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The Atlas Algorithm

G: connected reductive algebraic group over R
Atlas of Lie Groups and Representations: www.liegroups.org
Goal: give an algorithm to compute the unitary dual of G(R)

This talk: the big ideas/key technical ingredients in the algorithm
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Two Recent Results

Theorem: [Adams-van Leeuwen-Trapa-Vogan 2020] If 7 is an irreducible
representation there is a finite algorithm to determine if 7 is unitary.

The FPP Conjecture
R: the root system of the complex reductive group G

The Fundamental Parallelepiped is
FPP={A€e R®R |0 < {a,\) <1 for all simple roots o}

7 irreducible: m € FPP if the infinitesimal character A\ of 7 is in the FPP

The FPP unitary dual is the set of irreducible unitary representations in
the FPP. There is a finite calculation to compute this set (see David
Vogan's talk).
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The FPP Conjecture

The FPP Conjecture [Adams-van Leeuwen-Miller-Vogan]:
If 7 is not in the FPP then unitarity of 7 is reduced to a proper Levi
subgroup.

More precisely: 7 +— (Q,7r); Q@ = LU C G proper -stable parabolic; 7y,
is a representation of L.

= Coh—lndg(wL): 7 is unitary < 7y, is unitary.
Theorem [Davis-Mason—Brown 2025] The FPP conjecture holds.
The proof uses Hodge theory.

Together these results give a complete description of the unitary dual.
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Two Recent Results

Arthur's Conjectures

In 1982 Jim Arthur gave a conjectural description of a large part of the
unitary dual of a real or p-adic reductive group.

Adams-Barbasch-Vogan: construction of Arthur's representations
(sometimes referred to as ABV packets: Ily); proved all but the unitarity
parts of Arthur's conjectures.

Theorem: If ¥ is a unipotent Arthur parameter then Ily consists of
unitary representations.

This theorem has a complicated history and combines results of many
authors: Arthur; Barbasch-Vogan; Barbasch; Adams-Arancibia-Mezo;
Barbasch-Ma-Sun-Zhu; Adams-Miller-van Leeuwen-Vogan (atlas
computation for exceptional groups); Davis-Mason—-Brown
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Theorem: [Adams-losov-Mason—Brown-Vogan]: Suppose 1 is an Arthur
parameter which is not unipotent.
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¥ = Ind% (Iy, )

and this induction preserves unitarity.
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Arthur’s Conjectures

Theorem: [Adams-losov-Mason—Brown-Vogan]: Suppose 1 is an Arthur
parameter which is not unipotent.

Y — (Q,¥) where Q = LU is a proper parabolic subgroup and ¥, is a
unipotent Arthur parameter for L. and

¥ = Ind% (Iy, )

and this induction preserves unitarity.

Corollary: All Arthur packets for the real points of a connected reductive
algebraic group are unitary.
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Both theorems rely on the same core machinery:



Both theorems rely on the same core machinery:

® The c-invariant form



Both theorems rely on the same core machinery:

® The c-invariant form

® Extended groups



Both theorems rely on the same core machinery:

® The c-invariant form
® Extended groups
® Twisted KLV polynomials



What Goes into the Algorithm?

Both theorems rely on the same core machinery:

® The c-invariant form
® Extended groups
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What Goes into the Algorithm?

Both theorems rely on the same core machinery:

® The c-invariant form

Extended groups

Twisted KLV polynomials

Orientation numbers

Hodge theory and the Hodge filtration
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Computing Hermitian Forms

Vogan (1980s): there is a finite algorithm (deformation of v to 0) to
compute the Hermitian form on a representation.

Definition: The Hermitian form (, ) satisfies:

(m(X)v,w) + (v, 7(e(X)w) =0 (X € g)
where g(R) = g%
sig(n) : K > W=2Z[s] (s2=1)

sig(m)(p) = a + bs: the Hermitian form has signature (a, b) on the
p-isotypic subspace

Deformation: Let I(¢v) be a continuous family of standard modules

Key fact: sig¢(I(t7)) is constant as long as I(t7) is irreducible

Changes in signature occur only at reducibility points

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026 9/34



Deform I(tv) through a reducibility point at t =1
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Deform I(ty) through a reducibility point at ¢ = 1
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Computing Hermitian Forms

Deform I(ty) through a reducibility point at ¢ = 1
Theorem: The change in signature across the reducibility point is:
Sig(Il-‘re) = Sig(Il—e) + (1 - S) Z Sig(I(V)vr)
r odd
where I(v,r) is the ' graded piece of the Jantzen filtration
The c-form changes sign on odd levels of the Jantzen filtration

This (sort of) gives an algorithm to compute the Hermitian form on
standard modules (and eventually irreducibles. . .)
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Computing Hermitian Forms

Two flies in the ointment:

1) Not every representation has an invariant Hermitian form

2) When it exists, there is no canonical choice (up to positive scalar)
This was a roadblock for many years.

