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Lie Groups

Lie Groups are infinite (continuous) symmetry groups

The Symmetry group of the sphere is the Lie group SO(3): the
group of rotations in 3-space

SO(3) = {g ∈ M3(R) | g ∗ g t = I , det(g) = 1}

(Lie groups are matrix groups)

Sophus Lie (1842-1899) was a Norwegian mathematician.
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From geometry to representations

Common setting: a geometric object X , with an action of a Lie
group G on X (e.g. SO(3) acting on the sphere).

Want to
understand this action (transitive? orbits?...)

Linearize the problem: Instead look at G acting on the vector
space L2(X ) of functions on X :

π(g)(f )(x) = f (g−1x).

This is a unitary representation: it preserves length
|f | =

∫
X |f (x)|

2 dx , |π(g)(f )| = |f |.

Since L2(X ) is a vector space, we can apply linear algebra:
Eigenvectors, supspaces, kernels. . .

Basic Principle:
we can only solve a hard math problem
if we can convert into linear algebra
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Unitary Dual

A Representation (π,V ) of a group G is an action of G on a
complex vector space:

π(g) : V → V is a linear operator for each g ∈ G

In our setting V is usually infinite dimensional, e.g. L2(R)

Example: Fourier analysis is the representation of R∗ on L2(R) by
π(x)f (y) = f (x−1y).

(π,V ) is Unitary if the action is by unitary operators on a Hilbert
space ⟨π(g)v⃗ , π(g)w⃗⟩ = ⟨v⃗ , w⃗⟩.

Motivation: quantum mechanics (unitary operators on a Hilbert
space); number theory: L2(G (R)/Γ) or L2(G (A)/G (Q)) as
representation spaces.
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Atlas of Lie Groups and Representations

Our groups (reductive): SL(n,R), Sp(2n,R),SO(p, q), . . . , G2(R),
. . . , E8(R)

Major unsolved problem: the Unitary Dual:
classify/describe/understand the unitary representations of every
reductive group G .

It is well known that this is a hard problem, and the answer is
complicated.

What does it mean to classify (describe, understand) a
complicated mathematical object?

Laurent Clozel: Progrès récents vers la classification du dual
unitaire des groups réductifs réels, Bourbaki Lecture, 1987:

Terminons en espérant que la classification du dual unitaire d’un
groupe réductif quelconque sera bientôt achevée!
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Atlas of Lie Groups and Representations (2002): use
computers to study the unitary dual

This talk: a high level overview of the Atlas project; some
emphasis on the computational aspects

For several more mathematical presentations see
www.liegroups.org/talks
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Rough description of the unitary dual

Ĝu is a topological (non-Hausdorff) space.

Ĝu = ∪i≥0Xi

Xi is a closed subset of a complex vector space Ui , of dimension
≤ rank(G ).

Xi is cut out by linear inequalities, and is invariant by a certain
finite (Weyl) group Wi . Unitarity is constant on “facets”.
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Ĝu = ∪i≥0Xi

Xi is a closed subset of a complex vector space Ui , of dimension
≤ rank(G ).

Xi is cut out by linear inequalities, and is invariant by a certain
finite (Weyl) group Wi . Unitarity is constant on “facets”.



Rough description of the unitary dual

Ĝu is a topological (non-Hausdorff) space.
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Example: G2(R)

G = G2(R): exceptional group, rank 2: dim(Ui ) = 0, 1, 2.

Most interesting case: dim(Ui ) = 2; the spherical unitary dual.
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From Analysis to Algebra

Harish-Chandra:

representations of G (R) on a Hilbert space H 7→
representations of the Lie algebra g on a complex vector space V .
V is usually infinite dimensional.

((g,K )-modules)

Harish Chandra, Langlands, Knapp/Zuckerman/Vogan: classify
the irreducible (admissible) (g,K )-modules.

