v§'-stable, w is ¥ d'-fixed. Choose any lift w € Nvg(Y H) of w, and consider the strong involution
Ve = Vot of VG, Since w is ¥ é§'-fixed, we have that Ad(Vd) = Ad(Y4’) as involutions of
VH. Hence, V6 € V&'H < VH" < VMY, Moreover, YBy := VB n VM is a large v §-stable Borel
subgroup of ¥ M. Define

So ="M (¥5," By).

By construction, the induction datum Z := ((G', W), (MY, Wy), (VG',S), (Y M",Spy), Q) satisfies
properties (ar) and (br) of Definition and is therefore real. O

4.3. f-stable induction data. Let (G',W) be an extended group and let (¥G',S) be a corre-
sponding E-group with second invariant z.

Definition 4.3.1. Let Z be an induction datum for the pair ((G*, W), (¥G",S)). We say that T
is ‘O-stable’ if
(ag) for some (equivalently, every) (8, No, x0) € Wo, there is
- a (57NaX) eW;
— an involution 0 of G, preserving M and compatible with Ad(d);
— large 0-stable Borel subgroups Bg € M and B < G corresponding, under the bijections
of Proposition to (No, x0) and (N, x), respectively
such that B = ByU.
(bg) for some (equivalently, every) (¥4, By) € So, there is
—a(Vo,YB)eS;
— a real form o of VG, preserving ¥ M and compatible with Ad(V9);
— Whittaker data (¥ No, x0) and (Y N,x) for VM and ¥ G, corresponding, under the bi-
jections of Proposition[B.0.1], to ¥ By and ¥ B, respectively
such that ¥ No € ¥ N and xo = X|v ny(R)-



THE UNITARITY OF ARTHUR PACKETS FOR REAL REDUCTIVE GROUPS 37

We note that condition (ag) of Definition implies that @ is f-stable (in the sense of Lemma
2.6.1)) and condition (bg) implies that (¥ M, Sp) is of type zz(py). Thus, we obtain two homomor-
phisms with the same source and target

ex, RE: K100 (M) — KTI*(GY).

The homomorphism e, is Langlands functoriality (Section . The homomorphism Rg is (nor-

malized) cohomological induction (Section. Our first task is to compare these homomorphisms

(in contrast to the case of real induction data, these homomorphisms do not coincide in general).
For the following lemma, we work in the setting of [ABV92, Chapter 13].

Lemma 4.3.2. Let T be a §-stable induction datum for the pair ((G*, W), (¥GF,S)).
(i) Let (H", Wo(H"), Af, A%) be a based Cartan subgroup of (M, Wy). Then (H' , Wy(H"), A, Ak L
Ar(1)) is a based Cartan subgroup of (G*,W).
(ii) Let (Y HY, So(VHY), VAL,V AL) be a based Cartan subgroup of (Y M*,Sy). Then (YHY,So(Y HY), v Afu
Ag(Yu),VAL) is a based Cartan subgroup of (VG',S).

Proof. For (i), choose 6 € Wy(H"). By the definition of a based Cartan subgroup, there is some
(0, No, Xo) € Wy and hence, by (ag), a (§, N, x) € W, involution 0 of G, preserving M and compat-
ible with Ad(d), and large 6-stable Borels By ¢ M and B < G, corresponding (N, xo) and (N, x),
such that B = ByU. Choose a final limit parameter (5, A) = (&, (H(R), A", AL, A% 1 Ar(u))) €
L*(GY). Then (3, (H(R), A" Af, AL)) € L) (MT). Write (6, X) € KII*(GY) and (6, Xo) €
K117#(P) (MT) for the corresponding standard modules. By the transitivity of induction, we have
X = Ldim(uG)RgXO (cohomological induction in the good range). Since (HY, Wo(H'), Af, Ak)
is a based Cartan subgroup of (M', W), we know that Xy has a Whittaker model of type
(No,Xx0). Thus by Proposition [B.0.4(ii), X has a Whittaker model of type (N,x). This proves
that (H', Wo(H"), AL, Afy 1 Ajr(u)) is a based Cartan subgroup of (GT, W).

For (ii), choose V& € Sp(¥HY). By the definition of a based Cartan subgroup, there is some
(V9,VBp) € Sp, and hence, by (by), a (Vd,VB) € S, a real form o of VG preserving ¥ M and
compatible with Ad(Y9d), and Whittaker data (¥ No,xo) and (¥ N, x) corresponding to ¥ By and
¥ B, such that ¥ No = VN and xo = X|v n,(r)- Since (VHY,So(YHY), VAL, VAL) is a based Cartan
subgroup of (YM?',Sy), we know that A;ﬁ% is special with respect to ¥ By. Thus by Proposition
(ii), A, is special with respect to ¥ B. This proves that (VH',So(YHY), VAL uAg(Yu), VAL)
is a based Cartan subgroup of (VG',S). O

Recall the operation A — A# on limit characters (Definition [4.2.3)).

Proposition 4.3.3. Let T be a 0-stable induction datum for the pair ((G¥, W), (VGY,S)), and let
YOg < Ym be a semisimple ¥ M-orbit in the good range for q (Definition .

(i) For each final limit character (6,A) € szz((g)g“)(MF), we have
e(M(R,0))e(G(R,8))M (5, A7) if 6% e Z(Q)

0 else

exM(6,A) = {

In this formula, (6, A7) is a final non-zero standard type-z limit character for GT.
(ii) Cohomological induction induction Rg satisfies a similar formula, but with a different sign:

—1)dm@) Ar(s, A*)  if 62 e Z(G
Raar(s ) = | D649 ©)
0 else
(iii) Consequently

ex = KRY: K7™ (M) — KII*(GY),
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where K 1s a sign, depending only on I, given by the formula
K = (_1)dim(u)+Q(G*)*q(M*)

where G* (resp. M* ) is the quasisplit real form in the inner class defined by G* (resp. M")
and q(G*) is half the dimension of the —1-eigenspace of a Cartan involution for G*.

Proof. (ii) is immediate from the definition of R§ (Equation (2.6.1)), the construction of stan-
dard modules from standard limit characters, and the transitivity of induction. (iii) follows from
(i), (ii), and the following calculation with Kottwitz signs: recall that by definition e(G(R,J)) =
(—1)2/GRD)=a(G*)  \where ¢(G(R)) = 1 dim(g=?). Note that ¢(G(R,0)) — q(M(R,d)) = dim(u™?).
So

G(G(R, 5))6(M(R, 5))(_1)dim(u9) _ (_1)q(G*)—q(M*)+dim(u_9)+dim(u9) _ (_1)dim(u)+q(G*)—q(M*)

The proof of (i) is similar to the proof of Proposition [4.2.4{i), except that we use Lemma [4.3.2]
instead of Lemma and the limit character (§, A7) is final (so no finalization is required). [

Our next task is to analyze the behavior of €, with respect to Arthur packets. Recall the notation
of Section e.g., VR, YRy, VK, VKo, X(YM",Yy,0p), X(YGT,Y,0), and so on.
Lemma 4.3.4. Let I be a weak induction datum for the pair (G', v GV such that Q < G is 0-stable,
and let 1o : Wr x SLa(C) — ¥ M be an Arthur parameter. Then
(i) ¥Q n VR is a parabolic subgroup of ¥ R with Levi factor ¥ Ry.
(i1) Suppose that A(py,) is in the good range for q. Then ¥ P < ¥ Q. More precisely, VQ NV R =
YRy P.
Proof. Since S' commutes with C* x SLy(C) in Wg x SLy(C), ¢(S') commutes with A\ = A(¢py,)
in VG. Since VR = Zvg(e(N))?, this implies that ¢o(S') = VR. Thus, YQ n VR is the connected
subgroup of v R defined by the co-character 1|g1 : S — ¥ R. This is a parabolic subgroup of ¥ R
with Levi factor

Zyos1)(YR) = Zyys1)(Zva(e(N)°) = Zzwo(y)(vc)(@()\))o = Zva(e(N)” = ¥ Ry.