Solution: the c-form.
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Back up a step: how do you determine if a representation admits a
Hermitian form?



Evolution of the c-form

Back up a step: how do you determine if a representation admits a
Hermitian form?

Surprisingly this was not well understood in 2004 (even though these were
classified by Knapp-Zuckerman)

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026 12 /34



Evolution of the c-form

Back up a step: how do you determine if a representation admits a
Hermitian form?

Surprisingly this was not well understood in 2004 (even though these were
classified by Knapp-Zuckerman)

The Hermitian dual of (7, V) = (7", V") where

Vi ={f:V = C| f(z0) =2f(0)}

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026 12 /34



Evolution of the c-form

Back up a step: how do you determine if a representation admits a
Hermitian form?

Surprisingly this was not well understood in 2004 (even though these were
classified by Knapp-Zuckerman)

The Hermitian dual of (7, V) = (7", V") where
VE={f:V = Clf(z0) = 2f(9)}

Defined so that: 7 ~ 7" if and only if = has an invariant Hermitian form.
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Computing Hermitian Forms

Lemma (atlas): 7" ~ 7¢

The inner class of G(R) is the image ¢ of # in Out(G) = Aut(G)/Int(G).

0 — & € Aut(G) is the Cartan involution of the “quasi-compact form” in
the inner class.

Example: The compact inner class: 6 =1 (6 is inner) < G(R) has a
compact Cartan (the inner class of the compact real form)

The Lemma implies: 7 ~ 7 ~ 70

Corollary: If G is in the compact inner class then every representation
(with real infinitesimal character) is Hermitian.
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This suggests: Make the extended group G° = (G, 6) = (G, d). Then
study representations of G® by Mackey theory:



Computing Hermitian Forms

This suggests: Make the extended group G? = (G, 6) = (G, 5). Then
study representations of G® by Mackey theory:

1) If 7 is Hermitian then Indgé (m) 7wy e

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026 14 /34



Computing Hermitian Forms

This suggests: Make the extended group G? = (G, 6) = (G, 5). Then
study representations of G® by Mackey theory:

1) If 7 is Hermitian then Indg(S (m) 7wy e

2) Otherwise IndS’ () ~ Ind’ () is irreducible.

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026 14 /34



Computing Hermitian Forms

This suggests: Make the extended group G? = (G, 6) = (G, 5). Then
study representations of G® by Mackey theory:

1) If 7 is Hermitian then Indg(S (m) 7wy e
2) Otherwise IndS’ () ~ Ind’ () is irreducible.

Note: in the equal rank case 6 = int(z) for x € G (z is a strong real
form).

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026 14 /34



Computing Hermitian Forms

This suggests: Make the extended group G? = (G, 6) = (G, 5). Then
study representations of G® by Mackey theory:

1) If 7 is Hermitian then Indg(S (m) 7wy e
2) Otherwise IndS’ () ~ Ind’ () is irreducible.

Note: in the equal rank case 6 = int(z) for x € G (z is a strong real
form). So 7(0) = w(x).

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026

14 /34



Computing Hermitian Forms

This suggests: Make the extended group G? = (G, 6) = (G, 5). Then
study representations of G® by Mackey theory:

1) If 7 is Hermitian then Ind&’ (r) ~ 7y & 7_
2) Otherwise IndS’ () ~ Ind’ () is irreducible.

Note: in the equal rank case 6 = int(z) for x € G (z is a strong real
form). So 7(0) = w(x).

Note: in the induced representation in 1) 7(&) intertwines 7 and 7°.