Unitary in this setting: there is a invariant positive definite
Hermitian form. Remove the positivity condition: Hermitian
representations. Classified by Knapp/Zuckerman:

Ĝdisc ⊂ Ĝtemp ⊂ Ĝu ⊂ Ĝherm ⊂ Ĝadm
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The Atlas Project: the beginning

2002: Conference in Montreal (Bill Casselman) on computers and
mathematics.

We held a meeting to discuss the possibility of a computer project
to study the unitary dual.

Attending: Jeffrey Adams, Fokko du Cloux, John Stembridge,
Peter Trapa, David Vogan
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KLV polynomials

Making the problem finite: fix a central character γ (for the
universal enveloping algebra).

Harish-Chandra: the set of irreducible representions with
infinitesimal character γ is finite.

Grothendieck group: Mγ = Z⟨π1, . . . , πn⟩.

Langlands, Zuckerman: Mγ has two bases: irreducible
representations (by definition), and standard modules.

The Langlands classification: finite parameter set Pγ , and for each
Γ ∈ Pγ : J(Γ) (irreducible) and I (Γ) (standard)
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KLV polynomials

γ 7→ Pγ = {Γ}

Ĝadm = {J(Γ) | γ ∈ h∗/W , Γ ∈ Pγ}

Mγ = Z⟨{I (Γ)}⟩ = Z⟨{J(Γ)}⟩

Change of basis matrix: the Kazhdan-Lusztig-Vogan polynomials
PΛ,Γ,QΛ,Γ ∈ Z[q]:

I (Γ) =
∑
Λ∈Pγ

QΛ,Γ(1)J(Λ)

J(Γ) =
∑
Λ∈Pγ

(−1)ℓ(Λ)−ℓ(Γ)PΛ,Γ(1)I (Λ)
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Atlas: 2002-2006

We started formulating an algorithm to implement all of this:

root
data, algebraic groups, real forms, structure theory,
representations, the Langlands classification, KLV polynomials.

2004: Fokko du Cloux finished his work on the Coxeter software for
computing Kazhdan-Lusztig polynomials for Coxeter groups, and
joined the Atlas team

2007: A Calculation the Size of Manhattan: we computed the
Kazhdan-Lusztig-Vogan polynomials for E8.
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Hermitian representations

Recall:

Ĝdisc ⊂ Ĝtemp ⊂ Ĝu ⊂ Ĝherm ⊂ Ĝadm

We know Ĝherm. (π,V ) ∈ Ĝherm means there is an invariant
Hermitian form ⟨ , ⟩ on V :

⟨π(X )v⃗ , w⃗⟩+ ⟨v⃗ , π(σ(X ))w⃗⟩ = 0 (v⃗ , w⃗ ∈ V ,X ∈ g)

where G (R) = G (C)σ.

Restatement of the problem:

1) Given π ∈ Ĝherm determine if the invariant form is positive
definite

2) For a given G , describe the set of all such representations

How do you compute the signature of a Hermitian form on an
infinite dimensional vector space?
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Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous;

computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points

(at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration),

computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So:

compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical



Vogan: computing Hermitian forms

An Atlas parameter Γ is a triple (x , λ, ν).

x is from a finite set; λ from a lattice

What matters here is: ν ∈ hQ (finite dimensional rational vector
space)

Vogan (1980s): Γ = (x , λ, ν) 7→ I (x , λ, ν)

Deform ν to 0. The form is upper semi-continuous; computable
sign changes at a finite number of points (at odd levels of the
Jantzen filtration), computed by the KLV polynomials

So: compute the form on I (x , λ, ν) by induction, reducing to
ν = 0↔ tempered (unitary)

Major fly in this ointment:

1) I (Γ) might not have an invariant Hermitian form

2) The Hermitian form on I (Γ) isn’t canonical
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Recall an invariant form on (π,V ) satisfies

⟨π(X )v⃗ , w⃗⟩+ ⟨v⃗ , π(σ(X ))w⃗⟩ = 0 (X ∈ g)

Modify this and use σc instead, where G (C)σc is compact. This is
the c-Hermitian form.

What?