This proves (i)
For (ii), choose any maximal torus ¥ H containing ¢o(C*) so that VH < VP and YH < vVQ. We
have
Amil(Vp),Vh) ={a¥ e A | olg+,a”) =0 and (\,a") € Z=o},
and
Amil(Mgn Vr),Vh) = {a” € A | (Yolg+,a”) =0, N\, oY) e Z, and (yp|s1, ") € Z=p}

So, assuming v is in the good range, we have that A(nil(¥qn V), VH) < A(nil(Vp), Vh), and hence
nil(Ygn Yr) < nil(Vp). For parabolic subalgebras a and b containing a common Cartan subalgebra,
nil(a) < nil(b) implies b < a. So we have Vp < Vg n Yt and therefore YP < YQ n ¥ R. The claim
that YQ n YR = Y Ry" P follows immediately. O

Now consider the Y M-invariant subset
U:="VM-eX(¥M",Yy,00) c X(VG',Y,0).

Lemma 4.3.5. Let I be a weak induction datum for the pair (G¥,VG') such that Q < G is 0-
stable, and let 1o : Wg x SLo(C) — ¥ M"Y be an Arthur parameter. Assume that N(py,) is in the
good range for q. Then the following are true:

(i) € induces a ¥ G-equivariant isomorphism
VG Xy X(Y MY, Yy, 00) = U.
(i) U is an open subset of X(¥GT,Y,0).
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Proof. For (i), it is equivalent to show that the natural map
(431) VK XV Ko VRQ/\/PO_)\/R/VP

is injective, i.e. that the stabilizer in ¥ K of each point in ¥ Ry¥ P/¥YP < Y R/Y P belongs to ¥ Kj.
But every such stabilizer is contained in

VK nVRy"P,
and by Lemma we have that YRyYP =Y n VR. So
VEKNYRyY"P="Kn"Qn "R="Kn"Ry="Kj.

This proves (i).

For (ii), we must show that the image of ({.3.1)), namely ¥ K" Ry¥P/¥P is an open subset of
YR/Y P. By part (i), this subset is the image of an injective map from an irreducible variety, and
hence locally closed and irreducible. So it suffices to show that

dim(V Ky Ry" P/ P) = dim(¥ R/ P).
This follows by comparing tangent spaces at the point ¥ P/¥ P. The tangent space in Y R/V P is
Vt/Yp, whereas the tangent space in YKV RgY P/Y P is
("E+ o+ p) /p=(TE+ (Va7 ) /Vp.
Thus, it suffices to check
e+ (YgnYr) =Yt

This follows from the fact that the parabolic Yqg nY vt < Vv is real, i.e. taken to its opposite by the
Cartan involution defining v¢. O

Proposition 4.3.6. Let T be a 0-stable induction datum for the pair ((G¥, W), (VGY,S)), and let
Yo : W x SLy(C) — Y ML be an Arthur parameter. Assume that A(py,) is in the good range for
q. Let 1 := e oy, an Arthur parameter for ¥ G'. Then the following are true:

(i) € induces an isomorphism of Arthur component groups
Azmcz Agozc ; AZ”C
(ii) For any s € A;Z)ic, there is an identity in KII*(G")
WE(AT(5)) = eanffic(s).
(iii) For any s € A%c, there is an identity in KII*(G')
WA () = RRIGE(s),
where k is the sign of Proposition [4.3.5(iii).
Proof. In view of Lemmas [4.3.3[(iii) and the proof is basically identical to that of Proposition
4.2.9 ]
We now consider the case of weakly fair range Arthur parameters.

Proposition 4.3.7. Let T be a 0-stable induction datum for the pair ((G¥, W), (VG',S)), and let
Yo : Wr x SLo(C) — Y MY be a unipotent Arthur parameter. Assume that X(py,) is in the weakly
fair range for q. Let 1) := € o 1)y, an Arthur parameter for ¥ G'. Then the following are true:

(i) € induces an isomorphism of Arthur component groups

AZTL’LC . A’:’ZLO’LC AN AZL’LC
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(ii) For any s € A%c, there is an identity in KII*(G")
(AT () = KB,

Here, Rg is cohomological induction in the weakly fair range and k is the sign defined in

Proposition [4.3.3(iii).

Proof. Let 2p, denote the algebraic co-character C* — Z (¥ M) or algebraic character M — C*
corresponding to the sum of the roots in u. For any integer N, we obtain an Arthur parameter
P Wg x SLy(C) — ¥ M" according to the formula

V8 () = vo(f), U0 Istac) = Yolsiay, ¥h (2) = vo(2)(2p)(2/2)*N  zeC*
The Arthur packets and s-stable sums for ¢(])V and vy are related by the formulas
(432) TR = O (V)@ (2002, E(s) = ne(s) © (2002

Define an Arthur parameter /" : Wg x SLy(C) — VGT for VG by vV := e o o).
Let zy € Z(¥m) denote the holomorphic part of the differential of ¢g|cx and let h € ¥Ym denote
the image of diag(1, —1) under dy)|y,(c). Let 2y = zy+4Npy, the holomorphic part of the differential

of ¥¥|cx. Then . .
Ar = Aepy) = §h + 2, Ag = Mgy ) = §h + zg.

(notation as in Proposition [3.1.2)). Now choose N >> 0 so that A, is strictly dominant for u (this is
possible by Lemma|2.5.4)). This means that "V is in the good range for Z. So by Proposition M(l),

~

we have Am“ — AmZC On the other hand, by Proposition [3.7.3, we have natural identifications
O

%’C ~ Com(ZvKalg (e)) ~ A™i¢ Amic ~ Com(Z. gaig(€)) ~ Z%c

(N
Thus, all four component groups AmZC A%{", A?;]ifc, and Amw are canonically identified (with each

other, and with Com(Z. yaig(€))). ThlS proves (i).
We proceed to proving (ii). Since ¢ is in the good range for Z, Proposition M(iii) implies
that for each s € A7, there is an identity in K 1% (Gh)

(4.3.3) Mga° (AT (s)) = RENR (5)

Since A4 is good and Ay — Ay € X*(M), there is a well-defined M-coherent continuation homomor-
phism (Definition [2.10.3])

Tur(Ag — Ap): KI5, (G7) — KTI3 (G)

To prove the identity in (ii), we will apply this homomorphism to both sides of (4.3.3)). By Propo-
sition [2.10.4[ and (4.3.2), we have

(4.3.4) Tyu(ANg — )\f)f@Rgn;”fvc( s) = &Rgnggc( s).
Thus, it suffices to show that
Tt (Ag — Ap)mpa (AT(s)) = 1) (A7 (s)).
In view of Theorem and Lemma, this is equivalent to the following identity in K~ aele x (VG',Y,0 )
mE?Z?Ag),e) (AZ(s)) o I(Af — Ag) = %CAJ‘) e)(Alm'c(S))v
where Ay = F(Ay) and Ay = F(Ay). This is immediate from the following lemma.