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026

14 /34



Computing Hermitian Forms

This suggests: Make the extended group G? = (G, 6) = (G, 5). Then
study representations of G® by Mackey theory:

1) If 7 is Hermitian then Ind&’ (r) ~ 7y & 7_
2) Otherwise IndS’ () ~ Ind’ () is irreducible.

Note: in the equal rank case 6 = int(z) for x € G (z is a strong real
form). So 7(0) = w(x).

Note: in the induced representation in 1) 7(&) intertwines 7 and 7°.

This suggests looking at Hermitian forms collectively on real forms in a
given inner class.
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representation for all real forms.

7 is unitary if and only if G(R) is compact (< x is central).
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Computing Hermitian Forms

Crucial Example:
Consider the equal rank inner class.
2% € Z(G) + 0, = int(z) — K, = G% determines a real form.

7 (non-trivial) finite dimensional of G(C): this is a Hermitian
representation for all real forms.

7 is unitary if and only if G(R) is compact (< x is central).

How do we compute the Hermitian form on 7 in general? It is not hard to
see:

<Ua 77>1E = <17a 7T(£L’)l7>1
(real form = on the left, compact real form 1 on the right)

So the signature has to do with the eigenvalues of ().
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The c-form

The preceding discussion (and 1 million other ideas that were kicking
around at the time) led to:

Definition: The c-form (, ). on a (g, K)-module satisfies:
(m(X)v, w)e + (v, w(0c(X))w)e =0 (X € g)

where o, is the compact form of G,

normalized so (, ). is positive definite on all lowest K-types of 7
Theorem [Adams-Trapa-van Leeuwen-Vogan]:

(1) The c-form exists and is unique (up to positive scalar)

(2) The deformation algorithm gives a formula for the c-form on a
standard representation in terms of c-forms on tempered representations.
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@~ : inverse Kazhdan-Lusztig-Vogan polynomials



Deformation algorithm

Conclusion:
P, : Kazhdan-Lusztig-Vogan polynomials

Q)7 : inverse Kazhdan-Lusztig-Vogan polynomials

sig®(L1+c)—sig*(l1-¢) =
(1=5) D Por(s)Qra(s)sig"((9))

b,
L(y)—£(T) odd
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Deformation algorithm

Conclusion:
P, : Kazhdan-Lusztig-Vogan polynomials

Q)7 : inverse Kazhdan-Lusztig-Vogan polynomials

sig”(I1+0)—sig"(I1_) =

(L=5) > Por(s)Qrs(s)sig°(1(9)

b,
L(y)—£(T) odd

This is the key step in the algorithm for computing the ¢-form on a
standard representation (and ultimately on irreducibles)
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What about the Hermitian form?

If G is equal rank +» 6 = int(x),x € G:



Who cares about the c-form?

What about the Hermitian form?

If G is equal rank +» 6 = int(x),z € G-

(v, 0) = (U, m(x)0)

Note: K = GY, x € Z(K) = 7(x) acts as an easily computable scalar on

each K-isotypic subspace.
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Who cares about the c-form?

What about the Hermitian form?
If G is equal rank +» 6 = int(x),z € G-
(0, 0) = (U, (2)0)

Note: K = GY, x € Z(K) = 7(x) acts as an easily computable scalar on
each K-isotypic subspace.

Therefore: the c-form determines the Hermitian form in the equal rank
case.
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Serious problem: The ¢ form does not determine the Hermitian form in the
unequal rank case.



Serious problem: The ¢ form does not determine the Hermitian form in the
unequal rank case.

We need a formula like



Serious problem: The ¢ form does not determine the Hermitian form in the
unequal rank case.

We need a formula like

In the equal rank case §# = w(z) =z € G.



Extended Groups

Serious problem: The ¢ form does not determine the Hermitian form in the
unequal rank case.

We need a formula like

In the equal rank case 0 = w(z) = € G.

In general: 6 = int(y) for y € G§ C GY. So: we need to extend 7 to a
representation of G?.
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Extended Groups

Serious problem: The ¢ form does not determine the Hermitian form in the
unequal rank case.

We need a formula like

In the equal rank case 0 = w(z) = € G.

In general: 6 = int(y) for y € G§ C GY. So: we need to extend 7 to a
representation of G?.

Which one? Recall (if 7 is Hermitian) it extends in 2 ways to G?: given by

a choice of intertwining operator T : m ~ 70,
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Extended Groups

Serious problem: The ¢ form does not determine the Hermitian form in the
unequal rank case.