Does this make sense?
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Computing unitarity of a single representation

Theorem: Adams/Trapa/van Leeuwen/Vogan 2020 (arXiv 2012)

1) Every irreducible representation admits a canonical invariant
c-Hermitian form (positive on the lowest K -types)

2) There is an algorithm to compute the Hermitian form in terms
of the c-Hermitian form.

Conclusion: this gives an explicit algorithm to determine if a
representation is unitary.

Remark: Around 2016 Wilfried Schmid told me: “I didn’t think
this could be done.”
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Hodge Theory

1980s: Schmid and Vilonen:

every representation has a canonical
Hodge filtration (Saito, mixed Hodge modules).

Related in some (intriguing but complicated) way to the
(non-canonical!) invariant Hermitian form

This is where things stood for many years. . .

2011: Schmid and Vilonen: a precise conjecture relating the Hodge
filtration to the canonical c-Hermitian form.

2020: Based on some conjectures about the Hodge filtration, we
formulated an algorithm to compute the Hodge filtration, and
implemented this in Atlas.
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Hodge Theory

The c-form on V gives you a Z/2-grading of V = V+ ⊕ V−.

Hodge filtration: V = F0(V ) ⊃ F1(V ) ⊃ . . . . The associated
grading: a Z-grading V = ⊕i≥0Vi .

Atlas: Based on some assumptions:

Conjecture: The reduction (mod 2) of the Hodge grading is the
c-form grading

Theorem (Kari Vilonen/Dougal Davis): This is a theorem.

This is somewhat weaker than the original Schmid-Vilonen
conjecture, but suffices for application to the unitary dual.
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Describing the whole unitary dual

Now that we can determine if a single representation is unitary:
Recall Ĝu is the countable union of pictures like this:

The fundamental parallelepiped (FPP) is the set in gray:

{γ ∈ h | 0 ≤ ⟨γ, ∨α⟩ ≤ 1, ∨α simple}
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The FPP conjecture

The fundamental parallepiped conjecture (FPP conjecture) is a
generalization of this picture.

π 7→ γπ ∈ h∗ (central character)

Definition: The FPP unitary dual is:

ĜFPP = {π ∈ Ĝu | γπ ∈ FPP}.

In the spherical case: π unitary ⇒ γπ ∈ FPP.

More generally:

FPP Conjecture: if γπ is not in the FPP, then π = IndGL (πL);
L ⊂ G is a Levi subgroup; π is unitary ⇔ πL is unitary.

In other words:

FPP Conjecture (version 2): Induction from Levi subgroups
induces:

Ĝu ↔ ∪L⊂G L̂FPP
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The FPP conjecture

Dougal Davis and Lucas Mason-Brown have proved the FPP
conjecture:

Definition: Q = Q(G , θ) = {θ-stable parabolics Q = LU ⊂ G}/K

Theorem (Davis/Mason-Brown):

Ĝ (R) = ∪Q∈QCohInd
G
Q(L̂(R)FPP)

The proof is a beautiful application of Hodge theory.
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The FPP conjecture

Conclusion: the unitary dual can be described by a finite
calculation.

(More on implementing this later).

ĜFPP is essentially a finite set: FPP is the union of finitely many
facets, and unitarity is constant on each facet.

This reduces the computation of Ĝu to Ĝ (R)FPP, together with
L̂(R)FPP for all L ∈ Q.

For each L, there is a finite set of hyperplane arrangements like the
G2-picture to analyze.
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We can now answer (or at least ask) interesting questions about
the unitary dual.

For example the topology.

E8 has a spherical unitary dual (analogous to the G2 picture).

There are 9, 282 unitary facets.

Graph of the closure relations:
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Description of the Unitary dual: Summary

G complex, connected, reductive, defined over R

Definition: ĜFPP = {π ∈ Ĝ (R)u | γπ ∈ FPP}

Definition: Q = Q(G , θ) = {θ-stable parabolics Q = LU ⊂ G}/K

Theorem:

Ĝ (R)u = ∪Q∈QCohInd
G
Q(L̂(R)FPP

The FPP has a finite facet decomposition; unitarity is constant on

facets; there is a finite calculation to compute ̂L(R)FPP for each of
the (finitely many) Q.
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Some computer results

Groups up to rank 6 are quite fast on a laptop. . .