Lemma 4.3.8. Let G € PvGang(VGF Y,0y). Then there is an isomorphism owaic—representations
X(lyap. ey (s = 89)(G) = X{{yia . 9):
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Proof. Let YR = VR(y), Y Py = VP(Ay), VY Py = YP(Ay), and consider the correspondence

YR/(V Py n VY Py)

VR/VP, VR/VP;

Recall that after identifying P*¢"’ X (¥ GY Y, Oy) ~ PvKalg(VR/VPg) and P G X (VG Y, Of) ~
PVKGZQ(VR/VPf), the convolution functor I(Ay — Ag) is given by (g¢)1 © ¢}.
Factor g4 as g = pg o ¢, where
v VR/(YPyn VP;) = VR/YP, x YR/ P;
is the diagonal embedding, and
pg: YR/YPyx VR/YP; — YR/VP,

is the first projection. Regard G as an object in PvKalg(VR/VPf) and let F' = ¢3G. We wish to
show that there is an isomorphism

(4.3.5) Xﬁifpg’e) (pght1 F =~ X’gvpf 09

of representations of Ag"'c. By the general properties of microlocalization functors under pullbacks
and pushforwards ([KS06, Proposition 4.3.4, Proposition 4.3.5]) there is a natural morphism of
AZ”C—representations
Xy ()0 F = X, 00
It remains to show that this morphism is an isomorphism of vector spaces.
For a ¥ K-orbit S on YR/Y Py and a ¥ R-orbit T on Y R/Y Py x" R/ Py, let
S&T = (VR/ng X S) NnT.

Then {Sgr} is a stratification of Y R/Y Py x¥ R/Y P by smooth locally closed subsets. Note that ¢
is simply an inclusion of a union of strata and F is constructible with respect to this stratification.
Thus, so is v.F. In particular,

(4.3.6) SS(uF) < U TS, . (YR/Y Py x" R/¥ Py),

S, TV R-(1" P,,1V Py)
where the union runs over all ¥ R-orbits T in the closure of YR - (1Y P,, 1Y P;) and all ¥ K-orbits S
on VR/Y Py.

Let us study the conormal bundle Tg (Y R/Y Py, x" R/YPf) in more detail. Choose a point
(9¥ Py,h¥ Pf) € Ssr. The conormal space of YVR/VP, x S < YR/VP; x¥ R/Y Py at the point
(g Pg,thf) is given by
(4.3.7) {0} @ (Ad(R)Vup)™*

(after identifying the cotangent space (Vt/Ad(g)"py)* @ (Yr/Ad(h)"ps)* with Ad(g)uy @ Ad(h)uy
using an invariant bilinear form as in Proposition [3.7.1). On the other hand, the conormal space
of T'c YR/Y Py x¥ R/Y Py at (g¥ Py, h¥ Py) is given by

(4.3.8) {(z,—z) | v € Ad(g)"ug n Ad(h)"us}

Since Sgr = ( R/Y P, x S) nT, the conormal space to Sgr at (g Py, hY Pf) is the sum of the

subspaces (4.3.7)) and -

(4.3.9) {(z,y) | v € Ad(g)"ug n Ad(h) us, x +ye (Ad(h)"us)” v0}
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Let F' be a complex analytic function on ¥R/ P, such that F| gxvp, = 0 and dF(1VF,;) = e.
Recall, Remark that there is a natural isomorphism

(4.3.10) X(¥p, )P F =~ (®F © (pg)nF), v p, -

where @ denotes the vanishing cycles functor. Since p, is proper, [KS06, Exercise 8.15] implies
that there is an isomorphism of vector spaces

(4311) (@F (¢] (pg)lblf)lvpg ~ (pg‘{lVPg}xVR/VPf)'q)FOpg’{1ng}>< vR/va(Llf>

We claim that ®pep, (1 p,}x VR/V P, (uF) is a skyscraper sheaf supported at the point (1Y Py, 1Y Py).
Indeed, suppose the stalk ® rop, (L[./_'-)(lngthPf) is nonzero for some point (1Y Py, h¥ Py) € Supp(uF).
Then there must be a cotangent vector of the form (e,0) at the point (1Y P, h¥ Py), which is also
contained in SS(uF). By (4.3.6) and (4.3.9) this implies that e = e + 0 € (Vuy N Ad(h) us)~ "%
Recall, Section that e € (Yuy)~ %, So this condition is equivalent to e € Ad(h) uy. On the
other hand, since (1Y Py, h¥ Py) € Supp(uF) we must have that h € VP,V P;. In summary, h must
belong to the set

{he VP,vP;|ee Ad(h) us} = {h ' e VPV P, | Ad(h Ye € Vuy}.

But Theorem tells us that this set is equal to ¥ Py. Thus, (1Y P, h¥Y Py) = (1Y P;, 1Y Py), as
asserted above.

Since @ fop, |(1v Py} x YR/V P (uF) is a skyscraper sheaf supported at the point (1Y P, 1Y Py), there
is an isomorphism of vector spaces

(4312) (pg|{1ng}>< VR/VPf)!(pFOpg|{1VP9}XVR/VPJ¢‘(L!“F) >~ @Fopg(“f)(lvpg’lvpf).
But ¢(1(Y P, ¥ Pf)) = (1¥P,, 1V Py), so
(4.3.13) épopg(b!}—)(ng,NPf) = ((I)FOngL]:)uqumva)'

Finally, using the compatibility of microlocalization with smooth pullbacks (|[KS06, Proposition
4.3.5]) we have an isomorphism

(4314) ((I)FongLf) 1(Y Py Py) = X?}ZVCPf,e) (g)
Now (|4.3.5)) follows by combining the isomorphisms (4.3.10)),(4.3.11)), (4.3.12)), (4.3.13)), and (4.3.14]).
U

O
Finally, we address the question of existence of #-stable induction data.

Lemma 4.3.9. Let
I = (Mra VMFJQ)
be a weak induction datum for the pair (G¥,vGY) such that Q < G is 0-stable (Lemma .
Then there is an extended group structure Wy on MY and an E-group structure So on ¥ M" such
that
I= ((MF> WO)a (era 80)7 Q)
is a 0-stable induction datum for the pair ((G*, W), (¥G*,S)).

Proof. Let H'' « M"' be a fundamental Cartan subgroup. Since Q is #-stable, H' is also a funda-
mental Cartan subgroup of GI'. By |[ABV92, Proposition 13.6], there is a based Cartan subgroup
(HY, W(H"), A, Af) of (G',W). Choose any strong real form &' € W(H"). By definition,
Ad(d") is a quasi-split real form of G and there is a Whittaker datum (N’ ') for G(R, ") such
that (&', N’,x’) € W. Choose (as is possible), a Cartan involution #' of G, corresponding to
Ad(d"), preserving H. Note that 8/ = — Ad(¢') on A(g,h). In particular, M and Q are €'-stable
subgroups. Choose a large ¢’-stable Borel subgroup B’ ¢ G corresponding to (N’ x’) under the
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bijection of Proposition After possibly replacing B’ with a GY-conjugate, we may assume
that B’ > H. Since Q is #'-stable, we can find a #’-stable Borel subgroup B < @ containing H.
Choose w € W (G, H) such that wA(B’) = A(B). Since both B and B’ are #'-stable, we have that
we W = WAAY) | Let 1) € Ng(H) be any lift of w, so that B = @Bt ~". Consider the strong
real form § := wdw ™! of GI' and its Cartan involution 6 := Ad(w) o ¢’ o Ad(w)~!. Since w is
§'-fixed, Ad(d) = Ad(&') as involutions of H. Hence, 6 € H§' = H' = M'. For the same reason,
preserves the subgroups H ¢ M < (. Since B is a large #-stable Borel subgroup of Q, By := Bn M
is a large #-stable Borel subgroup of M. Let (N, x) (resp. (Np,xo0)) be the Whittaker datum for
G(R,§) (resp. M(R,0)), corresponding to B (resp. By) under the bijection of Proposition [B.0.2]
Define
Wy := M - (6, No, xo)-

To construct Sy, we choose any Cartan subgroup YH' < VM. By [ABV92, Proposition 13.8],
there is a based Cartan subgroup (¥ HY,S(VHY), VAL, VA{). Choose any strong involution ¥ 4§ €
S(VHY). By definition, there is a large v §-stable Borel subgroup ¥ B < ¥ G such that (V6,VB) € S.
Choose (as is possible) a real form o of Y@, corresponding to Ad(Vd), and preserving Y M < VG.
Note that o is quasi-split and V@Q = YMYU is o-stable. Let (YN, x) be a Whittaker datum for
VG (R, o) corresponding to ¥ B under the bijection of Proposition After replacing (¥ N, x)
with a YG(R,0)-conjugate, we may assume that ¥ M is standard with respect to YN. Thus,
VN := YN n VM is a o-stable maximal unipotent subgroup of ¥ M and yq := X|VNO(R) is a non-
degenerate unitary character. Let ¥ By < Y M be a large Y J-stable Borel subgroup corresponding
to (¥ No, xo) under the bijection of Proposition and let

So:= VM- (V6," By).