We need a formula like

In the equal rank case 0 = w(z) = € G.

In general: 6 = int(y) for y € G§ C GY. So: we need to extend 7 to a
representation of G?.

Which one? Recall (if 7 is Hermitian) it extends in 2 ways to G?: given by

a choice of intertwining operator T : m ~ 70,

Bummer: There is no canonical way to choose T'.

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026 19 /34



Extended Groups

Conclusion: We need to extend the entire theory to extended groups
G = (G, 0) where ¢ is a distinguished involutive automorphism.
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Conclusion: We need to extend the entire theory to extended groups
G = (G, 0) where ¢ is a distinguished involutive automorphism.

This includes: the Kazhdan-Lusztig-Vogan polynomials.
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Extended Groups

Conclusion: We need to extend the entire theory to extended groups
G = (G, 0) where ¢ is a distinguished involutive automorphism.

This includes: the Kazhdan-Lusztig-Vogan polynomials.

The structure needed: block of representations, which has a transitive
action by Cayley transforms and cross actions.
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Extended Groups

Conclusion: We need to extend the entire theory to extended groups
G = (G, 0) where ¢ is a distinguished involutive automorphism.

This includes: the Kazhdan-Lusztig-Vogan polynomials.

The structure needed: block of representations, which has a transitive
action by Cayley transforms and cross actions.

Each Hermitian 7 — Indgé(ﬂ) = {m1} where 7_ = 74 ® sgn.

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026 20/34



Extended Groups

Hope: although there is no canonical choice of 7, choose 7 4 for one
representation 7 in the block. Move it around by cross actions and Cayley
transforms to define m for all 7.
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Extended Groups

Hope: although there is no canonical choice of 7, choose 7 4 for one
representation 7 in the block. Move it around by cross actions and Cayley
transforms to define m for all 7.

Picture: you hope you can lift {7} to a “single sheet” of representations of

GY.
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Extended Groups

Hope: although there is no canonical choice of 7, choose 7 4 for one
representation 7 in the block. Move it around by cross actions and Cayley
transforms to define m for all 7.

Picture: you hope you can lift {7} to a “single sheet” of representations of
G9.

Alas, no: you can (sometimes) get from mg ; to 7 .
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Extended Groups

Hope: although there is no canonical choice of 7, choose 7 4 for one
representation 7 in the block. Move it around by cross actions and Cayley
transforms to define m for all 7.

Picture: you hope you can lift {7} to a “single sheet” of representations of
G9.

Alas, no: you can (sometimes) get from mg ; to 7 .

Consequently. . .
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Extended Groups

Hope: although there is no canonical choice of 7, choose 7 4 for one
representation 7 in the block. Move it around by cross actions and Cayley
transforms to define m for all 7.

Picture: you hope you can lift {7} to a “single sheet” of representations of
G9.

Alas, no: you can (sometimes) get from mg ; to 7 .

Consequently. ..~ 2 years. ..
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Extended Groups

Hope: although there is no canonical choice of 7, choose 7 4 for one
representation 7 in the block. Move it around by cross actions and Cayley
transforms to define m for all 7.

Picture: you hope you can lift {7} to a “single sheet” of representations of
G9.

Alas, no: you can (sometimes) get from mg ; to 7 .

Consequently. ..~ 2 years. .. Parameters for Twisted Representations
[Adams-Vogan]
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Table 3 Cayley and cross actions on extended parameters: type 2