E7 and E8

E7: ∼ 16 hours on a laptop, or 1 hour on a parallel machine.

E8: Steve Miller computed the FPP unitary set for E8(split) (over
the course of 18 months)

Answer: 3, 075, 281 unitary representations in the FPP.

We have checked independently that these representations are
indeed unitary.

Now: check all the remaining representations are not unitary (i.e.
we haven’t missed anything). This is much harder: there are
billions of non-unitary facets.
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E6/E7/E8

group #(x , lambda) #unitary time (secs)

E6(split) 26,325 2,217 98

E6(quat) 74,459 19,831 662.316

E7(split) 2,025,526 237,641 ∼ 16 hours/(1 hour parallel)

E8(split) ∼60 M 3,075,281 ?
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But that’s just a calculation!

We’d like a conceptual understanding of the unitary dual.

Parallel track: Arthur’s conjectures (University of Maryland
Conference, 1983)

Ψ : WR →LG 7→ Arthur packet Π(Ψ) (also known as an ABV
packet) by the theory of Adams/Barbasch/Vogan. An Arthur
representation is one which occurs in an Arthur packet.

Conjecture (Arthur): Arthur representations are unitary.

Remark: Arthur representations account for most, but not all, of
the unitary dual.
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Arthur’s Conjectures for real groups

Building blocks: unipotent Arthur representations (Ψ|C∗ = 1)

Theorem:

1) Unipotent case: if Ψ is unipotent then Π(Ψ) is unitary

2) General Arthur packets: In many cases Π(Ψ) is known to be
unitary
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Arthur’s Conjectures for real groups

Long and complicated history/many contributors. . .

Ingredients:

Arthur; Moeglin/Renard; Mok;Kaletha/Minguez/Shin/White;
Adams/Arancibia/Mezo: 1) and 2): real classical quasisplit groups

Barbash/Ma/Sun/Zhu: 1): all real classical groups

Adams/Miller/van Leeuwen/Vogan: 1): real exceptional groups
(using atlas)

Davis/Mason-Brown uniform proof: 1): all complex groups; many
cases for real groups (Hodge theory). Plus
Adams/Ionov/Mason-Brown/Vogan (unpublished): 1) in all cases,
and 2) under a certain genericity condition.
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Concluding Remarks

What have we learned: about the unitary dual, and the use of
computers in high level mathematics?

1)

Abstract Mathematics ←→ Algorithms −→ Computer Implementation

a) By far the hardest arrow is the first one.
b) The first arrow goes in both directions.
b) You need a programmer who is also a mathematician.

2) Hard problems take a long time. Solving the unitary brought
together deep results from representation theory, number theory,
and Hodge theory, not to mention computer science
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Concluding Remarks

3) The FPP Theorem is a mathematical theorem (no use of
computers).

In principle we could have formulated this without the Atlas
project. In practice: probably not. In particular the c-Hermitian
form was a fundamental discovery, which we never would have
discovered if we hadn’t been thinking algorithmically.

4) What is the form of the answer?
a) The unitary dual reduces to a finite (but lengthy and
complicated) algorithm.
b) A large part, but not all, of the unitary dual has a nice
conceptual description (Arthur’s representations).

5) What do we still need to compute?

a) Mainly the FPP for E8 (i.e. confirming Steve Miller’s answer)
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conceptual description (Arthur’s representations).

5) What do we still need to compute?

a) Mainly the FPP for E8 (i.e. confirming Steve Miller’s answer)
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Concluding Remarks

6) How do we know our answer is correct?

a) We don’t. How we “know” something in mathematics is the
subject of another lecture.

b) We are 100% convinced the algorithm is correct. We are less
than 100% convinced our implementation of it is correct.

7) Could we use a formal proof assistant to check the answer?

a) Possibly, but I’m not interested in doing this.
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Thank you