By construction, the induction datum Z = ((GF, W), (MY, W), (VG',8), (¥ ML, Sp), Q) satisfies
properties (ag) and (by) of Definition and is therefore f-stable. O

4.4. Decompositions of Arthur parameters. Let (G', W) be an extended group and let (¥ G', S)
be a corresponding E-group with second invariant z. Let ¢: Wg x SLy(C) — YG' be an Arthur
parameter. In this section, we will introduce the notion of a decomposition of 1. One should
think of this as the minimal structure required to realize the associated Arthur packet via real
parabolic and (weakly fair range) cohomological induction from a unipotent Arthur packet for a
Levi subgroup of G''. Here is the definition.

Definition 4.4.1. Let ¢ : Wg x SLy(C) — VG' be an Arthur parameter. A decomposition of v
s a sextuple

D = ((M{, W), (M3, Wa), (Y M{, 81), (Y M3, 82), Q1, Q2)
where
o (MF W), (YMT,81), Q1) is a real induction datum for the pair (GY, W), (¥ GY,S)) (Def-
inition ;
o (MIWs), (¥ ML, 8Ss), Qo) is a§-stable induction datum for the pair (M], Wy), (¥ Mt ,S1))
(Definition ,
subject to the conditions
(i) The image of 1 is contained in ¥ ML . We write 11 (resp. 1) for 1, when regarded as an
Arthur parameter for ¥ M{ (resp. ¥ M2 ).
(i) 1o is unipotent, i.e. p(C*) < Z (¥ Ma).
(111) A(@y,) is in the weakly fair range for qa (Definition (m))
We say that D is a Jordan decomposition if
(iv) VM, = ng(l/J(R+)) and Y My = ng(l/J((CX)).
We say that D is distinguished if
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(v) Y(SLa(C)) is not contained in a proper Levi subgroup of ¥ Ms.

It is not immediately obvious that (Jordan, resp. distinguished) decompositions exist. We now
show that they do.

Proposition 4.4.2. Let 1) : Wg x SLo(C) — VG be an Arthur parameter. Then 1 admits a
Jordan decomposition.

Proof. Define Levi subgroups
VM = 2o (W(Ry)), My = Zug((C)) = Zuan (¥(S1)).

Since j normalizes the subgroups R, and C* of Wg, 1 (j) normalizes the subgroups ¥ M; and ¥ Mo
of VG. Thus, we obtain weak E-groups

ler = <VM1a¢(j)>7 VM; = <VM27¢(])>

Clearly, 1 factors through a unipotent Arthur parameter v : Wg x SLo(C) — v MJ.
Consider the Z-grading of Ym; defined by the co-character ¥|g1 : St — VM

Y= @ mue, Vmi = (€€ Vmy [ Ad@W(2)E = 2", ze ST,

Define the parabolic subalgebra Y q2 < Ym; by

\% \

.V \ _ Vv A\ . A\
o := "Ma @ U, mg = "my, Up 1= @ my n,

n>0
and let V@2 = Y MyY U, denote the corresponding parabolic subgroup of Y M;. To define vV @1,
choose a regular element = € di)(R,) and consider the corresponding eigenspace decomposition of
\
g
Yo=MDVe Ve =1{le Vg [x,€] =2}
4

Choose an R-linear functional v : C — R such that v(z) # 0 for every nonzero z appearing in this
decomposition. Let

Vgri="m®Vuy,  Ymi=Vgy, Yu:= P Vg,

v(z)>0
and let Y@ = Y MY U; denote the corresponding parabolic subgroup of ¥ G. Since j acts by the
identity (resp. inversion) on R, (resp. S'), VQp (resp. VQ) is preserved (resp. taken to its
opposite) by Ad((5)).

Now, choose a Cartan subgroup ?H" < YG' containing ¢(Wg). Choose any positive systems
dAI'RE and dA;I_R of real and imaginary roots. Then by [ABV92, Proposition 13.8], there is a unique E-
group structure S(H') on H" such that (‘H", S(1HY), “Ak 4A}}) is a based Cartan subgroup of
(VG',S). Choose a based Cartan subgroup (HY, W(HY), A%, Af) of (GY', W) and an identification
¢:VH — 9H as in [ABV92, Definition 13.9] (it is possible to do so by [ABV92, Proposition 13.10]).
Let

M2 C M1 (e G
be the Levi subgroups whose roots correspond under ¢ to the co-roots of YMs < YM; < VG, and
let
Q1= MU G, Q2 = MUz © My
be the parabolic subgroups corresponding under ¢ to VQ1, Y Q2. Choose a strong real form § €
W(HY). Since the action of § on the roots of H in G is the transpose of the action of V& on the
roots of “H in V@, it is clear that M; and M, are preserved by 6. Thus, we obtain weak extended
groups
My ={(My,8), My ={My,é).
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Moreover, since ¥ Q1 (resp. ¥ Q2) is preserved (resp. taken to its opposite) by Ad(v(j)), @1 is real
(resp. f-stable) in the sense of Lemma [2.6.1

By Lemma there is an extended group structure W; on M| and an FE-group struc-
ture S; on Y M; such that ((M{, W), (¥M{,S1),Q1) is a real induction datum for the pair
(G",W),(¥G",S)). Then by Lemma there is an extended group structure W, on MJ
and an E-group structure Sy on ¥ M3 such that (M3, W), (¥ ML Ss), Q2) is a f-stable induction
datum for the pair ((M{, W), (¥ M{,S81)). Tt is clear from definitions that the sextuple

D= ((er7W1)7 (Mgv WQ)? (VeraSl)a (VM2F782)7 Q1, QQ)
is a decomposition of 1. O

Proposition 4.4.3. Let ¢: Wg x SLy(C) — VG be an Arthur parameter. Then < admits a
distinguished decomposition.

Proof. Let

YE = Zva(¥(SL2(0))),
a (disconnected) reductive subgroup of ¥ G, normalized by 1(j). Choose (as is possible) a 1 (j)-
stable maximal torus YT < Y E containing 1)(C*). Define Levi subgroup

VM = Zug(YTYO), VY My = Zeg(YT).