AMe=(v=p)le (Voo =)A= (1+V0y)T la=(g9=p")a (60 = 1) = (14 64)t
type A1 sl 0y t1 notes
2C crx WA + (Yo — DK Wi T Wil + (ga — DY Wit
2CiCay  SaA+ (Yo — o T— T“;rima sal + (ga — 1)V sat + (ba — ga + 1)aV lo =1Lg
2crCay  sad+ (e —Da saT + (Ao —7a + Do sal+ (ga — 1)a t— ttgv Ao = Ag
2illerx A T L+ rKY t
2111 Cay A T — Tao(a) — T30(B3) Z‘F%QV + %;’J’V t a=(14+V0,, )o(a)
2112 crlx A T L+ aY t—s aV —BY =s+0.s
TF 150 7 Tata—t Ta < TE ever
2i12f Cay A+ a rfry 2 TLTO o t a—p3
- @ + == =0+ V0,0
2i12s Cay A+ a [none] 04 9a=fozlpv 4 19’7.#3\/ t Ta + T3 0dd
A, A+ K OR T Sa— 53 OR T+ f——a Te» T3 €ven OR
2i22Cay N N4 7o makl, DFlg poboig t T 75 0dd
2122 CIX Atk T 7 [
A4 2=e—lq t—tas(a¥) a¥
2r22 Cay e ha—1 T l v v
+ -2l —tps(BY) 1+ 0z,)s(a”)
TZT crlx At T—0 4 T a—pF=o0+F 0,0
Ta T T even
2r21f Cay T 4e+ oY aV —gY
=5+0zs
2r21s Cay T 004 aV [none] te +tg odd
0, 0+ kY OR t—1ea¥ —2BY OR i, t5even OR
2r11 Cay T L+av, L+ t— L(\;la\/i"’,*;lﬂv ta,ts odd
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Digression (a word from our sponsor)

>

>

I can’t get the pdf AdamsVoganChapter...pdf to appear correctly.
I want it fill the page. Try fixing this

Let me check the current state of that frame...

The cleanest fix is a [plain] frame (no title/footer overhead)
with paper dimensions:...

the image still only fills part of the screen. I think the pdf
image has large borders. I want to enlarge the image...

Let me crop the PDF’s whitespace automatically with pdfcrop,
then use the cropped version.

pdfcrop automatically detected the tight bounding box of the
content and removed the surrounding whitespace...

that’s great, just add the header and footer back
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Standard KLV polynomials P: € Z[q| govern the Langlands classification:

J(7) = (=) O P (1)(r)

T



Twisted KLV Polynomials

Standard KLV polynomials P., € Z[g] govern the Langlands classification:

Recall: we need to compute the ¢-form on the extended group.
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Twisted KLV Polynomials

Standard KLV polynomials P., € Z[g] govern the Langlands classification:

Recall: we need to compute the ¢-form on the extended group.

We need twisted Kazhdan-Lusztig-Vogan polynomials
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Twisted KLV Polynomials

Standard KLV polynomials P., € Z[g] govern the Langlands classification:

Recall: we need to compute the ¢-form on the extended group.
We need twisted Kazhdan-Lusztig-Vogan polynomials

Setting: G with an outer automorphism § (e.g. unequal rank case)
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Twisted KLV Polynomials

Standard KLV polynomials P., € Z[g] govern the Langlands classification:

Recall: we need to compute the ¢-form on the extended group.
We need twisted Kazhdan-Lusztig-Vogan polynomials
Setting: G with an outer automorphism § (e.g. unequal rank case)

The twisted KLV polynomials P;i7 encode the geometry of d-twisted
D-modules on the flag variety: Lusztig/Vogan
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Twisted KLV Polynomials

Standard KLV polynomials P., € Z[g] govern the Langlands classification:

Recall: we need to compute the ¢-form on the extended group.
We need twisted Kazhdan-Lusztig-Vogan polynomials
Setting: G with an outer automorphism § (e.g. unequal rank case)

The twisted KLV polynomials P;_i7 encode the geometry of d-twisted
D-modules on the flag variety: Lusztig/Vogan

Conclusion: Redo the entire theory of KLV polynomials, and the algorithm,
in the twisted setting.
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The deformation algorithm for the twisted c-form:



The deformation algorithm for the twisted c-form:

sigt(17..)—sig’ (I} ) =
(L—s) Y s (5)Q),(s)sig°(1°(9))

&,
£(y)—€(T) odd



Twisted Deformation

The deformation algorithm for the twisted c-form:

sigt(I9, ) —sig°(I{_,) =

(L—s) Y sCOOIZR (5)Q), (s)sig’(1°(9))

oXen
£(y)—£(T) odd

Inductive: reduces to tempered representations (v = 0)
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Twisted Deformation

The deformation algorithm for the twisted c-form:

sigc(Iﬁe)_Sigc(Iffe) =
(1-s) Y sO=0@N2p (5)Qb (s)sig®(1°(¢))

oXen
£(y)—£(T) odd

Inductive: reduces to tempered representations (v = 0)

(Lo: orientation number (next slides))
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Twisted Deformation