Since t(j) normalizes the subgroups VT, ¥ T%() < V@, it also normalizes their centralizers ¥ My, ¥ My
VG, Thus, we obtain weak E-groups

VM= ML), My = M ()
Choose a parabolic subgroup V@1 = ¥ MY U; < VG preserved by Ad(¢(j)) and a parabolic ¥ Q2 =
VMY Uy < ¥ My sent to its opposite by Ad(1(j)). We may choose ¥ Q2 so that A(py). € Z(¥Vmy) is

(weakly) dominant for Yuy. Define the structures Sy, So, (M1, W), (MY, Ws), Q1, and Q9 exactly
as in the proof of Proposition It is clear from definitions that the sextuple

D = ((M{,Wh), (M3, Ws), (Y M, S1), (Y M3, S2),Q1,Q2)

is a decomposition of ¥. Moreover, it is distinguished: if ¥ L is a Levi subgroup of ¥ Ms containing
(SLy(C)), then Z(V L) is a torus in ¥ E containing ¥7'. Since ¥ T is maximal, we have Z(VL) = VT
and hence VL = Zvq(Z(VL)) = Zvg(VT) = ¥ Ms. O

4.5. Decompositions of Arthur packets. Let (G'',V) be an extended group and let (¥ GT,S)
be a corresponding E-group with second invariant z. Let ¢: Wg x SLy(C) — VG' be an Arthur
parameter. In this section, we prove that every decomposition of i gives a realization of the
Arthur packet HZ(GF)Z}"C via real parabolic and (weakly fair range) cohomological induction from
a unipotent Arthur packet of a Levi subgroup of G''. The proof follows easily from the results of
Sections [4.2] and [£.3] It is convenient to introduce a bit of extra notation. For a virtual repre-
sentation 7 € KII*(GY), let [n] < II¥(GT) denote the set of irreducible representations appearing
(with nonzero multiplicity) in the formula for 7 as a linear combination of irreducibles. For a set
§ < KIF(G), let [S] = U,esn.

Theorem 4.5.1. Let ¢: Wg x SLo(C) — VGV be an Arthur parameter with decomposition D.
Then

(i) There is an identity in KII*(G")
my (1) = kRY Ry, (1)

Here, R, is (normalized) real parabolic induction, Ry} is (normalized) cohomological in-
duction in the weakly fair range, and k is the sign of Proposition (m)
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(i) There is an inclusion of subsets of II*(GV)
I (G1)e < (R, Ry T =(0e) (M ) e,

(iii) The map Ry, Ry takes unitary irreducibles in sz(p“l)z(”“ﬂ(Mzr)%ic to (linear combinations
of ) unitary irreducibles. In particular

sz(pul)z(pug)(Mg)Z]’;C is unitary —> HZ(GF)ZM 18 unitary

If D is moreover a Jordan decomposition, then we also have

(iv) € induces an isomorphism of Arthur component groups
AZ”C: A%C = A$ic.

(v) For any s € A%C, there is an identity in KII*(G")

My (AT (s)) = KRY, Ry ]y (s)

Proof. (i) follows from Propositions (ii) and W(u) Since n$ic(l) is a linear combination
of the members of HZ(GF)WC, each appearing with nonzero multiplicity, (ii) follows from (i). (iii)

follows from (ii) and Corollary (iv) follows from Propositions [4.2.9(i) and i). (v) follows
from Propositions [4.2.9(iii) and [4.3.7|(ii). O

4.6. Some applications. We now highlight two applications of Theorem The first is a proof
of the unitarity of Arthur representations for real reductive groups.

Corollary 4.6.1. Let (G',W) be an extended group and let (¥ G, S) be a corresponding E-group
with second invariant z. Let 1: Wg x SLy(C) — Y G be an Arthur parameter. Then the members
of the Arthur packet Hz(Gr)gic are unitary.

Proof. By Proposition 1 admits a Jordan decomposition
D = ((M] ,W1), (M3, Wa), (Y M, 81), (Y My, S2), Q1, Q).
Then by Theorem [4.5.1{(iii), we have
sz(pul)z(p“2)(M§)$jc is unitary = HZ(GF)WC is unitary
Since vy is a unipotent Arthur parameter, I17*(Pu1)2(Pu2) (N[ )%w is unitary by Theorem m O

Remark 4.6.2. Here is another approach to Corollary[{.6.1. By Proposition [{.4.3, 1 admits a
distinguished decomposition. Thus by Theorem (m), we can reduce to the case when Y is a
distinguished (unipotent) Arthur parameter (Definition [2.5.5(v)). It is known that the members of
a distinguished Arthur packet have irreducible associated cycles (in classical types, this follows from
|BMSZ23]. In exceptional types, it is verified in [Yu26] with the assistance of atlas). Thus, they
are unitary by [DM25, Theorem 5.22].

Our second application of Theorem is a proof of Jiang’s conjecture, which gives an upper
bound on the wavefront sets of the members of an Arthur packet.

Corollary 4.6.3 (Jiang’s Conjecture for Real Groups, |[Jial4, Conjecture 4.2]). Let (GT, W) be
an extended group and let (VGF,S) be a corresponding E-group with second invariant z. Let
: Wr x SLy(C) — VGY be an Arthur parameter and let Q be the Barbasch-Vogan dual of the
nilpotent adjoint ¥ G-orbit corresponding to 1| SLy(c)-  Then every representation in the Arthur

packet HZ(GF)Z}”C has associated variety contained in O.
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Proof. Let 7w e HZ(GF)ZM. By Theorem (ii), there is a representation 7 € HZZ(Pul)Z(Puz)(M{)%“
such that 7 is a summand of Rgle;l mo. Let Q2 denote the Barbasch-Vogan dual of the nilpotent
¥ Ma-orbit corresponding to 92|gr,(c). Then O and Oy are related by parabolic induction, i.e.
0 = Ind%2 02 (see []37\785, Proposition A2]). By [ABV92, Corollary 27.13], the associated variety
of my is contained in Q. Thus it suffices to show that

My - AV(RR o) € Indyf (My - AV(m2)), G- AV(RS m) < Ind§y, (M; - AV(m))

where 71 is a constituent of Rg‘zl m9. These inclusions are well-known. The first inclusion (involving
cohomological induction) follows from Proposition A reference for the second inclusion
(involving real parabolic induction) is [BV80, Theorem 3.5]. O

We conclude by describing a conjectural refinement of Theorem in the Jordan case.

Conjecture 4.6.4. Let (G',W) be an exstended group and let (¥G',S) be a corresponding E-
group with second invariant z. Let 1): Wr x SLa(C) — VG be an Arthur parameter, and let D be
a Jordan decomposition of 1. Then

(G ) = (R, A= =0 )

Because of the signs appearing in the formulas for n@ic(s), this does not seem to follow in an
obvious way from the character identities in Theorem |4.5.1(v). However, we have verified that it

is true in numerous low-rank examples using the atlas software.

APPENDIX A. A LIE THEORY CALCULATION

A.1. Recollections on prehomogeneous vector spaces. Recall that a prehomogeneous vector
space (PVS) is a pair (L, V') consisting of a complex algebraic group L and a finite-dimensional
rational L-representation V' containing an open dense L-orbit Q.

Definition A.1.1. A relative invariant of (L, V') is a nonzero rational function f on V' such that
FUv) = xf@),  VieL, veV,
for some character x: L — C*.

We note that a relative invariant is determined by its character, up to multiplication by C*
([SK77, Proposition 3]). In particular, every relative invariant is a homogeneous function.

Let Sy, ..., S, denote the codimension one irreducible components of V\Q. Then each S; is the
zero set of an irreducible polynomial f; € C[V], unique up to nonzero scalar multiplication. We
will need the following fundamental fact about relative invariants.

Proposition A.1.2 ([SK77, Proposition 5]). The polynomials f; are algebraically independent
relative invariants of (L, V). Moreover, every relative invariant f of (L,V') can be written in the
form

for ce C* and mq,...,my € Z.

Let us now consider a very special kind of PVS which arises in this paper and in other Lie theory
contexts. Let G be a complex connected reductive algebraic group, and let (e, f, h) be an slo-triple
in g. The semisimple operator ad(h) defines a Z-grading of g

g=P ok, oL ={Xeg|[h X]=FkX]}.
keZ
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Let Gy = Zg(h), a Levi subgroup of G with Lie algebra go. Clearly Ad(Gy) preserves g;, for all
i€ Z. It is a theorem of Kostant ([Kos59]) that (Go, g2) is a PVS with open dense orbit Ad(Go)e.
In fact, more is true.

Proposition A.1.3 ([Rub82, Proposition 11.2.9]). The complement g2\ Ad(Go)e is of pure codi-
mension one, i.e. it is the union of its codimension one irreducible components.

Fix a non-degenerate invariant symmetric bilinear form (—, —) on g with the following property:
for any maximal torus 7' < G, {(—, —) is positive definite on the co-character lattice X, (7). Note
that if g is semisimple, then the Killing form has this property (and is the unique such form, up to
positive real scaling on each simple factor).

Proposition A.1.4. Let x1, ..., xn be the characters of Gy corresponding to the irreducible polyno-
mials f1,..., fn defining the components of g2\ Ad(Go)e. Then there are nonnegative real numbers
C1,...,Cn such that

Chyx)y = 2 cidxi(x), x € go.

Proof. We can easily reduce to the case when g is a simple Lie algebra and (—, —) is the Killing
form
(x,y) = Tr(ad(z) o ad(y)).

We begin by constructing an explicit polynomial relative invariant p on go which transforms accord-
ing to (h, —). Choose a basis {e}, ..., eﬁf} of gg, for each k € Z (this choice of basis will not matter
significantly, but is useful for definitions). For each k < —1, we define a matrix-valued polynomial
My, on go by the formula A

My (v)i; = (ad(v) el el), v € go.
Let pr be the polynomial on go defined by taking the determinant of My

pr(v) = det(My(v)), v € go,

p=[] pe(w)™*

k<—1
We claim that p is a relative invariant of (G, g2) and that the corresponding character 7: G — C*
satisfies

and let

dr(z) = {(h,x), x € go.
For g € G, let Cy(g) denote the matrix of Ad(g™!)|g, with respect to the basis {e}, ..., eﬁf}. Then
for any k£ < —1 and v € g5 we have

My (Ad(g)v)i; = (ad(Ad(g)v) Fe}, el
= (Ad(g) ad(v)~* Ad(g)™ €k7€k>
= ad(v) ™" Ad(g) "¢}, Ad(g) !
= (Cr(9)"Mr(v)Cr(9))sj
Hence, My(Ad(g)v) = Ck(g)! My (v)Ci(g) and so
pr(Ad(g)v) = det(My(Ad(g)v))
= det(Cy(9))?pk(v)
= det(Ad(g™%) g, )px(v)

This shows that py is a relative invariant of (G, g2), corresponding to the character
7 Go —> C*,  7k(g) = det(Ad(g7?))lg,-
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It follows that p is a relative invariant, corresponding to the character
T:Go—~C* 7l =[] mle)"
k<—1

Note that for each k € Z, we have the relation det(Ad(g)ly,) = det(Ad(g)~!,_, ). Thus,

7(g9) = [ [det(Ad(g)lg,)*, g€ Go.
k

Taking differentials, we get
dr(X) = Y kTr(ad(X)lg,)
k

= Y Tr(ad(h) o ad(X)]g,)
k

= Tr(ad(h) o ad(X))
= <ha X>

Since p is a relative invariant, Proposition [A.1.2] implies that

n
p=c| ™
=1

for ce C* and my, ..., m, € Z. Hence

dr = zn: midxi.
i=1

Since p is a polynomial, we have m; > 0 for all <. This completes the proof. O

A.2. Three parabolics. In this section, we will consider the following situation. Let G be a
complex connected reductive algebraic group with Borel subgroup B < G and maximal torus
T < B. Let Q = LU be a standard parabolic subgroup of G (in our application, @ will arise as
the parabolic dual to our ‘inducing’ parabolic). Denote the roots for 7" in g and [ by A(g), A(l),
and the positive roots by A*(g), A*(l). Let (e, f,h) be an sly-triple in [ with h € t, dominant for
AT(I). We will also assume that (e, f,h) is ‘even’ in [, in that

(i) h has even weights on [
Choose z¢, zg € X4 (T) ®z R such that

a(zf) = a(zg) =0, Va e A(l)
(the subscripts ‘f” and ‘g’ stand for ‘fair’ and ‘good’, respectively), and consider the elements
1 1
)\f:z §h+2f, Ag=§h+zg
(in our application, these elements will arise as the infinitesimal characters of Arthur packets with
a common SLy(C)). We will impose the following additional conditions on h, z¢, and z,:
(ii) Af and A4 have integral weights on g.
(ili) z¢ has nonnegative weights on u (this is the ‘weakly fair range’ assumption).
(iv) Ag4 has strictly positive weights on u (this is the ‘good range’ assumption).
Because of condition (ii), the semisimple operators ad(A¢) and ad()\,) define Z-gradings of g,

and hence parabolic subgroups

Py =L;Us, P, =L,U,.
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Here, Ly (resp. Ly) is the centralizer of A\; (resp. \y), and Uy (resp. Uy) is the unipotent subgroup
corresponding to the strictly positive (integral) weight spaces for Ay (resp. A\y). Because of condition
(iv), we have inclusions

(A.2.1) Lyc L, U c Uy, P, c Q.

Note that in general, there are no simple relations between Py and @, or between Py and P, except
that
PrnL=P;nL
(since Ay — Ay is central in ).
Consider the constructible subset PP, — G and its Zariski closure ﬁ. The main result of
this section is

Theorem A.2.1. In the setting described above, we have
{g € Png | Ad(g)e € uf} = Pf.

The proof of Theorem will occupy the remainder of this section. First, we will prove the
corresponding statement for the ‘open’ Bruhat cell PP, < P¢P,.

Proposition A.2.2. In the setting described above, we have
{g € Png | Ad(g)e € uf} = Pf.
Proof. The proof has several steps.

Step 1. Note that [Ar,e] = [3h,e] + [2f,€] = e. So e € uy. The inclusion Py < {g € PsPy |
Ad(g)e € uy} follows immediately. It remains to prove the reverse inclusion {g € PP, | Ad(g)e €
ug} < Py. Since {g € PyP, | Ad(g)e € us} is stable under left-multiplication by Py, it suffices to
show that {g € P, | Ad(g)e € uy} < Py.

Step 2. By the inclusions in (A.2.1)), there is a decomposition

(A.2.2) P, = (L~ P,)U.

Since U < G is unipotent subgroup of G, it is a product of its root groups (multiplied in any order).
Hence

(A.2.3) U= ] Ua=C J] U J] Us)=UA~PHUAUP).

aeA(u) aeA(unpy) aeA(umu;’f’)

Combining (A.2.2) and (A.2.3), we arrive at the decomposition
(A.2.4) Py = (LnPy)(Un Ps)(Un U}’p).

Since {g € P, | Ad(g)e € us} is stable under left-multiplication by Py n Py and (L n Py)(U~Py) <
P, n Py, it in fact suffices to show that

{geUnUP | Ad(g)e € us} = {1}.