The deformation algorithm for the twisted c-form:

sigc(Iﬁe)_Sigc(Iffe) =
(1—s) Z slo()—to(r )/2p5 A(5)Q2(s)sigc(1°(9))

oXen
£(y)—£(T) odd

Inductive: reduces to tempered representations (v = 0)
(Lo: orientation number (next slides))

For tempered representations: the c-form is positive definite
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Consider SL(2,R), I(, €) the standard principal series with K-types of
parity e =+1, A€ R



Consider SL(2,R), I(\, €) the standard principal series with K-types of
parity e =+1, A€ R

F,, : n-dimensional



Orientation Numbers

Consider SL(2,R), I(\,€) the standard principal series with K-types of
parity e =+1, A€ R

F,, : n-dimensional

I()\ €) ® F,, has a canonical c-form (,)g from the factors (positive definite
on F,)
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Orientation Numbers

Consider SL(2,R), I(\,€) the standard principal series with K-types of
parity e =+1, A€ R

F,, : n-dimensional

I()\ €) ® F,, has a canonical c-form (,)g from the factors (positive definite
on F,)

Suppose I(N,€') C I(\, €) ® F,.
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Orientation Numbers

Consider SL(2,R), I(\,€) the standard principal series with K-types of
parity e =+1, A€ R

F,, : n-dimensional

I()\ €) ® F,, has a canonical c-form (,)g from the factors (positive definite
on F,)

Suppose I(N,€') C I(\, €) ® F,.

Question: (,)g restricts to 1 the canonical form on I()\',€'): determine
the sign
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Key hard case: A € Z,0 < \ < 2:



Key hard case: A € Z,0 < \ < 2:

IN0)® Fy =I(A—1,1)+ I(A+1,1)



Orientation Numbers

Key hard case: A€ Z,0 < A < 2:

IN0)® Fy =I(A—1,1)+ I(A+1,1)

Note: \ &€ Z so the integral root system is empty; this is coherent
continuation, not deformation; we are not crossing a wall.
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Orientation Numbers

Key hard case: A€ Z,0 < A < 2:

IN0)® Fy =I(A—1,1)+ I(A+1,1)

Note: \ &€ Z so the integral root system is empty; this is coherent
continuation, not deformation; we are not crossing a wall.

The sign is + on I(A+ 1,1). Other term?
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Orientation Numbers

Key hard case: A€ Z,0 < A < 2:

IN0)® Fy =I(A—1,1)+ I(A+1,1)

Note: \ &€ Z so the integral root system is empty; this is coherent
continuation, not deformation; we are not crossing a wall.

The sign is + on I(A+ 1,1). Other term?
I()\,O) = {Uo,’vig,. . } F2 = {wl,’w_l}
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Orientation Numbers

Key hard case: A€ Z,0 < A < 2:

INO)@F,=T(A=1,1)+I(A+1,1)
Note: A € Z so the integral root system is empty; this is coherent
continuation, not deformation; we are not crossing a wall.
The sign is + on I(A+ 1,1). Other term?
I(\,0) = {vo,veo, ...} Fo={wj,w_1}
The K-type 1 has multiplicity 2 in the tensor product:

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026 27 /34



Orientation Numbers

Key hard case: A€ Z,0 < A < 2:

IN0)® Fy =I(A—1,1)+ I(A+1,1)

Note: \ &€ Z so the integral root system is empty; this is coherent
continuation, not deformation; we are not crossing a wall.

The sign is + on I(A+ 1,1). Other term?

I(\,0) = {vo,veo, ...} Fo={wj,w_1}

The K-type 1 has multiplicity 2 in the tensor product:

{vo ® wi,v2 ® w_1}
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Orientation Numbers

Key hard case: A€ Z,0 < A < 2:

INO)@F,=T(A=1,1)+I(A+1,1)
Note: A € Z so the integral root system is empty; this is coherent
continuation, not deformation; we are not crossing a wall.
The sign is + on I(A+ 1,1). Other term?
I(\,0) = {vo,veo, ...} Fo={wj,w_1}
The K-type 1 has multiplicity 2 in the tensor product:

{vo ® w1, v2 ®w_1}
The matrix of the Casimir operator on this space is

N +25 20— j))