Step 3. Suppose, for contradiction, that g is a nontrivial element in U N U})p such that Ad(g)e € uy.
Since U n U}’p is a unipotent group, the exponential map exp: un u'}p —-Un U}’p is a bijection. In
particular, g = exp(Y") for some nonzero element Y € u n u?p :

Let t denote the sum of the positive co-roots in u, so that [ = 34(¢) and u is the sum of the

positive weight spaces for t. Consider the Z3-grading of g defined by the (commuting) semisimple
operators ad(Af), ad(h), and ad(t):

(A25) g= @ Ok,l,m> Ok,l,m = {g €g | [)\f7§] = kga [hvé] = lfa [t7£] = mg}

k,l,m

Consider the decomposition of Y with respect to this grading:

Y = ZYk,z,m, Yiim € Okm-
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Since Y eun u?p, we have that £ < —1 and m > 1 whenever Y}, # 0. Let
ko = max{k € Z | gy m # {0} for some [, m}.
Since kg + 1 < 0 and Ad(g)e € uy, we have that
(A.2.6) (Ad(9)€)ko+1,1,m = 0, Vi,m e Z.
On the other hand
Ad(gle = 3 %ad(Y)”e _ D %ad(Ykl,lhml)... ad (Vi 1,.m. )e
n>0 RN TSN ORI S

(this sum is finite since ad(Y") is nilpotent). Since e € g1 29, we have that

ad (Y, 1y ,m1 )+ ad(Yey 1 mn )€ € 9145k 24301, X -
So

(A27) (Ad(g)e)ko-‘rl,l,m = Z [Yko,l,mae]'

l,meZ

Combining (A.2.6) and (A.2.7)), we deduce
[Yk07l,m7 e] = 0, vl, m € 7.

Choose I, m € Z so that Yy, 1, # 0 (such [ and m exist by the definition of kg). Since [Y, 1m,e] = 0
and [h, Yy, 1.m] = Yk .1,m, We have by the representation theory of sl>(C) that I > 0. On the other
hand, Y%, 1.m is a weight vector for zy of weight ko — %l:

1 1 1
05ty = 5 sty - sty -5 sty - -5 by
(20, Yo 1,m] = [Af 2h Yiot.m]) = koY im 2lYk0lm = (ko 2Z)Ykolm
Thus, since Yy, ;m € 4, our assumption on zqg implies that kg — %l > 0. Hence kg > %l > 0. This is
a contradiction. J

Next, we will show that there are no contributions to {g € PfP, | Ad(g)e € uy} coming from the
boundary 0Py Py = PrP,\P;P,. Let W = Ng(T')/T denote the Weyl group of G. Let £: W — Zx
denote the length function and let < denote the Bruhat order. The following lemma gives an
explicit description of 0Py P, as a union of Bruhat cells.

Lemma A.2.3. Let v e W denote the (unique) minimal-length element such that vAy is dominant,
and let
Wyi={weW |vw < v}.
Then
oPPy = | ) Prip,
weWy
where, for each w € W, w denotes a lift of w to Ng(T).

Proof. Since vAy is dominant, the parabolic subgroup PJC = wwa—l contains the Borel subgroup
B. So by the Bruhat decomposition, we have, for elements wq,ws € W
Pjuin Py & Ppig Py < Wi < whtn
where w™" denotes the (unique) minimal-length element in the double-coset W]’cng. Hence
wapg - anPg — i}Pfﬂ)Pg - a(UPng)
= PpwP, < d(PpoPy)
— vw < ™" = .

This completes the proof. O
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For the next proposition, we will use the following notation. For any x € g, there is a unique
decomposition
=1+ Tq, tet, Ty € ga-
acA(g)
We write

Supp(z) := {a € A(g) | zo # 0}.
Proposition A.2.4. In the setting described in the beginning of Section[A.3, we have
{g € anPg | Ad(g)e € uf} = .

Proof. The proof has several steps.
Step 1. By Lemma it suffices to show that
weWs; = Ad(PrwPye nuy = .
Since uy is preserved by Ad(Py), this is equivalent to the claim that
(A.2.8) weWs = Ad(wPy)e nuy = .

Suppose Ad(wLg)e nuy = F for some w € W and let p € P, be arbitrary. Write p = ul for u € U,
and [ € Ly. Let ¢/ = Ad(l)e, and u = exp(Y) with Y € u,. Then

. . : . 1
Ad(ibp)e = Ad(w) Ad(u)e’ = Ad(w)e’ + Ad(w) Y — ad(Y)"e
n=1 """
Since ! centralizes Ay and e has A\g-weight 1, ¢/ must also have Ag-weight 1. On the other hand,
since Y € ug, each term % ad(Y)"e is a sum of weight vectors for A\, of weight strictly greater than
1. Thus, Supp(e’) is disjoint from Supp(],~; % ad(Y)"e’). Since Ad(w) permutes the root spaces,
this implies that Supp(Ad(we’) is disjoint from Supp(Ad(w) Y=, & ad(Y)"€’). It follows that

1
Supp(Ad(wp)e) = Supp(Ad(w)e') L Supp(Ad(w) Z o ad(Y)"e').
n>1""
Since Ad(we’) nuy = &, we know that Supp(Ad(we’)) contains a root « such that a(Af) < 0. It

follows from the above that Supp(Ad(wp)e) must also contain this root and hence that Ad(wp)e ¢
uy. So in fact (A.2.8) is equivalent to the implication

(A.2.9) we Wy = Ad(wlg)e nup = &.

This is what we will prove in Steps 2-4.

Step 2. Recall that if \ € t is integral and dominant for A™(g) and w; < ws, then wi\ — wo is
a sum of positive co-roots for g. Applying this fact to the Weyl group elements (vw)~! < v~! and
the integral dominant coweight vAs € t, we see that v := w1 A; — A; is a sum of positive co-roots
for g (a nonzero sum, as v is of minimal-length and vw < v). Fix a positive-definite W-invariant
symmetric bilinear form (—, —) on X, (T") ®z R. Condition (iii) on z; implies that z; is dominant
for g. So (z¢,v) = 0. This implies that (h,v) < 0 by the following calculation:

vy =200 = 2z
= (s + AP = [P =1 1P) = 2z
(o™ A f 112 = 1A = 1VI12) = 2¢z5,7)
—|IyI1* = 2¢z, )
< 0.
Step 3. Now let V' denote the 2-eigenspace of ad(h) on [. Recall from Section that (Lg, V) is

a prehomogeneous vector space with open dense orbit Ad(Lg)e. Moreover, by Proposition
V\Ad(Lgy)e is the union of its codimension one irreducible components S, ..., S,. Let fi,..., f, be
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irreducible polynomials defining these components. These are relative invariants by Proposition
Denote the corresponding characters of Ly by X1, ..., xn. By Proposition there are
nonnegative real numbers cy, ..., ¢, such that

Ch,y) = Z cidxi(7)-
=1

Since {h,7) < 0, we must therefore have dx;(y) < 0 for some ;. Substituting w™'A\; — As for v
and %h + zy for Ay, we get the following inequality:

(A.2.10) dxi(w™Ap) < dxi(\p) = %dXi(h) +dxi(zy) = %dXz‘(h)-

Step 4. Let A(V) ={a € A(l) | a(h) = 2}, the set of roots in V, and choose a basis of nonzero
root vectors {Ey}aea(v)- Recall that f; is a nonzero homogeneous polynomial on V. Let d; denote
its homogeneous degree. Then f;(x) is of the following form:

fi(x) = Z CsHCL‘(a), T = Z z(a)Ey.
|S|=d; aeS aeA(V)

where the sum runs over all order-d; multisets of roots in A(V) = {a € A(l) | a(h) = 2} and
the coefficients cg are complex numbers (not all 0). Moreover, since f; is a relative invariant with
character y;, we have

(A.2.11) dxi = .S,

for any order-d; multiset S < A(V) with cg # 0.
Suppose that = € Ad(Lgy)e. Then in particular f;j(x) # 0. This means that there is an order-d;
multiset S < A(V) such that cg # 0 and [[,.q2z(a) # 0. In particular S < Supp(z) and so

(A.2.12) wS < wSupp(z) = Supp(Ad(w)z).
Evaluating at the element h € t, we obtain the equation
dxi(h) = (3 8)(h) = 2d.
Combining with , we get a strict inequality
Z a(w™Ap) < d;.
aesS

Since the sum on the left consists of d; terms, there must be some a € S such that a(w™As) < 1.
Since A¢, and hence w*IAf, has integral weights on g, this implies that a(wil)\f) < 0, i.e. that
wa ¢ Aug). But by (A2.12), wa € Supp(Ad(w)z). We conclude that Ad(w)z ¢ uy. This
completes the proof. O

Now, Theorem follows immediately from Propositions [A.2.2] and |A.2.4]

APPENDIX B. WHITTAKER DATA AND SPECIAL POSITIVE SYSTEMS

Let G be a complex connected reductive algebraic group equipped with a real form o and a
corresponding Cartan involution 6. Let G(R) = G” and K = G?.