— 72 —
C=H +2H+4YX_<2()\+j) 25
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The eigenvectors and eigenvalues are:

a1 =v) ®wi +ve ®w_1 eigenvalue A2 42X
a=MN-Dyy@w +(A+1)v@w_1 eigenvalue A — 2\



The eigenvectors and eigenvalues are:

a1 =v) ®wi +ve ®w_1 eigenvalue A2 42X
a=MN-Dyy@w +(A+1)v@w_1 eigenvalue A — 2\

The sign we are computing is (a2, a2)



Orientation Numbers

The eigenvectors and eigenvalues are:

al =vg @w +vs @w_, eigenvalue A2 + 2
ary=A—1Dvy@w; + (A +1ve@w_1 eigenvalue A2 — 2\

The sign we are computing is (as, as)
and a short calculation shows

<Oé2,0ég> = 2)\()\ + 1)<U2,1}2>

-1
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Conclusion:

Proposition: Consider I(\,0), 0 < A <n

The sign relating the c-form on I(A,n + 1) and the one coming from
I(\,0)® F, is

—1 Ae(0,1)+2Z
1 Ae(1,2)+2Z



Orientation Numbers

Conclusion:

Proposition: Consider I(A,0), 0 <A <n
The sign relating the c-form on I(A,n + 1) and the one coming from
I\ 0)® F, is

-1 Xxe(0,1)+2Z

1 Ae(1,2)+2Z

This is a special case of the problematic orientation numbers which arise.
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Orientation Numbers

Conclusion:

Proposition: Consider I(A,0), 0 <A <n
The sign relating the c-form on I(A,n + 1) and the one coming from
I\ 0)® F, is

-1 Xe(0,1)+2Z

1 Ae(1,2)+2Z

This is a special case of the problematic orientation numbers which arise.

They come from certain non-integral roots, and appear in various formulas
as (_1)&)(’7)_(0(7—)
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Orientation Numbers

Conclusion:

Proposition: Consider I(A,0), 0 <A <n
The sign relating the c-form on I(A,n + 1) and the one coming from
I\ 0)® F, is

-1 Xe(0,1)+2Z

1 Ae(1,2)+2Z

This is a special case of the problematic orientation numbers which arise.

They come from certain non-integral roots, and appear in various formulas
as (_1)&)(’7)_(0(7—)

Remark: The orientation numbers are what they are (essentially coming
from the SL(2,R) case above).
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Orientation Numbers

Conclusion:

Proposition: Consider I(A,0), 0 <A <n
The sign relating the c-form on I(A,n + 1) and the one coming from
I\ 0)® F, is

-1 Xe(0,1)+2Z

1 Ae(1,2)+2Z

This is a special case of the problematic orientation numbers which arise.

They come from certain non-integral roots, and appear in various formulas
as (_1)&)(’7)_[0(7—)

Remark: The orientation numbers are what they are (essentially coming
from the SL(2,R) case above). There is no nice explanation of them (as
far as | know).
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Saito’s theory of mixed Hodge modules, Beilinson-Bernstein localization



The Hodge Filtration

Saito's theory of mixed Hodge modules, Beilinson-Bernstein localization

Every irreducible (g, K)-module 7 carries a canonical Hodge filtration:

0= F,_1(1) C Fy(r) C Fapr(m) C - --
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The Hodge Filtration

Saito's theory of mixed Hodge modules, Beilinson-Bernstein localization

Every irreducible (g, K)-module 7 carries a canonical Hodge filtration:

0=F,_1(m) C Fy(m) C Fay1(mw) C -~
Hodge function hodge(r) : K — Z[v]:

hodge(r)(11) = > cxv*  (cr = mult(i, gro 1, (7)))
k>0
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The Hodge Filtration

Saito's theory of mixed Hodge modules, Beilinson-Bernstein localization

Every irreducible (g, K)-module 7 carries a canonical Hodge filtration:

0=F,_1(m) C Fy(m) C Fay1(mw) C -~
Hodge function hodge(r) : K — Z[v]:

hodge(r)(11) = > cxv*  (cr = mult(i, gro 1, (7)))
k>0

Note: hodge(m)(1)|v=1 = mult(7)(u)

Jeffrey Adams (Univ. of Maryland) Atlas Algorithm Seville 2026 30/34
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Theorem [Davis-Mason—Brown|]

The following parts of the Schmid-Vilonen conjecture hold:



Theorem [Davis-Mason—Brown|]

The following parts of the Schmid-Vilonen conjecture hold:

hodse (y, g) = o002 Q2 1 (g)



Schmid-Vilonen Conjecture

Theorem [Davis-Mason—Brown]

The following parts of the Schmid-Vilonen conjecture hold:

hodge(v q) = (EO(F)JO(E))/QQEI(W)

Deformation formula for the Hodge filtration:

hodge([1+.) — hodge(1—¢) =
(1—v) > o0OeOEP, (0)Qr, (v )hodge(1(9))
7
£(~y)—£(T) odd

Corollary
hodge(7)|v=s = sig®()
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Schmid-Vilonen Conjecture

Theorem [Davis-Mason—Brown]

The following parts of the Schmid-Vilonen conjecture hold:

hodge(v q) = (EO(F)JO(E))/QQEI(W)

Deformation formula for the Hodge filtration:

hodge([1+.) — hodge(1—¢) =
(1-v) Y WO=e2P, (0)Q,, (v )hodge(I(¢))
e(w)j’(:) odd
Corollary

hodge(7)|v=s = sig®()

The c-form is the reduction mod 2 of the Hodge filtration
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Reduce to the tempered case (parallel to the signature deformation
algorithm)



Computing the Hodge Filtration

Reduce to the tempered case (parallel to the signature deformation
algorithm)

hodge(w) = Z z;hodge(m;)

where 7; are tempered and z; € Z[v] are explicitly computed.
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Computing the Hodge Filtration

Reduce to the tempered case (parallel to the signature deformation
algorithm)

hodge(w) = Z z;hodge(m;)
where 7; are tempered and z; € Z[v] are explicitly computed.

Strange situation:
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Computing the Hodge Filtration

Reduce to the tempered case (parallel to the signature deformation
algorithm)

hodge(w) = Z z;hodge(m;)
where 7; are tempered and z; € Z[v] are explicitly computed.

Strange situation:

In the case of the c-form we don’t know how to calculate (, ). on a
tempered representation.
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Computing the Hodge Filtration

Reduce to the tempered case (parallel to the signature deformation
algorithm)

hodge(w) = Z z;hodge(m;)
where 7; are tempered and z; € Z[v] are explicitly computed.
Strange situation:

In the case of the c-form we don’t know how to calculate (, ). on a
tempered representation.

It doesn't matter: we convert to the Hermitian form, which is definite on
tempered representations.
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However now we need to compute the c-form on tempered representations.



Computing the Hodge filtration

However now we need to compute the c-form on tempered representations.

In the Hodge world this is easy: the Hodge filtration on a tempered
representation is basic: the k' level is U(g)*-(lowest K-type)
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Computing the Hodge filtration

However now we need to compute the c-form on tempered representations.

In the Hodge world this is easy: the Hodge filtration on a tempered
representation is basic: the k' level is U(g)*-(lowest K-type)

This kind of formula is antithetical to what atlas knows how to compute.
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Computing the Hodge filtration

However now we need to compute the c-form on tempered representations.

In the Hodge world this is easy: the Hodge filtration on a tempered
representation is basic: the k' level is U(g)*-(lowest K-type)

This kind of formula is antithetical to what atlas knows how to compute.

Theorem (integral infinitesimal character):
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Computing the Hodge filtration

However now we need to compute the c-form on tempered representations.

In the Hodge world this is easy: the Hodge filtration on a tempered
representation is basic: the k' level is U(g)*-(lowest K-type)

This kind of formula is antithetical to what atlas knows how to compute.
Theorem (integral infinitesimal character):
If 7 is irreducible tempered and G is split:

T =~ R(Np)

where Ny is the nilpotent cone in p, and this is an isomorphism of graded
modules.
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Computing the Hodge filtration

However now we need to compute the c-form on tempered representations.

In the Hodge world this is easy: the Hodge filtration on a tempered
representation is basic: the k' level is U(g)*-(lowest K-type)

This kind of formula is antithetical to what atlas knows how to compute.
Theorem (integral infinitesimal character):

If 7 is irreducible tempered and G is split:
|k = R(Np)

where Ny is the nilpotent cone in p, and this is an isomorphism of graded
modules.

After a long digression through derived functors. . . this gives hodge(r) in
the tempered case.
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Thank You