Proposition B.0.1 ([AA24, Lemma A.5]). There is a canonical bijection between the following
two sets:

e G(R)-conjugacy classes of pairs (N, x) consisting of a o-stable mazimal unipotent subgroup
N and a non-degenerate unitary character x of N(R) = N°.
o K-conjugacy classes of large 0-stable Borel subgroups B of G.
This bijection is defined as follows: (N,x) corresponds to B if and only if a fundamental series
(g, K)-module corresponding to B admits a Whittaker model of type (N, x).
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Recall that every finitely-generated (g, K)-module X has an associated variety AV(X) c (g/¢)*
(see [Vog9l]).

Proposition B.0.2 (|[AA24, Lemma A.6]). Let X be a finite-length (g, K)-module. Let (N, x) be
a Whittaker datum for G(R) and let B < G be a large 0-stable Borel corresponding to (N, x) under
the bijection of Proposition|B.0.1. Then X admits a Whittaker model of type (N, x) if and only if

(g/b+8)* < AV(X).
Now let Q < G be a parabolic subgroup with Levi decomposition = MU. We assume that M

is both o- and #-stable. Also fix a finite-order element z € Z(¥G)%% and recall the order-2 element
2(py) € Z(¥ M)%2 (2.5.2). Parabolic induction is a right exact functor

RE: M*) (m, M A K) — M*(g, K)
with left-derived functors
LiRS : M=) (m, M n K) — M*(g,K),  i>0.

Recall that there are two special cases of particular interest: if @) is o-stable, then Rg is exact and
coincides with (normalized) real parabolic induction. If @ is -stable, the functors LiRg are called
‘cohomological induction’. In this case, if Xo e M(I,L n K) is in the good range for q (Definition
2.5.3(1)), then L;yR§Xo = 0 for i # dim(unt); if X is irreducible, then 50 is Lgim(une)R3Xo. We will
need at various points a formula for the associated variety of a cohomologically induced module.
For this, we consider the restriction map

P (8/u+€)" — ([/LnE)*

Proposition B.0.3. Assume Q is 0-stable and let Xy be a finite-length (I, L n K)-module. Then
for every i = 0, we have an inclusion

AV(LZ"R%X()) c K- -p,_

1
(qﬂ)AV(XO).

If X is in the good range for Q, then this inclusion is an equality for i = dim(u N €).

Proof. This follows from the D-modules description of cohomological induction ([HMSW8T]), the
relation between the associated variety of a (g, K)-module and the singular support of its localiza-

tion over the flag variety ([BB82]), and the behavior of singular support under pushforward by a
closed embedding ([HTTO08, Lemma 2.3.5]). We leave the details to the reader. O

Proposition B.0.4 ([ABV92]). Let (No, x0) and (N, x) be Whittaker data for M(R) and G(R),
respectively, and let By < M and B < G be corresponding large 0-stable Borels. Suppose that
X € M7 (m, M ~ K) admits a Whittaker model of type (No, Xo)-
(i) Assume that Q is o-stable, No = N, and xo = X|n,®)- Then the parabolically induced
module R3Xo admits a Whittaker model of type (N, x).
(ii) Assume that B = BoU (this condition implies that Q is 6-stable) and that Xo is in the good
range for Q (Definition . Then the cohomologically induced module Ldim(uﬁg)RgX[)
admits a Whittaker model of type (N, x).

Proof. (i) is [ABV92, Lemma 4.11]. (ii) follows from Propositions |B.0.2| and [B.0.3| O

We will also need some facts about ‘special positive systems’, which play a role in [ABV92|. Let
H < G be a o- and 6-stable maximal torus.

Definition B.0.5 (JAV92, Definition 6.29]). Let B < G be a large 0-stable Borel subgroup and
let 3 be a positive system for the set of imaginary roots Ajr(g,h). We say that ¥ is special with
respect to B if there is a 0-stable parabolic subgroup P < G such that

(i) L := Zg(%) is a Levi factor of P;
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(ii) ¥ is a subset of the roots of H in the unipotent radical of P;
(iii) P contains a K-conjugate of B.

We will need the following alternative characterization of special systems.

Proposition B.0.6 ([AV92, Theorem A.10]). Let B < G be a large 6-stable Borel subgroup and let
Y be a positive system for A;r(g,h). Choose a o-stable parabolic subgroup P' < G with Levi factor
L' := Zg(b~?) and let X be a relative discrete series (I', L' n K)-module corresponding to ¥2. Then
3 is special with respect to B if and only if

(9/b +8)* < AV(R}, Xo)
Now, let us assume that H < M.

Proposition B.0.7. (i) Let By € M and B < G be large 0-stable Borel subgroups such
that B = BoU (this condition implies that Q is 6-stable). Let ¥ be a positive system
for Ajr(m, h). Assume that X is special with respect to By. Then ¥ 1 A (1) is special with
respect to B.

(ii) Let (No, x0) and (N,x) be Whittaker data for M(R) and G(R) and let By ¢ M and B <
G be corresponding large 0-stable Borels. Assume that Ng < N and xo = X|N0(R) (this
condition implies that Q is o-stable). Let X be a positive system for the set of imaginary
roots A;r(g,h) = Ar(m,b). Suppose that ¥ is special with respect to By. Then X is special
with respect to B.

Proof. (i) Let Lo = Zy(H?) = Zg(H?). Since ¥ is special with respect to By, there is a f-stable
parabolic Py with Levi factor Ly containing the imaginary roots Y in its unipotent radical such
that Py contains a K n M-conjugate of By, say k(Bg)k~! for k € K n M. Let P = PyU. Then
P is a f-stable parabolic subgroup of G with Levi factor Ly = Zg(H?Y) containing the imaginary
roots ¥ U A;r(u) in its unipotent radical. Moreover, P = PyU clearly contains (kBok™ 1)U =
k(BoU)k™ = kBk™!, a K-conjugate of B. Thus, ¥ U A;r(u) is special with respect to B.

(ii) Choose a regular element v € X*(H)™%. Let P’ = G and P}, = M be the corresponding
o-stable parabolic subgroups. Note that P’ and P} share a common Levi factor L' = Zg(h™%) =
Zy(h7%) and P' = PJU. Let X, be a relative discrete series (I', L’ n K)-module corresponding to
Y. Since ¥ is special with respect to By, Proposition implies that

(m/by + € nm)* c AV(R"} Xo)
Hence by Proposition Rm X admits a Whittaker model of type (Np, xo). So by Proposition

and transitivity of 1nduct10n Rg Xo = RgR Xo admits a Whittaker model of type (N, x).
App lylng Proposition [B once agaln we deduce that

(a/b + £)* < AV(RE,Xp).

Hence, X is special with respect to B by Proposition ]
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